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ABSTRACT. Pseudo-BL-algebras are a noncommutative extention of BL-al-
gebras. In this paper we consider polars in pseudo-BL-algebras and the class
of complete pseudo-BL-algebras. In the final section, a version of the Cantor-
Bernstein theorem will be proved.
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1. Introduction

BL-algebras were introduced by Héjek [11] in 1998. Chang [2] introduced
MV-algebras, which are contained in the class of BL-algebras. A noncommuta-
tive extention of MV-algebras, called pseudo-MV-algebras, were introduced by
Georgescu and Iorgulescu [§] and independently by Rachunek [20]. A concept of
pseudo-BL-algebras was firstly introduced by Georgescu and Iorgulescu in 2000
as a noncommutative generalization of BL-algebras and pseudo-MV-algebras.
In [5] and [6], there were given basic properties of pseudo-BL-algebras. The
pseudo-BL-algebras correspond to a pseudo-basic fuzzy logic (see [12] and [13]).

Complete MV-algebras are investigated in Belluce [I] and Jakubik [14]; see
also [3] and [17]. In this paper we consider complete pseudo-BL-algebras and
characterize some type of filters in pseudo-BL-algebras, called polars. Finally,
we prove a Cantor-Bernstein type theorem.

2010 Mathematics Subject Classification: Primary 03G25, 06F05.
Keywords: pseudo-BL-algebra, filter, polar, complete pseudo-BL-algebra, Cantor-Bernstein
Theorem.
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The Cantor-Bernstein theorem states that, if a set X can be embedded into
a set Y, and vice versa, then there is a bijection of X onto Y. The theorem
was extended to o-complete Boolean algebras by Sikorski [2I] and Tarski [22].
Some theorems of Cantor-Bernstein type for (pseudo-) MV-algebras and for
pseudo-effect algebras were proved in [I5], [4], [16] and [7]. In the final section of
this paper we generalize the Cantor-Bernstein theorem to o-dually Brouwerian
pseudo-BL-algebras.

2. Preliminaries

A pseudo-BL-algebra was introduced in [9] as an algebra (A4,A,V,®,
—,~,0,1) of type (2,2,2,2,2,0,0) satisfying the following axioms for any
a,b,ce A:

(C1) (A;A,V,0,1) is a bounded lattice;
(A;®,1) is a monoid;

Ob<Lc <= a<b—oc <<= b<a~g
aNb=(a—=b)@a=a®(a~D);
(a—=b)Vb—a)=(@~bVb~a)=1.

~—~~ o~ ~~
Q
w
~— ~— ~— ~—
IS

We shall agree that A, V and ® have higher priority then — and ~». If the
operation ® is commutative, then a pseudo-BL-algebra is called commutative.
It is proved in [5] that in such case the implications — and ~ coincide. Then
commutative pseudo-BL-algebras are precisely BL-algebras.

Following [5], for any pseudo-BL-algebra A, the reduct L(A) := (4; A, V) is a
distributive lattice. Let a,b € A (a < b). By [a,b] we denote an interval, that
is, the set of all ¢ € A for which a < ¢ < b. We say that b covers a if a < b
and [a,b] = {a,b}; in this case we write a < b. An element a € A is an atom
(resp. a coatom) if 0 < a (resp. a < 1). By C(A) we denote the set of all
coatoms of A. We say that A is atomic if the interval [0, a] contains an atom for
each a > 0. Dually, A is coatomic if for every element a < 1 the interval [a, 1]
contains a coatom. A is called atomistic if the lattice L(A) is atomistic, that is,
every nonzero element of A is a join of atoms.

We set N:={0,1,2,...}. For any element a of a pseudo-BL-algebra A we put
a’ =1 and a"™! = a"” ®a for n € N. We define a™ :=a — 0 and a™ :=a ~ 0.

Throughout this paper A will denote a pseudo-BL-algebra.
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ProrosiTION 2.1. ([5]) The following properties hold in A for all a,b,c € A:
(a) a®b<aanda®b<b;

(b) aVb=1 = a©b=aAb;

() a<(a™)” anda < (a™)";

(d) a-@a=aGa” =0;

() a<b = (b <a” and b~ <a"™).

ProrosITION 2.2. ([5]) Let I be a nonempty set. In any pseudo-BL-algebra A

C

we have:

@ (Vb)oa=y moa,

i€l i€l
(b) a® <i\e/lbi> = i\e/l (a®by),

whenever the arbitrary unions exist.

PROPOSITION 2.3. Let I be a nonempty set. In any pseudo-BL-algebra A we
have:

@ Aar=(Va) .

el el
(b)/\a7=<\/ai>,
=y =y

whenever the arbitrary unions and meets exist.

Proof.
(a): Let a = A a; and b = \/ a;. For all i € I we have a; < b, whence
il icl
b~ < a; by Proposition 2Il(e). Hence b~ < a. Similarly, for all i € I we obtain
a < a; . Applying Proposition 2.I](c) we get
a; < (a;)~ <a”™
for 7 € I. From this we see that b < a™. Therefore

a<(a™)” <b .

Consequently, a = b, which proves (a).

The proof of (b) is similar. O
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Following [5], a filter of A is a nonempty subset F' of A such that for all
a,be A:

(F1) a€e F, a<b = be F;
(F2) a,be F = a®beF.

Let X C A. The filter of A generated by X will be denoted by [X). For any
a € A, put [a) = [{a}). In [5], it is proved that [#) = {1} and if X # (), then

(X) = {aeA: To® - - Oz, <a for some n €N and xo,...,xneX}.
Consequently,

[a)={be A: a™ <b for some n>1} (1)
for any a € A. Let us denote by B(A) the Boolean algebra of all complemented
elements in the lattice L(A).

ProrosiTION 2.4. ([I0]) The following conditions are equivalent:
(a) e € B(A);
(b) e@e=eande= ()" =(e")~;
(c) eve  =1;
(d) eve™=1.
ProprosITION 2.5. ([I0]) Let e € B(A). Then:
(a) [e) = e, 1];
(b) e®a=eAa foranya € A;
(¢) e~ =e™ is the complement of e.

For each a € A, let the functions —,: A X A — A, ~,: Ax A — A and
fa: A — A be defined by: z -, y=aV (x = y), z ~,y=aV(x~y)and
folz) =aVa.

PROPOSITION 2.6. Let e € B(A) and let F := [e,1]. Then:
(a) (F;N,V,0, —e,~e,e,1) is a pseudo-BL-algebra;
(b) fe is a homomorphism from A onto F;
(c) B(F) = F N B(A);
(d) C(F)=FnC(A).
Proof. (a), (b) and (c) follow from [10, Proposition 1.16].
(d): Let a be a coatom in F'. Suppose that there is b € A such that a < b < 1.

Obviously, b € F. Therefore b = 1, and hence a € C(A). From this we have
C(F) C FNC(A). On the other hand, FF N C(A) C C(F). Thus (d) holds. O
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The following results are obvious.

PROPOSITION 2.7. Let A and B be pseudo-BL-algebras and let f: A — B be
an isomorphism of A onto B. For any a € B(A), the restriction of the map f
to the interval [a, 1] of A is an isomorphism of the pseudo-BL-algebra [a, 1] onto
the interval [f(a),1] of B.

PROPOSITION 2.8. Let A and B be pseudo-BL-algebras and let f: A — B be
an isomorphism of A onto B. For a; € A (i € I), if \/ a; exists in A, then

iel
\ fla;) exists in B and we have f ( V ai> =V fla).
i€l iel i€l
3. Polars

Let A be a pseudo-BL-algebra and let X be a nonempty subset of A. Ac-
cording to [18] (see also [5] and [19]), the set

J‘::{aeA: aVxe=1 forall:vGX}

is called the polar of X. We put f+ := A and write a’ instead of {a}*. The
polar of C(A) will be denoted by A.

ProprosITION 3.1. ([5]) Let X, Y C A. Then:
(a) XCY = Yt C Xt
(b) X C XiL
(¢) Xt =xtiL,
(d) X+ =[X)*;
) Xt is a filter of A;
) [X)nXx+={1}.

€

(
(f
Remark 3.2. A+ = {1}, 1+ = A.

il
PROPOSITION 3.3. Let X; C A fori € I. Then (| X;* = ( U Xi> .
iel i€l

Proof. The proof is trivial. O
Let us define Pol(4) := {X+: X C A}.
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ProrosiTiON 3.4. ([18])
(a) F € Pol(A) implies F = F++;
(b) F,G € Pol(A) implies FNG € Pol(A);
(c) {1}, A € Pol(4);
(d) If we define an operation F V' G = (F+ N GL)L for F,G € Pol(A), then
(Pol(A); N, V', 1, {1}, A) is a Boolean algebra.
COROLLARY 3.5. Pol(A) is a complete Boolean algebra.

Proof. Let F; (i € I) be polars of A. Then for every ¢ € I there is X; C A

n
such that X;* = F;. By Proposition B3l N Fi = N X;t = < U Xi> . Since
i€l i€l i€l

1
< U XZ-) € Pol(A), we deduce that [ F; € Pol(A), hence that the Boolean
icl i€l
algebra Pol(A) is complete. d
PROPOSITION 3.6. Let a,b e A. Then:

(a) a<b = at Cbt;

(b) at =A <= a=1.
Proof.

(a): Let a<band c€a’. ThencVb>cVaand cVa=1. HencecVb=1

and consequently, ¢ € bt.
(b):at=A & 0Va=1 < a=1. O

PROPOSITION 3.7. I[fac X+, thena®xz=aAx forallz € X.
Proof. Obvious by the definition of a polar and Proposition 2ZII(b). O
PROPOSITION 3.8. Let a,b € A. Then:

(a) a € att;

(b) a <b = att Dbt

(c) beat = att Cbt.
Proof.

(a): By Proposition BIi(b).

(b): follows from Propositions [B.6(a) and B.I)(a).
(c): By Proposition B.Ia). O
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PROPOSITION 3.9. Ife € B(A) and F := [e, 1], then F+ = [e7,1].

Proof. By Proposition 24, e Ve~ = 1. From this it follows that [e™, 1] C F*.
Assume that € F-. Then z Ve = 1 and hence
z=xzV0=xzV(e Oe)=azV(e Ae)=(zVe )A(zVe)=aVe .

Consequently, e~ < x. Therefore z € [e~,1]. Thus F+ C [e7,1] € F* and so
Ft =1[e,1]. O

4. Complete pseudo-BL-algebras

Let A be a pseudo-BL-algebra. We say that A is complete (o-complete) if
the lattice L(A) is complete (o-complete).

Following [5], the identity

a/\\/bi:\/(a/\bi) (2)
iel icl

holds in A. Define a pseudo-BL-algebra A to be dually Brouwerian if A is
complete and satisfies the dual to the identity (2), that is, for every a € A and
every subset T of A,

a\//\T:/\{a\/t:tET}. (3)
Following [6], we denote
G(A):={a€A: a®a=a},
M(A):={a€A: a=(a")” =(a")"}.
In [6], it is proved that
B(A) = G(A) N M(A). (4)
LEMMA 4.1. Let a € G(A). Then [a) = [a, 1].
Proof. By (1l),[a) ={be A: a" <b for some n > 1}. Since a™ = a for every
n > 1, we have [a) = [a, 1]. O
PROPOSITION 4.2. Let A be a dually Brouwerian pseudo-BL-algebra and let
e; € B(A) forieI. Then:
(a) V e € B(A);

iel

() A ei € B(A)
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Proof.

(a): Set a:= \/ e; (the existence of a is ensured by the assumed of complete-
i€l
ness of A). Since e; € B(A), we deduce from Proposition 2.4 that e; Ve, = 1.

Hence a Ve, =1 for all i € I. By Proposition Z3(a), aVa~ =aV A e; and
iel
then dually Brouwerian implies

aVa = /\ (a\/e;) =1.
iel
Applying Proposition 2] we get a € B(A).
(b): Let b:= \/ e; . Since A is dually Brouwerian, we get

iel
b\//\ei = /\(b\/ez) =1.
iel iel
It is easy to see that bA A e; =0. Thus A e; € B(A4). O
iel iel

COROLLARY 4.3. If A is a dually Brouwerian pseudo-BL-algebra, then B(A) is
a complete Boolean algebra.

PROPOSITION 4.4. Let A be a dually Brouwerian pseudo-BL-algebra and let
{e;: 1 €I} CB(A). If

/\ei:() and e;Ve; =1 forall i #j,

iel
then A is isomorphic to the direct product [][e;, 1].

iel
Proof. Define f: A — []][ei, 1] by
i€l
fla)=(aVe :iel) for all a € A.

By Proposition 2Z26l(b), f is a homomorphism. To see that f is one-to-one,

suppose f(a) = f(b). Then aVe; = bVe; for all i € I. Since A is dually
Brouwerian, we have

a:a\/Oza\//\ei:/\(a\/ei):/\(b\/ei):b\//\ei:b,

el el el i€l
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that is, @ = b. Finally, to prove that f is onto [][e;, 1] let ¢; € [e;, 1] for i € T.

iel
Set ¢:= A ¢;. Obviously, ¢; Ve; >e; Ve;j =1 for i # j. Hence
iel
flc)=(cvej:jel)= (/\ci\/ej:jEI>
iel
= (/\(cﬂ/q):jé[) :(Ci:iEI).
iel
Thus f is an isomorphism. O

PROPOSITION 4.5. Let A be a complete atomistic pseudo-BL-algebra. Then A
15 commutative.

Proof. Let a and b be atoms of A. Observe that a ® b =0 ® a. It is obvious
fora=0b. If a# b, thena®b<aAb=0. Hencea®©b=0=00a.

Now let z,y € A be such that = \/ a; and y = \/ b;, where a;, b; are
i€l jeJ
atoms. By Proposition 2.2]

rOa= (\/ai> @a:\/(aiG)a):\/(aG)ai):aG) (\/ai> =a®ux.

iel iel iel iel
Then using Proposition we obtain

TOY=20 \/b] :\/(bej):\/(ijx): \/b] Cr=y0ou.

jeJ jeJ jeJ JjeJ
Thus A is commutative. O

LEMMA 4.6. Let A be a dually Brouwerian pseudo-BL-algebra and let X C A.
Set a := N(X1). Then:

(a) a € G(A);
(b) [a,1] = X+.
Proof.

(a): For all z € X, we have
:r\/a:x\//\(Xl):/\{x\/b: be Xt} =1.

Therefore a € X+. Since X is a filter, we see that a ®a € X+. Bt a®a < a
and a = A(X1), so a ® a = a. Consequently, a € G(A).
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(b): Since a € X+, we obtain [a) € X*. Then, from Lemma EI] we have
[a,1] € X1. On the other hand, let y € X*. By the definition of a, y > a and
hence y € [a,1]. It follows that X+ C [a,1]. Thus (b) holds. O

THEOREM 4.7. Let A be a dually Brouwerian pseudo-BL-algebra. If N A €
M(A)—{0}, then A= Ay x As, where Ay and As are dually Brouwerian pseudo-
BL-algebras such that C(Ay) =0 and Ay is coatomic.

Proof. Weset a:= A A. From Lemma [£6a) we conclude that a € G(A). By
assumption, a € M(A). Applying (4) yields a € B(A).

Let A; = [a,1] and Ay = [a~,1]. By Proposition 2:6(a), A; and Ay are
pseudo-BL-algebras. It is easy to see that they are dually Brouwerian. From
Proposition 4.4 we conclude that A = A; x A,. Proposition [3.9] gives

Ay =[a7,1] = [a,1]" = Af. (5)
Lemma6(b) implies A; = C(A)*. From this and (5) we obtain Ay = C(A)++.
Hence, by Proposition BI(b),
C(A) C A,. (6)
In view of Proposition 2:6(d) we get
C(A;) CC(A). (7)

Applying (6) and (7) we see that C(A;) C Ay. Observe that C(A;) = ). Indeed,
if b € C(A;y), then b > a. On the other hand, b € Ay = [a~, 1], and hence
b>a". Then b >aVa~ =1, acontradiction.

Now we show that As is coatomic. On the contrary suppose that

(3be Ay —{1})(Vp € C(A2)) (b £ p).
By assumption, a # 0, and therefore C(A) # 0. Let ¢ € C(A). We conclude from
Proposition 2.6(d) that C(Az) = A3NC(A). Then, by (6), we get C(A4) = C(As).
Thus ¢ € C(A2) and, in consequence, b ¢ ¢. Hence bV ¢ = 1. It follows
that b € C(A)* = A;. Then b € Ay N Ay = Ay N Af = {1} (see (5) and
Proposition B]). This contradicts the fact that b # 1. Thus A, is coatomic. [

5. A Cantor-Bernstein type theorem

Let A be a o-complete pseudo-BL-algebra. If (3) holds for every a € A and
every countable subset T" of A, then A is said to be o-dually Brouwerian.
By the proof of Proposition we have
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PROPOSITION 5.1. If A is a o-dually Brouwerian pseudo-BL-algebra, then B(A)
15 a o-complete Boolean algebra.

From the proof of Proposition 4.4 we obtain

PROPOSITION 5.2. Let A be a o-dually Brouwerian pseudo-BL-algebra. Suppose
that a sequence eq,e1, ... € B(A) satisfies the following conditions:

/\enz() and e;Vej =1 forall i#j.
neN

Then A is isomorphic to the direct product [] [en,1].
neN

If pseudo-BL-algebras A and B are isomorphic, then we denote it by A & B.
In the present section we prove the following result.

THEOREM 5.3. Let A and B be o-dually Brouwerian pseudo-BL-algebras. Let
a € B(A) and b € B(B). If A is isomorphic to the interval algebra [b,1] of B
and B is isomorphic to the interval algebra [a,1] of A, then A = B.

Proof. Let f: A — [b,1] and g: B — [a,1] be isomorphisms. Skipping all
trivialities, we may assume 0 < a,b < 1. We construct sequences ag,ay,... € A
and bg, b1, ... € B by the following recursion:

ag =0, bo =0,
ant1 =9g(bn),  bng1 = flan).
From the injectivity of f and g we have
ap < ayp << ap<... and bp <bp <. <by <.

By Proposition 2.6(c), a,, € B(A) and b,, € B(B) for alln € N. Let aoo = \/ ay
neN
and bo, = V b,. We conclude from Proposition B] that as € B(A) and
neN

boo € B(B). For each n € N, let us define r, = a, Va, , and 5, = b, Vb, ;.
Let n # m, for example n > m. Then

T VTm =apVa, 1 VanVa,, 1 =a,Va, 1 2>a,Va, =1

Thus r,, V ry, = 1 for n # m, and similarly s, V s, = 1 for n # m. Obviously
Qoo V Ty = bss V s, = 1 for all n € N. Observe that

apn AT ATI A+ ATp_1 =0 for n>1. (8)
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Indeed,
an A (agVay)A---NA(ap—1Va,) = apNay AN(larVay)AN---A(ap—1Va,)
= apNay N(agVazg)A---A(ap—1Va,)
e=apNa, 4 A(ap—1Va,)
= anANa, =0.
Let n > 1. Since ag4+1 < a, for £ =0,1,...,n — 1, we have a,, <ap <7k for

k=0,1,...,n— 1. Then, applying (8) we obtain
oA ATy =10 A+ ATp_1 A (an Va, )
=(an Ao N Arp_1) V(A g ATo N A1)
=0Va, 1y = a5,

Hence, by Proposition 23]

/\T‘n:/\(TO/\"’/\TR):/\a’T_L+1:<\/an+1> :a/go.

neN neN neN neN
Therefore, aoo A A\ ™ = aoo A ay, = 0. Applying Proposition for the
neN
sequence (aoo, 70, -- -, n,--.) we conclude that
A= [ac, 1] X H[Tnal]- 9)
neN
Similarly, the sequence (bso, So,- - -, Sn, ... ) satisfies the assumptions of Propo-
sition (.21 and hence
B = [beo, 1] x ] [sn, 1]. (10)
neN

Using Proposition 2.8 we get

f(aoo):f<\/an> = \/f(an): \/bn+1:boo-

neN neN neN
By Proposition [Z7], the restriction of f to [, 1] is an isomorphism of [an, 1]
onto [f(as), 1], that is,
[Aoo, 1] & [boo, 1]. (11)
Another application of Proposition 2.7 yields, for each n € N, isomorphisms
VE [7'2117 1} - [f(TQn)v 1}
and

g: [32717 1} — [9(5271)7 1}'
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Since f(ren) = S2n+1 and g(Sap) = ron+1, we have
[T‘gn, 1] = [82n+1, 1] and [T2n+1, 1] = [Sgn, 1] (12)

From (9)—(12) we obtain A = B. O

Acknowledgement. The authors are indebted to the referee for his/her very
careful reading and suggestions.
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