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ABSTRACT. We define the crossed product of a C*-algebra by a hypergroup
via a group coaction. We generalize the results on Hecke C*-algebra crossed
products to our setting.
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1. Introduction

A discrete Hecke pair is a pair (G, H) where G is a discrete group and H is
a subgroup. It is assumed that every double coset HxH contains just finitely
many left cosets [2]. Covariant representations (covariant pairs) of Hecke pairs
[2] and corresponding C*-algebras [6] and crossed products [2] are studied. The
idea behind a Hecke pair is that the group G acts on the homogeneous space
G/H by translation and this action is used in the defining condition of covariant
pairs.

The objective of this paper is to consider a more general situation where a
discrete group G acts on a semi convo K and co-acts on a C*-algebra B, and
to define the crossed product of B and K (via G) in this situation. This is
based on the concept of C*-algebras of generalized Hecke pairs, introduced by
the author in [I]. We show that each covariant representation in the sense of
[1] could be integrated to a representation of the corresponding crossed prod-
uct (Theorem 2.3). The cases of maximal coactions (Theorem 2.5) and dual
coactions (Theorem 3.2) are dealt with separately.
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2. Covariant representations

Let G be a discrete group, B be a C*-algebra, and
0: B— B® M(C*(G))

be a coaction of G on B, where M (C*(@G)) is the multiplier algebra of C*(G). Let
K be a discrete semi convo with the corresponding hypergroup K of quotients
1] and yg: G x K — K be a right action of G on K [I]. Given ¢t € G and
a € K, we write a -t for vg(t)(a). We use a € K to denote the characteristic
function x, of the singleton {a} as an element in ¢o(K), and d, to denote the
characteristic function x, as an element in ¢?(K).

Following Echterchoff and Quigg [4], let us consider the spectral subspaces

B,={zeB: §@z)=zt} (te @),

where G is embedded into M (C*(G)) via universal representation. The spectral
subspaces form a Fell bundle % over GG, and the direct product B x K is a
Fell bundle over the transformation groupoid G x K. The %-algebra I'.(B x K)
of compactly supported sections of the latter bundle could be identified with
span{(:v,a) i r € B, ac K} It has a universal enveloping C*-algebra [7],
which is denoted by B x5, K and is called the crossed product of B by K via
the coaction of G.

A pair (7,v), where 7: B — B(H) is a non-degenerate *-representation of
B and v: ¢o(K) — B(H) is a x-representation of the commutative C*-algebra
¢o(K), on the same Hilbert space, is called a covariant representation of the
system (B, K, G, 6,) if

m(2)v(04) = v(a-t)7(21) (teG, ac K, x€ By).

Every covariant representation (m,v) could be integrated into a representation
m X v of B x5, K such that

(m x v)(z,a) = 7(z)v(da) (x e B, a€kK).

When § is maximal, the enveloping C*-algebra C*(8) of T'.(8) is isomorphic
to B [0, 4.2] and every representation of B X5 K comes from a covariant rep-
resentation (Theorem 2.5 below and [4] 2.7]).

Following Kumjian [7], for a Fell Bundle ® = {D,} over a discrete groupoid
G with the %-algebra I'.(D) of finitely supported sections, a homomorphism of ©
into a C*-algebra C'is a map ¢: ® — C which is linear on each fiber, and multi-
plicative (whenever it makes sense), and preserves adjoints (in [7], the groupoid
is r-discrete, and the homomorphisms are also assumed to be continuous in an
appropriate sense). A representation of © on a Hilbert space H is a homomor-
phism 7: ® — B(H) which is called non-degenerate if span(m(D)H) is dense
in H. A C*-algbera B is said to be the enveloping C*-algebra of an x-algebra
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By if the supremum of the C*-seminorms on By is finite and B is the Hausdorff
completion of By in this largest C*-seminorm (which is a norm).

LeMmMA 2.1. ([4 2.1, 2.2]) If © is a Fell bundle over an discrete groupoid G, then
the x-algebra T'.(D) of compactly supported sections has an enveloping C*-algebra
C*(®). The assignment II — Il|p gives a one-one correspondence between ho-
momorphisms of C*(D) and homomorphisms of ©, which sends non-degenerate
representations C*(D) to non-degenerate representations of .

Going back to our setup, we consider the case where G = G x K and © =
Bx K. We assume that G-e = K and take a minimal set J C G of representatives
such that each a € K is of the form t - ¢, for a unique t € J. Given a € K,
consider the set J, = {t € J: e-t = a}, where e is the identity of K [I]. We
assume that .J, is finite for each a € K. It is easy to see that t - Ja = J,., for
eacht e G,a € K.

LEMMA 2.2. Let (m,u) be a covariant representation of the system (B, G, d) and
define ve: co(K) — B(H) by

ve(f) =Y. Y flaju(a)  (f € co(K)),
aeK ted,

then (mw,v,) s a covariant representation of the system (B, K,G,d,vr).
Proof. Lette G,a € K, and by € By, then
() ve(a) = Z m(z)v(s)

sEJq,

= Z u(ts)m(xy)

s€Jqy
= > uls)m(xe) = vela-t)m(xy).
s€Jq.t

0

THEOREM 2.3. For each covariant representation (m,v) of (B, K,G,d,~) there
is a unique non-degenerate representation ™ X v of B X5, K such that
T X v(z,a) =w(z)v(a) (re B, a€K),

and when B = C*(*B), every non-degenerate representation of B x5, K is of
this form.

Proof If (m,v) is a covariant representation of (B,K,G,d,v), then
(z,a) = m(z)v(a) is a non-degenerate representation of the Fell bundle 8 x K.
By Lemma 2.1, there is a unique representation 7 x v of C*(B x K) = B x5, K
satisfying the compatibility condition above.
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Conversely, if B = C*(B) and II is a non-degenerate representation of
C*(®B x K) = B X5~ K, we define 0,: By = B(Hn) by 0q(z1) = 7(21,a), for
each x1 € By and a € K, where 1 is the identity of G. Then, for each bounded
approximate identity {x; ;} of the C*-algebra B;, we may assume (passing to a
subnet, if necessary) that {o,(z1,:)} is WOT-convergent, say to p,. We claim
that {p, : a € K} is an orthogonal family of projections in B(Hi), satisfying
the following relations:

Paxb = PaPb, H(xtv a)pb = 6a,bH(xt7 b)v pwt]-—-[(‘rta b) = 5a,bH<Ita b)a
for each t € G, a,b € K, where J,; is the Kronecker delta, and

Paxb = Z((Sa * 55)(6)]76

ceK
Define v: ¢o(K) — B(Hu) by v(f) = > f(a)p, and 7: B — B(Hn) b
acK
m(z) = > T(x,a), where the latter is defined in the WOT-sense. These are
aceK
representations of co(K) and B, respectively and, for each t € G, a € K, and
Tt € Bt,
=3 Xal©)(ze, b)pe = Y (s, b)pe,
beK ceK beK
Tt) = Zpa-tﬂ($t7b) = l(z¢,a),

beK

and (7 X v)(z,a) = w(x)v(a) = (z,a). d

DEFINITION 2.4. Let o be a representation of B on H, and \: G — B({*(K))
be the quasi-regular representation of GG, given by

M(Q)(a)=Cla-t7")  (teG, ae K, ¢€F(K)),

and M be the multiplication representation of the algebra B(K) of bounded
Borel measurable functions on K on ¢?(K), then the pair ((c ® \) 04d,1® M)

is a covariant representation of (B, K,G,d,v) on H, @ ?(K). Indeed, for each
teG,a€ K, \(0q) = 0q.t, and so for each b, € By,

(6 ®@A)0d)(x)(1®M)(0a) = (0(2¢) @ Ae)(1 ® M(da))
= 0(2¢) ® (MM (a)Af Ae)
= (1® M(6a-1))(0(zt) ® At)
— (10 M)(Bur)(o ® A) 0 8(a2).

The corresponding integrated representation ((c @ A)od) x (1® M) is called the
regular representation of B X5~ K and is denoted by Ind(o).
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THEOREM 2.5. If ) is maximal, then an integrated representation © X v on H is
equivalent to a reqular representation if and and only if there is a representation
V of M(K) onH such that (v, V) is a covariant pair for K and range projections
of V and m commute.

Proof. Suppose that m x v is equivalent to a regular representation, namely
there is a representation o: B — B(#H,) and a unitary isomorphism ¥: H —
Ho ® (%(K) which intertwines m x v and Ind(c). Put V = Ad ¥* o (1® p), where
p is the representation of M (K) on ¢?(K) by right convolution [I]. Then (v, V)
is a covariant pair, as it is equivalent to (1 ® M,1® p) [1], and the ranges of 7
and V' commute as the same hold for the ranges of (6 @ \) 0 and 1 ® p.

Conversely, suppose that (v,V) is a covariant pair, for some V, such that
ranges of m and V commute. By [I, Theorem 2.5, there is a Hilbert space
K and a unitary isomorphism ¥: H — K @ ¢*(K) which intertwines (v, V) and
(1®M,1®p). Put 7 = Ad Wor, 7 = Ad Woy = 1@ M, and V = Ad UoV = 1@p.
We need to find a representation o: B — B(K) such that (c @A) od = 7. Given
t € G and x4 € By, we claim that (1 ® \})7(z¢) commutes with operators of
the form 1 ® (64 ® &), for a,b € K. By [I, Example 2.4], 1 ® (§, ® &) =
1® (M(a)p(a*b)M (b)) = v(a)V (axb)u(b), hence by the covariance of (7, 7) for
(B,K,G,6,vg) and the covariance of (7,1 ® \) = (1 ® M,1® \) for the action
of G on ¢o(K) induced by v, [I, Example 2.4], and the fact that the ranges of
7 and V, and those of V =1® p and 1 ® A commute, we have

Since the algebra of compact operators is the closed linear span of rank-one
operators, (1 ® \})7(z¢) commutes with 1 ® £(¢*(K)) and so it is in B(K) ® 1,
say (1@ A})m(x¢) = o(x¢) @1, for some linear map o: I'.(B) — B(K), satisfying
(c®@A)od =aon'.(B). It is straightforward to check that o is then a *-
homomorphism (since 7 and A* are so) and therefore extends to a representation
of B = C*(B) satisfying (¢ ® A) o 6 = 7, by the universality of the enveloping
C*-algebra. O
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3. Dual coactions

In this section we deal with the situation that G acts on a C*-algebra A and
by a and co-acts on the *-algebra crossed product B = A %, G by the dual
coaction & = &. It is well known that the coaction & is maximal. Lifting the
action yr of G on K to an action on ¢o(K), we have:

LEMMA 3.1. There is an isometric isomorphism from (A xo G) X4, K onto
(A® co(K)) Xypea G carrying each representation (1 x W) x v of the former
to the representation (v X v) x W of the latter, and in particular, carrying
(pxU)RN)oax (1 M) into (pQM)x (URN), for each integrated representation
o xU of Axy G.

Proof. Givent € G, the algebra B, is given in terms of the universal covariant
representation (14,tg): (A, G) = M(A X, G) by By = {ta(x)g(t) : z € A} A
triple (¢, W, v) gives a covariant representation (¢ x W, v) of (Ax,G, K, G, &, YR)
if and only if

V(x)Wiw(04) = V(0g.1)0(x) Wy (teG, acK, ze€A)

if and only if the ranges of ¢ and v commute and (v, W) is a covariant rep-
resentation of (co(K),G,«). Hence the canonical embedding (x4, ka, ke, (k)
of (A,G,Cy(K)) in M(A® co(K)) Xyga G generates a covariant representation
(kA X KG, Key(k)) of (A X G, K,G,&,7), and so by Theorem 2.5, induces a
homomorphism A from (A x4 G) X4, K into M(A® co(K)) Xyga G satisfying
AQa()ig(t),a) = ka(x)kc(t)ke,(y(a)  (LE€G, a€ K, x€A).
Clearly A is surjective. Now each representation of (A X, G) x4 4 K has the
form o x v, for some covariant pair (o,v), where o = 1) x W, for some covari-
ant representation of (A, G, «). Since ranges of ¢ and v commute, ) ® v is a
representation of A ® ¢o(K). Also (¢p ® v, W) is covariant for v ® «, as (¢, W)
is covariant for o and (v, W) is covariant for 7. Now one can easily check that
(Y @v)x W)oA = (p x W) x v. Finally, since &(ta(z)) = ta(z) ® 1 and
a(tg(t)) = ta(t) @ u(t), where u: G — M(C*(G)) is the canonical map induced
by translation representation of G on ¢!(G),
(6&U) @A) 0d) = (6 1) x (U N
and so
(62U) 8N 0d)x (18 M) = (6@ 1) x (U A) x (18 M),
which is carried by A into

(¢ ©1) Omax (1@ M)) x (U A) = (¢ @ M) x (U ).
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Now H = ker(yr) < G is a closed subgroup of G and by the classical imprim-
itivity of group actions, one has an imprimitivity (A® co(K)) X000 G-A X o H-
bimodule X, which gives a bijection

Xina: Rep(A4 xq H) = Rep((A® co(K)) Xqypga G).

THEOREM 3.2. If (¢, T) is a covariant representation of (A, H,a) on Hy, B =
AxoH, and m and v are representations of AxoG and Co(K) on H = XQ@pHy
such that m x v is the representation of (A Xo G) Xa~, K corresponding to
Xinda(¢ x T), then there is a representation (v, T) of (A, G,a) on Hy such that
Ty =T and there is a representation V. of M(K) on H such that (v,V) is a
covariant pair for K and the ranges of V and m commute.

Proof. By [3, Theorem 1], the existence of (1, W) is equivalent to the existence
of a representation ¢ x U of A X, G such that Xinq(¢) x W) is unitarily equivalent
to (¢p@M ) x (U®A), which is, by Lemma 3.1, the same as ¢ x U in a way that mxv
is unitarily equivalent to the regular representation (((¢ x U)®@A)o&) X (1@ M).
Now the result follows from Theorem 2.5 applied to the maximal coaction § = &
of Gon B=Ax,G. O

REFERENCES

[1] AMINI, M.: C*-algebras of generalized Hecke pairs, Math. Slovaca 61 (2011), 645—-652.

[2] AN HUEF, A.—KALISZEWSKI, S.—RAEBURN, I.: Covariant representations of Hecke
algebras and imprimitivity for crossed products by homogeneous spaces, J. Pure Appl.
Algebra 212 (2008), 2344-2357.

[3] AN HUEF, A.—KALISZEWSKI, S—RAEBURN, I.: Eztension problems and non-abelian
duality for C*-algebras, Bull. Austral. Math. Soc. 75 (2007), 229-238.

[4] ECHTERHOFF, S.—QUIGG, J.: Full duality for coactions of discrete groups, Math.
Scand. 90 (2002), 267-288.

[5] ECHTERHOFF, S.—KALISZEWSKI, S.—QUIGG, J.: Mazimal coactions, Internat. J.

Math. 15 (2004), 47-61.

KALISZEWSKI, S.—LANDSTAD, M.—QUIGG, J.: Hecke C*-algebras, Schichting com-

pletions, and Morita equivalence, Proc. Edinb. Math. Soc. (2) 51 (2008), 657—695.

[7] KUMJIAN, A.: Fell bundles over groupoids, Proc. Amer. Math. Soc. 126 (1998),
1115-1125.

=

Received 18. 11. 2009 Department of Mathematics
Accepted 22. 3. 2010 Faculty of Mathematical Sciences
Tarbiat Modares University
P.O.Box 14115-134,
Tehran
IRAN

E-mail: mamini@modares.ac.ir

593



	Abstract
	1. Introduction
	2. Covariant representations
	3. Dual coactions
	REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts false
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings true
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldMT
    /ArialMT
    /Times
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
    /CZE ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [498.898 708.661]
>> setpagedevice




