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ABSTRACT. It is well known that the difference between the set of all ordinary

density points and the set of all strong density points of an arbitrary measurable

subset of the plane is a null set. It is of interest to check how large can a difference

between sections of these sets be. Both measure and category cases are considered.
©2012

Mathematical Institute
Slovak Academy of Sciences

1. Introduction

In the paper we construct a measurable set A on the plane such that the
difference between the set of all ordinary density points of A and of all strong
density points of A includes a segment parallel to the 0z axis. The problem
of full characterization of the difference between the two above mentioned sets
seems to be much more difficult and remains open. In the category case we are
able only to construct a set with the Baire property for which the analogous
difference is residual (and of null measure) on some segment parallel to Oz axis.

2.

For the convenience of the reader we start with recalling the basic notions
().
DEFINITION 1. We say that (zg,90) € R? is an ordinary density point of a
measurable set A C R? if
lim ™2 (AN ([zo — h, o + k] X [yo — h,yo + h]))

=1.
h—0t+ 4h2
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DEFINITION 2. We say that (z¢,v0) € R? is a strong density point of a measur-
able set A C R? if
i 2 (AN ([xo — hyzo + h] X [yo — k,yo + k]))
h—0" 4hk

k—o0t

=1.

Let L5 stand for the family of all Lebesgue measurable sets on the plane.
For A € L5 we define

®o(A) :={(z,y) € R*: (x,y) is an ordinary density point of A}
P (A) == {(z,y) €R*: (x,y) is a strong density point of A}

Obviously if (zg, yo) is a strong density point of A, then it is also an ordinary
density point of A, but there exists a set A € Ly for which ®,(A) \ ®,(A4) is
nonempty.

The well known Lebesgue Density Theorem says that a symmetrical difference
between a measurable set and the set of its density points is a null set. An
analogous theorem holds for strong density points.

THEOREM 1. ([4], [5]) For any A € Lo
ma(AAD,(A)) =0
and

ma(AAD,(A)) = 0.

By virtue of the above theorem mqo(®,(A)AP(A)) = 0 for any A € L4, so by
[1, Fubini Theorem] we see that almost all sections of the symmetrical difference
between the set of all ordinary density points of a measurable subset of the plane
and the set of all its strong density points are of measure zero. Since the sets
®,(A) and ®s(A) are Borel sets, all sections of the considered difference are
measurable.

We are going to use the following notation: for any £ C R?, y € R let

EYV:={zeR: (z,y) € E}.

For abbreviation, let S((z,y), r) stand for the square (x—r, z+7r)x (y—r, y+r),
where z,y € R, r € R,..

THEOREM 2. There exists a measurable set A C R? such that
(©o(A)\ Do(A))° = [0,1].

Proof Let a1 = 1, ay = azg = 1/2, ay = a5 = ag = 1/3, etc.. We will
use the following properties of {ay}nen: it is a nonincreasing sequence of real

numbers tending to 0, such that a; < 1 and there exists an increasing sequence
N,

of natural numbers {n,, } men such that > a, =1forevery m € N, where
N=ny,_1+1

806



A DIFFERENCE BETWEEN ORDINARY AND STRONG DENSITY

ng = 0. Moreover lim (n,, —n,,—1) = 400 since 1, —n;ym—1 = m and obviously
m—00

o0
> an = +o0.
n=1

Fix m € N. We divide the interval [0,1] into p(,,) — a sufficiently large
number (described later) of intervals of the same length:

k—1 k
7m . { ’ } ke{l,2,....pm)}
k P(m)  P(m)

Now we divide each of these intervals into m intervals of the same length:
k—1 -1 k-1 j
s i v+ e

I(m) — ,
P(m) mpim) P(m) mp(m)

Ky = jed{l,...,m}.

Define
m P(m)
._ (m) 1 2
Bni= U U (17 % g s ] )

Now we repeat the same construction for each natural number m and let

E:= | E,. Weshall show that the set A = R?\ E fulfils the desired condition.

m=1
Indeed, set a € [0, 1]. We first want to show that (a,0) € ®,(A).
Let ¢ > 0. There exists M € N such that for any m > M we have m1—1 <e/6

and 27(m*1D < ¢/3. Let R = 27"v-2. Now fix 7 < R. There exists mg > M
such that r € [27"m0o-1,27"m0-2). Obviously

mo(E N S((a,0),7))

472
_ ma(Emg1 N 5((a,0),7)) N ma(Em, N S((a,0),7))
492 492
mg( U E.n S((a,O),T))
k>mg ]

+ 472

We start with an observation that

m EirNS((a,0),r
2(k>LrJn0 k (( ) )) § 2p2—Mmg 1 2= "mg - 12_m0 _ €
B 3

472 472 S99 mmg-t 2
Consider now for a fixed j the number of intervals I ,gt?o) for which I ,gf;o) N
[@ — r,a + r] is nonempty. It is smaller than or equal to [ 2r } + 1, so not

P(mg)
greater than 2rp ) + 2.
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Hence for h € (0,2'~("mo-177)] we get
ma(EN ([a—r,a+ 7] x [27Pmo-173) 2= (Pmo—147) 1 p)))
ma([a —r,a + 7] x [27(mo-113) 9= (nmo—1+3) 4 p])

<(2Tp(m0)+2)(p(mo)m0)71h: 2rP(my) N 2
- 2rh 2TD(me)M0 27D (mg) M0

1 2Mmo—1 3
< 1+ <
mo D(mo) 2mo

if only p(pmy) > 2"m0=2 and mg > 2.

Therefore
ma(Epm, N S((a,0),7))
472
5% my (g 1 (la = roa 4 1] x [27 (a8, 21001 40)]) (1 5((a,0), 7))
j=1

472

I 99— (g —1+4)
—(Mmg—17T17
E 2r2 0 M0 9 (Mng—1-+)

j=1 3 1
< <
2my 472 ~ 2mg 2 ; 2= (nmg—1)

3 %2*1 _ 3 _c
4m0 =1 4m0 3
Clearly there exists j € {0, ..., mg—1} such that r € [27("mo-177) 21=(mg-173)),
so
mQ(EmO—l N S((a’a 0)7 T))
472

7j—1
> Mo (Bmg—1 N ([a —1rya + 7] x [27(Pmo=1 70 217 (2mo—1=0]))
i=0

472
mo (Emo,l N(Ja—r,a+7r] x [27me-177) r]))
+
472
3 1 j-1 27(7’Lm07171) r— 27(nm0—17j)
< 2(mo—1)2 (; r + r
3 Jj—1 2—(nm0_1—l)
) 1
< 4<m0 — 1) (lz; 2*(”m071*3) T

4(mo —1) \ & 2(mg—1) 3
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Thus m2(E“4S,E§“’°)”“)) < g, 50 (a,0) € D,(A).
To show that (a,0) ¢ ®(A) we observe that for every m € N there exists an
interval ,(CZL) containing the point a. Therefore the rectangle

p 1 n 1 y 2 2
= |(a— a — . :
" mp(m)’ "~ mp(m) 2nmo 7 Qnmo+

contains the rectangle

(m) 1 2
I’w' x |:2nm0+j’ 2nm0+j:| ’

Hence m;(fE;PT)’L) > é for m € N and the proof is finished. O

3.

It is natural to try to relate this result to the category case.

Write (n,m) - A := {(nz,my) : (z,y) € A}

and A — (20, y0) = {(z — 20,y — y0) : (x,y) € A}, where A C R2.
DEerFINITION 3. ([3]) We say that (zo,y0) € R? is an ordinary I,-density point
(where Zy is the o-ideal of meager sets on the plane) of a set A having the

Baire property (A € Bs) if for every subsequence {n,,}men of the increasing
sequence of all natural numbers there exists a subsequence {1, }pen such that

X[(nm,p7nm,p)'(A_(I07y0))}ﬂ[_1’1}2 pjo 1 Z5-a.e. on [—1, 1]2, ie.

lim sup[(nm,, , 7im,, ) - (A" = (%0, 40))] N [—1, 1)? € T,
peN
where A" :=R?\ A.
DEFINITION 4. We say that (xq,yo) € R? is a strong Zy-density point of a set

A € By if for every two subsequences {n, }men and {n/, }.,en of the increasing
sequence of all natural numbers there exists a subsequence {my},en such that

X[(nh s, ) (A=(owoIni-1,1]2 =2 1 Tp-ae. on [=1, 1% Le.

limsup[(n;np,n;;p) (A = (w0, y0))]N[~1,1]* € T,.
peN

For A € By we define
®9 (A) == {(z,y) €R*: (x,y) is an ordinary Tr-density point of A}
and
@5 (A) == {(z,y) €R*: (x,y) is a strong Tr-density point of A}
A Lebesgue density type theorem also holds here (see [2], [3]).
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THEOREM 3. For any A € By

AND®T (A) € I,
and

AND®T (A) € Iy

Hence again @7 (A)A®Z (A) € Iy for any A € By, so by [I, Kuratowski-
Ulam Theorem|, we see that almost all (in the sense of category) sections of
the symmetrical difference between the set of all ordinary Zs-density points of
a subset of the plane having the Baire property and the set of all its strong
T>-density points are meager sets. Since the sets ®% (A) and ®3 (A) are Borel
sets, all sections of the considered difference have Baire property.

The main result we obtain for category is a little bit weaker than that in the
measure case.

THEOREM 4. There exists a subset A of the plane having the Baire property
such that the set (9% (A)\®3 (A))° is residual on [0,1] and of measure zero.

Proof. Let {g,}nen be a sequence of all rational numbers in (0, 1) and {ay, }nen
be a decreasing sequence of real numbers tending to 0.
For n € N let

E, = ([Qn —an27", qn + an27n] X [27717 2in+1D n [07 1}2'

The set A := R?\ |J E, fulfils the desired condition. Indeed, it suffices to
neN
show that

( N U lam —am2™™, g + am2m}> N[0,1] C (2g,(A)\@Z,(4))°,

n=1m=n

o0
since for every n € N the set | [¢m — am2™™, ¢m + 4,27 ™] contains an open
m=n

o0 o0
dense set in [0,1], 80 (| U [¢m — @m2™™, ¢m + am2~™] is residual in [0, 1].

n=1m=n

(o] o0
Letz € (N U [¢m —am2™™, ¢m + an2~™]. Then there exists an increasing
n=1m=n
sequence of natural numbers {ny}ren such that for every k& € N the point x
belongs to [Gn,, — n, 27", qn, + @ny, 27",

Consider the rectangle Py, = [cy, di] x [-27 ™1 27+ where [cg, di] is the
shortest interval containing [g,, — @n, 27", qn, + an, 27 ™*] with the center at
the point z.

We can choose a subsequence {ny, }ien C {ng}ren such that z < Gny, for
every l € Nor x > Qny, for every I € N. For convenience we assume that z < g,
for every k € N.
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Let pp = (dp — x)~! for k € N. Then
(P, 2™ 1) (A'=(2,0)) D (pr, 2™ 1)-([0, py ']x[27™, 27 H]) = [0,1]x[1/2,1]
for k € N. Therefore

hrl?esl\l]lp(pk,wrl) (A" = (2,0)) D[0,1] x [1/2,1].

We conclude from [2| Lemma 1] that (z,0) cannot be a point of strong Z,-density
of A.

The task is now to show that for any = € [0, 1] the point (z,0) is an Z-dis-

persion point of the set |J Ej, i.e. that for each increasing sequence of natural
leN

numbers {npjren Wwe can choose a subsequence {ny,}pen such that
lim sup[(nkp,nkp) . (U E; — (z, O))} N [—1,1]? is of the first category.

peN lEN

Fix an increasing sequence of natural numbers {ny}ren tending to infinity.
For each square S ((:v, 0), nlk) we can choose the highest level which “touches”
that square, it means for each k € N there exists ¢, € N such that Q}k < nlk
< 2%1_1. Since é < nkQ’“‘ < 1 we can choose a subsequence {ny, }ten of
{ni}ren such that ng, 27"+ converges to g € [1

> 1]. For convenience we don’t
change the notation from {ny}ren to {ng, }ien-

Our next concern will be the behaviour of the set Ej, on the square S((x,0), nlk )-
If inequalities —nlk_ < ¢, +ai, Z}k —z and ¢;, —a;, Q}k —x < nlk hold only for

a finite number of k, then we denote by {n,(co)}keN the whole sequence {ny}ren.
If it is not the case and there is a subsequence of {ny }ren for which at least one

of these inequalities holds we can choose a subsequence {n,(co)}keN of {nk}ren

(0) 1 (0) 1
such that n,; g5 — ;) o —z ) and ny, ¢ +ai;€o> o —x ) are convergent

to the same point denoted by rg. It is possible since the sequence {n2=% }en
is bounded and {a;, }ren tends to 0. We can now proceed analogously. If
for almost all k¥ € N the set [(néo),ngco)) “(Bip1 — (2,0))] N [=1,1]? is empty
then we put ng) = n,(co) for each ¥ € N. In the opposite case we choose a
subsequence {n,(cl)}k:eN C {n,&o)}keN such that ng) (qig) - 4,0 gi%;f) — :v) and

1 . .
n; ) (qiu) +a,m %1) — x) tend to r1 and continue the same vein.
k k 2%

Then for each z € N we obtain a subsequence {ngj)}keN - {n,(f_l)

() _ 1 _ () 1
such that n, Qo) 4 n — Oy s z ) and ny %) +ai§€z>+z e

}kEN
-

tend to 7.
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We claim that for each z € N

. z z g g
hInSllp[(TL](C ),ni )) . (Ei(z)+z - (.T,O))} N [_17 1]2 - {TZ} x |:2z’ 2z—1i| :
keN k

If there exists k1 € N such that for each £k € N, £ > k; the intersection

[(n,(f),n,(f)) (B, — (=, 0))] N[—1,1]? is empty then the inclusion is obvious.
k

Otherwise consider a point (a,b) which does not belong to {r.} x [, ,.2,] for

a fixed z. This gives that a # r, or b ¢ [ng, zzg_l]. Assume that a < r,. Then

there exists k1 € N such that for each k € N, & > k; we have

() _ L r—a
ny, (qigcz) ai(kz) 21_}(:) x| >, 9 > a,

SO

(2) 1
a ¢ Ny (4 — Q) oy T T, q() + A, y —T|.
k oy k Koy

Hence (a,b) ¢ lim sup(n,(f),ngf)) (B, — (2,0)).
keN k

ngv ng—l]'

Now we choose a subsequence {ny,}pen using the diagonal method on the

Similar arguments apply to the case when a > r, or b ¢ [

sequences {néz)}keN, z € N, thus {ng, }p>. C {n,(f)}keN. It is evident that

sy, (U B (.00} 01,02

leN

= (nkp,nkp)-< [j El—(x,O)ﬂ N[-1,1]?

I=i,

= | (ns, ) (@E+ ~@0)| n-ap

for p e N.
It is sufficient to show that

timsup | ) [(nn,7,) - (Biy, 42 = (2,0)] 1 [=1,1)
pEN z=0

c Gl (2o s (o2
Consider a point (a,b) € [0,1}2\< [.jo [({Tz} X [ng; gzgfl}) U ([0, 1] x {2gz })D

z=
There exists zg such that b € (2'20, 2;5_1) and there exists a number p; € N

such that for every p € N, p > p; and for every z € N, z # zg the point (a,b)
does not belong to the set (ng,,nx,) - (Eiy +2, — (2,0)). Moreover a # 72,
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therefore (a,b) ¢ lim sup[(ngjo), n,(czo)) (B, — (=, 0))] N[—1,1]2, thus there
kEN e A

exists k1 € N, such that for each k € N, k > k; the point (a,b) does not belong
to (n,(f‘)),ngff’)) : (Ei(20)+zo — (#,0)), therefore there exists a number p; € N
such that for every ]l; € N, p > po the point (a,b) does not belong to the set
<nkp’nkp) : (EikarZo - (%, 0))

Since for p greater than py = max(p1,p2) the point (a,b) does not belong to
the set (nk,,nk,) - (Ei,, +- — (z,0)) for every z € N,

(a6) ¢ limsup (J [0, ) - (B, ez = (@, 0)] 011,
pe z=0

which completes the proof. O
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