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BOCHNER ALGEBRAS
AND THEIR COMPACT MULTIPLIERS
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ABSTRACT. Let 2 be a normed algebra with identity, €2 be a locally compact
Hausdorf space and X be a positive Radon measure on Q with supp(A) = Q. In
this paper, we establish a necessary and sufficient condition for L' (€, %) to be an
algebra with pointwise multiplication. Under this condition, we then characterize
compact and weakly compact left multipliers on L' (£2,20).
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1. Introduction and preliminaries

Let Q be a locally compact Hausdorff space and A be a positive Radon measure
on Q constructed from a fixed positive functional on C.(€2), the space of all
continuous complex valued functions on €2 with compact support; see [4] and [11]
for more details. We also assume that the support of A coincides with €. For
a nontrivial normed algebra 2, define L'(£,2l) to be the space of all Bochner
integrable functions f: 2 — 2. For each two functions f, g from €2 into 2,
the pointwise multiplication of f and g is denoted by f - g. There has been
considerable progress in the study of analysis on L'(£2,2l), and several authors
have studied various aspects of the subject; see for example [3], [5], [6], [10], [12]
[14] and [I5].

Our purpose in this work is to study compact and weakly compact left mul-
tipliers on L(£2,21). To study multipliers on L'(£,2l), we first need to know
when L!(€,2l) is an algebra with pointwise multiplication. Our first result gives
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a necessary and sufficient condition for that L(£2,2() to be an algebra with
pointwise multiplication.

PROPOSITION 1.1. The space L1 (Q,20) is an algebra with pointwise multiplica-
tion if and only if Q) is discrete and

inf{)\(O) : O is a nonempty open set in Q} > 0.

Proof. Let Q be discrete and M be a positive constant with A({w}) > M for

all w € Q. Then
/||f ) = 3 £ @I A{wd)

we

for all f € LY(Q,2). So, for each f,g € L'(2,2l) we conclude that

Ifalli < D 1@l A{w})

weN

! (Z £ @) A({) ) (Z ()l A {w}>)

weN weN

N

IN

= M7 fll gl < co.
Conversely, toward a contradiction suppose that €2 is not discrete or
inf{)\(O) : O is a nonempty open set in Q} =0.

First, note that there exists a sequence (O,,) of relatively compact open subsets
of Q with M\(O,) < n~?; indeed, if ) is discrete, then

inf{A\({w}): weQ} =0
whence there is a sequence (w,,) of disjoint elements of Q with A({w,}) < n™2.
So, the sets O, := {w,} are the required sequence. Now, if € is non-discrete,
then there exists a compact set O; C  with A(O1) < 1. Choose an open set
Oy C Q\ 01 with A\(O3) < 272. Inductively, we may find a sequence (O,,) of
open subsets in 2 such that

0, CO\(O1U---UO,_1) and  XO,) <n 2

Next, let a € 2 be a fixed nonzero element and set

Z 1=/ XN(0,) " xo, (W) a for all w € Q.
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Clearly, g € L*(£,20); but

/ @Rl = 3 / 2712 X\(0,) 2 0] dA(w)
Q n:lon
= (a2 S 2 A0,)

[eS)
la®]| > n=2,
n=1

It follows that g2 ¢ L'(Q,2); this is a contradiction to that L'(Q,2A) is an
algebra with pointwise multiplication. O

v

Note that L!(€,2l) is a normed algebra if § is discrete and A > 1. In the
following, we show that the converse is true if 2 has an idempotent element a
with ||a|| = 1.

COROLLARY 1.2. Let 2 be a normed algebra with an idempotent element a € A
such that ||la|]| = 1. Then the space L'(Q,21) is a normed algebra with pointwise
multiplication if and only if Q) is discrete and A > 1 on nonempty subsets of €}

Proof. Suppose that L'(,2l) is a normed algebra. Then  is discrete by
Proposition [Tl Let w € © and define £%(w) € LY(2,2A) by £%(w) = a and
£2 = 0 otherwise. Then

Mwh) = Do IEE)mIA Y

neQ

1€5 €511

€512 165 1

A{w}) A{w})-

That is, A({w}) > 1. d

IN

In the case where € is a discrete space I, we let o: I — (0, 00) be the function
defined by o(1) = A({¢}) for all v € I; let also £% (I,2A) be the space of all functions
f: 1 — 2 with

110 =D IF@llo() < oo;

el
as we have seen in the proof of Proposition [T} if

M, =inf{o(t): 1€} >0,

then ¢1(I,2() is an algebra with pointwise multiplication. If, moreover, 2 has
an idempotent element with norm one, then ¢%(I,2l) is a normed algebra.
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In general, it follows from Proposition [I.1] that for locally compact Hausdorff
space €2, L1(€,2l) is an algebra with pointwise multiplication if and only if Q) is
a discrete space I, M, > 0 and L*(,2) = ¢L(1,21).

2. Compactness of left multipliers on ¢*(1,%)

Let I be a set and 2 be a normed algebra. Let ¢>°(I,2() be the space of all
functions f: I — A with || f]le :=sup||f(¢)|| < oo. Let also o: I — (0, 00) with
el

M, >0. Then for each ¢ € £>°(I,21), the linear operator ,T': €1 (1,21) — (1 (1,2)
defined by ,T'(f) = ¢f for all f € £L(1,2) is a left multiplier, where (¢ f)() =
©(¢)f(e) for all ¢ € I. We commence this section with the following result which
shows that any left multiplier on ¢ (I,2) is of this form; for details on left
multipliers see for example [9].

PROPOSITION 2.1. Let 2 be a normed algebra with identity, I be a set and
o: 1 — (0,00) with M, > 0. Then any left multiplier on (% (I,2A) is of the form
oI for some ¢ € £°(1, ).

Proof. Let T: (L(I,2) — ¢L(I,2) be a left multiplier. Define the function
w: I — A by () =T(&")(e) for all ¢« € I, where u is the identity of 2. Then
lolloo < ||T||; indeed for each ¢ € I,

le@I = T(e()7e) W] o)
< Y lrEe®renm)lem
nel
= IT(e(t) 7€) h.0
< TIHlo() ™" o

= NIl

It follows that ¢ € ¢°°(I,2). Since T and ,T are bounded on £ (I,2l), we only
need to prove that T(f) = ¢f for all f € C.(I,2), the space of all functions

with finite support. For this end, let f € C.(I,). Then f = > ffrfb") for some
n=1
L1yl € I. Thus

T(f) =D T(E&)E").
n=1
Hence
{v: T(f)#0} S{ea,oostm}
and T(f)(tn) = ©(tn) f(tn) for all m =1,...,m. That is, T(f) = ¢ - f. O

482



BOCHNER ALGEBRAS AND THEIR COMPACT MULTIPLIERS

We now are ready to give the main result of the paper. First, let us recall that
¢o(I,20) denotes the normed subalgebra of £°°(I,2) of all functions vanishing at
infinity.

THEOREM 2.2. Let 2 be a normed algebra with identity, I be a set, o: I — (0,00)
with M, > 0 and ¢ € (>°(I,A). Then the following assertions are equivalent.

(a) ¢ € co(Z,2).
(b) LT is compact on LL(I,2).
(c) T is weakly compact on (L (1,2).

Proof.

(a) = (b). Suppose that ¢ € co(I,2). Then coz(yp) := {t € I : (1) # 0}
is a o-finite subset of I; indeed, if we set F,, = {L 6 I o) = 1/n}
for all n > 1, then (F,) is an increasing sequence of finite subsets in I and

oo
coz(p) = |J F,. Moreover,

n=1

)

1
leg, T = Tl = llg,, TN =16 p, oo <
o

where for each £ C I, (5: I — 2 is defined by (5(:) = ¢(¢) for all . € E and
C% = 0 otherwise. Since ¢t T is a compact operator on £ (I,%) for all n > 1, it
follows that 7" is also compact

(b) = (c) This is trivial.

(¢c) = (a). To complete the proof, suppose that 7" is weakly compact on
CE(1,2) and ¢ & co(I,2A). Then there is € > 0 such that ||C}"\F||oo > ¢ for all

F € F, the collection of all finite subsets of I; that is, ||¢(tr)|| > & for some
tp € I'\ F. Then there is g € £5(I,2) and a subnet (tp())geB of (1) Fer such
that

ours) G g
in the weak topology of £ (I, 1), where &) € (1(I,2) by &745 ) (1p5)) =
©(tr(p)) and ffF((L;)(B)) = 0 otherwise. In particular, since |¢(tp(g))|| # 0, there

exists 1g € A* such that [(Vg, p(trps)))| = le(tre))ll and |[¢¥g] = 1; see [L3].
Recall that the dual space of £1(1,2) is equal to €79, (1,2*) under the duality

(h, f) = (h(v), f(1))

el
where h € EI/U(I,QI*), fei(I,2) and

2, (1,A7) = {h: T5%: h]lsonye = SLE?HZEM < oo};
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see for example [2, Appendix A]. Now, we define § by 0(vp(g)) = 0(tr(s))¥s and
0(¢) = 0 otherwise. It is clear that 6 € £37 (I,2"). Hence

<9,0(LF(5))_1520;$(5))> — (0, 9).
On the one hand, |(g,0)| > &; indeed,

0,9) = lim’<6,a(LF(ﬁ))*lng((L;m)N
= hm’2< o(tr(p)) 5:‘;((‘;(5))»

= hénK@ i) o (Lra)) " e(tr(s)))|
= liénlwﬁwp(wwml
= hén”gj(l%p(ﬁ))”'

On the other hand, if ¢y € I and g() # 0, then there is By € B such that for
each 3 > B, 1o € F(B) and hence 1o # tp(g). Thus there exists ¢ € A* such
that (¢, g(¢0))] = ||g(e0)| and ||| = 1. Let 6: I — A* defined by 6(:) = ¢ for
t =g and 6(¢) = 0 otherwise. Thus 4 € 6‘1’70(1,2[*) and therefore

lgCo)ll = (¥, 9(o))| = [{g,0)]
— lim‘<0,J(LF(B))*lng((L;w))M

= hm‘z< o(tr)) &F((L;(m)()>‘

el

= lim(0(u0). o (urp) €55 ()

=0
that is g(o) = 0. This contradiction completes the proof. O
Remark 2.3. Let 2 be a normed algebra with identity, I be a set and
o: I — (0,00) with M, > 0. Then an argument similar to the proof of Propo-
sition 2] shows that any right multiplier on ¢ (1,2) is of the form T,, for some
© € £°(I,A), where Ty,: £1(I,2) — (L(I,2) is defined by T,,(f) = f - ¢ for all
e,

Now, a modification of the proof of Theorem implies that the following

assertions are equivalent.

(a) ¢ € co(Z,2).
(b) T, is compact on £%(I,2A).
(c) T, is weakly compact on £ (I,20).
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We end the work by an application of our main result in this section. First,
let us recall from Dales [2] that the first Arens multiplication ® on the second
dual of £} (I,2) is defined by

(FOG,p)=(F,Goyp)

for F,G € (L(I,2)**, where (Go o, f) = (G,p.f) for f € £1(I,2) and ¢ €
0o (1,2)" = €39, (1,24%). Then £;(I,2A)** endowed with © is an algebra. For an
element G in /1 (I,)**, the maps G — f© G and G+ G © f are weak*-weak*
continuous on £ (I,A)** for all f € ¢1(I,2). The Arens multiplication was first
introduced and studied by Arens [I]; see also [7], [8] and [9] for more details.

COROLLARY 2.4. Let 2 be a normed algebra with identity, I be a set and
o: 1 — (0,00) with My > 0. Then ¢L(I,2) is an ideal in its second dual.

Proof. Let f € ¢L(1,A) and F € ¢.(I,A)**. Then there is a net (f,) in £% (1, 2)
bounded by ||F| such that f, — F in the weak* topology of ¢L(I,2)**. In
particular, f-f, — fOF in the weak* topology of £% (I, )**. Since f-o € co(I,2A)
and M, > 0, we have f € ¢o(I,2) and so T is weakly compact on £.(I,2) by
Theorem This together with that (f - f,) is a bounded net in £ (I,2)
yield that there is a subnet (fg) of (fy) such (f - fz) converges to an element
of g € £L(I,2l) in the weak topology of ¢L(I,2). Thus f© F = g € (1(I,2).
Similarly, F ® f € 1 (I,2) by Remark 2.3 O
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