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ON FACTORIZATION OF THE FIBONACCI
AND LUCAS NUMBERS
USING TRIDIAGONAL DETERMINANTS

JAROSLAV SEIBERT — PAVEL TROJOVSKY

(Communicated by Stanislav Jakubec)

ABSTRACT. The aim of this paper is to give new results about factorizations
of the Fibonacci numbers F,, and the Lucas numbers L,. These numbers are
defined by the second order recurrence relation a,+42 = an+1 + an with the initial
terms Fop = 0, F}; = 1 and Lg = 2, L1 = 1, respectively. Proofs of theorems
are done with the help of connections between determinants of tridiagonal matri-
ces and the Fibonacci and the Lucas numbers using the Chebyshev polynomials.
This method extends the approach used in [CAHILL, N. D.—D’ERRICO, J. R.—
SPENCE, J. P.: Complex factorizations of the Fibonacci and Lucas numbers, Fi-
bonacci Quart. 41 (2003), 13-19], and CAHILL, N. D.—NARAYAN, D. A.: Fi-
bonacci and Lucas numbers as tridiagonal matriz determinants, Fibonacci Quart.
42 (2004), 216-221].

©2012
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1. Introduction

Interesting connections were found between the determinants of tridiagonal
matrices and the Fibonacci or Lucas numbers. For example, Strang [0] presented
a family of the n x n tridiagonal matrices given by

3 1
1 3 1
1 3 1
M(n) = 1 ,
3 1
1 3
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where determinants |M(n)| are the Fibonacci numbers Fy,1o. Cahill et al. [1 2]
applied a family of the tridiagonal matrices

1 i

whose determinants |H(n)| are the Fibonacci numbers F,, 1.

They derived a general recurrence for the determinants of a sequence of sym-
metric tridiagonal matrices (see [2, Lemma 1]) and used some sequences of this
type for searching of the following complex factorizations

: _ km = . (2k=1)m
F"+1ZH<1_21COSH+1>’ Ln:H<1—21cos( 2n)>’ (1)

k=1 k=1

which are valid for n > 1. Their method is based on certain properties of the
Chebyshev polynomials. The Chebyshev polynomials T;, (z) of the first kind and
the Chebyshev polynomials U, (z) of the second kind, respectively, are defined
by the recurrences

Ti(x) =z, Ui(z) = 2z,
Ty(z) = 20 — 1, Us(x) = da® — 1,
To(z) =2xTh_1(x) — Th—2(x), Un(z) =2xUp—1(x) — Up—a(2).

These polynomials can be generated by determinants of successive matrices
of the form

r 1 2r 1
1 2 1 1 2z 1
1 2x 1 1 2z 1
and t. t. t. )
2¢ 1 o2z 1
1 2z 1 2z

respectively. Setting x = cosf, where 6 is a complex number, then the Cheby-
shev polynomials can be written as

sin((n +1)8)
sin 0 '

T, (z) = cos(nh) and Un(z) = (2)
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The authors remarked that a similar method can be used for deriving the formula

- k
F2n+2:H<3—2(:osnI1>, n>1. (3)

k=1

Cahill and Narayan [3] found generalizations of matrices H(n), by construction
of families of the symmetric tridiagonal matrices M, g(k) and V, 5(k),
k=1,2,3,..., by the following way.

THEOREM 1. ([3| Theorem 2]) The symmetric tridiagonal family of matrices
My 5(k), k=1,2,3,..., whose elements are given by

Fy
mi1 = Foip, Moo = { a+ﬂ ,
Fars
M1 =ma1 = /MmaoFaip — Foatp, mjj=1La, 3<j5<k,

My =my g =+/(-1)%, 2<j <k,
with « € Z and B € N, has successive determinants My (k)| = Fak+tp-

THEOREM 2. ([3| Theorem 3]) The symmetric tridiagonal family of matrices
Va,p(k), k=1,2,3,..., whose elements are given by

Lo
v1,1 = Lats, Vo = {Laww ,
a+p
V1,2 = U1 = \/712,2La+5 — Laags, Vjj=DLa, 3<ji<k,

Vi1 = Vi1 = V(=) 2< G <k,
with « € Z" and B € N, has successive determinants [V (k)| = Lak+s-

Using the family M, g(k) they also derived the following generalization of
identity (3))

n—1
k
Forn = Fop, H <L2m — 2cos ;) ) (4)

k=1

In this paper we derive identity () in another way. Further we will find a
generalization of (@) and similar factorizations for the Lucas numbers.

Throughout the paper we adopt the conventions (see e.g. [4]) that the product
over an empty set is 1 and Iverson’s notation

(P(k)] = 1, if statement P(k) is true;
~ 10, if statement P(k) is false.
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2. The preliminary results

LEMMA 3. Let n be any positive integer. Then

Loy = f[ (3 +2cos (2k2—711)77> . (5)

k=1

Proof. Replacing n by 2n in identity (I]) for L,, and multiplying the j-th and
(2n 4+ 1 — j)-th factor, for j = 1,2,...,n, we get

Lo, = ﬁ (1 _ dcos 2@2n—k)+ )7 cos (2k — 1)77) .

4dn 4dn
k=1
Thus, the assertion follows from the formula
—2cosacos(m — ) =14 cos(a — (7 — a)) cos(a + (7 — @),

which is valid for any real «, if we set a = (2]1_711)”. O

Remark 4. In the same way it can be proved by induction on m that the
identity

n

B (2k — )
Lyom = kl:[l <L2m + 2 cos o

holds for any positive integers n, m.

LEMMA 5. Let a, b be any real numbers and let U, (x) be the Chebyshev polyno-
mial of the second kind. Denote A, B the n x n symmetric tridiagonal matrices

a 1 a+b 1
1 a 1 1 a 1
1 a 1 1 a 1
A= , B=
a 1 a 1
1 a 1 a

Then |A| =T, (%) and |B|=bU,_1 (%) + U, (%).
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Proof. The first identity is obvious and the second relation can be derived by
the expansion of the determinant of B. Thus,

a 1
1 a 1 a 1
1 a 1 1 a 1
Bl = (a+b) _ 1 a 1
@ 1 e
1 a
= (a+b)Un—1(;>—Un_2 (g)
(e ()T (3) 100 () = (3) 0 3).

O

COROLLARY 6. ([0 (1.8), Corollary of Lemma 3]) Between the Chebyshev poly-
nomials of the first and the second kind the following holds for any positive
integer n

T (x) =Up(z) — 2 Up_1(x).

LEMMA 7. Let m, p be any positive integers. Then

L2m+p—‘ ’7F2m+p—‘
= =Lm +[21m]
[ Lmﬂ) Fmﬂ?

and

’7F2m+p—‘ + {F2m+pJ _ ’7L2m+p—‘ + {L2m+PJ _ 2Lm 4 (_1)m+1'
Fm+p Fm+p Lm+p Lm+p

Proof. Using identities ([7, p. 177]),

Lk-‘rn = Ln Lk + (_1)n+1Lk—n (6)
and

Fiyn =L, Fp + (-1)"'E,_,, (7)

where k, n are any integers, we get

’VL2m+p-‘ _ ’VLm+(_1)m+1 Lp -‘
Loty Loy

L, +1, if m is odd;
L., , if m is even

and

5, F Ly, +1, if is odd;
B e L e I
Fotp Fotp L,,, if m is even.
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Thus, the first relation is proved. Similarly we obtain that

LFQmﬂJ _ LLzmﬂ,J _ {Lm, if m is odd;

Fotp Ly L,,—1, if m is even

and the second identity follows. O

LEMMA 8. Let m be any positive integer and let p be any nonnegative integer.

The symmetric tridiagonal matrices Ly, ,(n), n = 1,2,3,..., whose elements
are given by

ll,l = L2m+p; ll,2 = l2,1 = \/Lp;

lk,k‘ = LZma 2< k < n, lk,k‘+1 = lk’+1,k‘ = 17 2< k< n,

have successive determinants Ly, ,(n)| = Lomntp-

Proof. The assertion is an obvious consequence of Theorem [2] Lemma [7] and

identity (@]). O
LEMMA 9. Let m be any positive integer and let p be any nonnegative integer.
The symmetric tridiagonal matrices F,, ,(n), n =1,2,3,..., whose elements are
given by

Jia = Fomyp, frz = fan = VFp,

Jek = Lom, 2<k<n, fekr1 = fryre =1, 2<k<n,

have successive determinants |Fp, ,(n)| = Famntp-

Proof. The assertion is a clear consequence of Theorem [I, Lemma [7] and iden-
tity (). d

LEMMA 10. Let m, n be any positive integers. Then

n—1 kr
F2mn = Fgm H <L2m — 2cos n ) .

k=1

Proof. We will consider the matrix

Fy,, 0
0 Lo, 1
Fpo(n) := Fpno(n) = L Loy 1
. . ,
1 Loy,
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with |F,,(n)| = Fomn according to Lemma [@ Let

Lo, 1
1 Loy, 1
]Lm(n — 1) = Lm,O(n — 1) = 1 Loy, 1
. 1
1 L2m

be the (n — 1) x (n — 1) symmetric tridiagonal matrix. Therefore we have
|Fp(n)| = Fom|Lm(n—1)|. Let Ay and g, k = 1,2,..., n—1, be the eigenvalues
of Ly(n—1) and G,,(n — 1) = L,(n — 1) — Loy, I, respectively. Thus, Ap =
Lo+, Eigenvalues 7 of G, (n—1) are the roots of the characteristic equation

—y 1
1 —v 1
(Gon(n — 1) = 71| = Loy 1 0,
. ) .
I —y

which, setting —J = cos® and using properties of the Chebyshev polynomials

of the second kind, can be rewritten to the equation ““("¥) = 0, with the roots

sin @
k
Or="", k=1,2,...,n—1.
n
Therefore v, = —2cos "’: and
n—1 n—1 L
Ln(n— D= ] =]] <L2m —2cos )
k=1 k=1
g
COROLLARY 11. Let m, n be any positive integers. Then
F2m(n+1)
L = .
Lon(m)] = 7"

3. The main results

THEOREM 12. Let m, n be any positive integers and let p be any nonnegative

integer. Then
n

Lo,
Lomn+p = 22 P H (Lo, — 2 cosby) ,
mok=1

where O, k =1,2,...,n, are the roots of the equation
Loy, Ly, cos(nf) sin 0 + 5 Fs, Fy, sin(nf) cos 6 = 0.
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Proof. Consider the matrix

L2m+p \/Lp
VL Lam 1
Lip(n) = 1 Lam 1
. 1
1 L2m

with |L,, »(n)| = Lamn+p according to Lemma 8 Let

Crnp(n) = <]I+ < Lom 1) elelT> Lo p(n),

L2m+p

where e is the first column of the identity matrix I of the order n. Thus, it is
easy to see that |C,, ,(n)| = Liirip |Linp(n)|. Let Ay and v, k=1,2,..., n—1,
be the eigenvalues of C,, ,(n) and G,, ,(n) = C,, p(n) — Loy, I, respectively.
Then obviously A\i = Loy, + 75 The eigenvalues v, of G, ,(n) are the roots of

the characteristic equation |G, ,(n) —yI| =0. As
L2m+p T
I+ -1 :
( <L2m\/LP ) “
1 T
(Gmp(n) —yI) | T+ — 1] eie;
VL

_~Lomgp
Y LomL, 1

1 -y 1

Lom Ly,

Gmp(n) —~I =
G pln) =71 =

)

~, are also roots of the equation

Using identity (@) we obtain the equation

Lp_2om
_ﬂy _|_ Lzmzp"}/ ].
1

which can be rewritten with respect to Lemma [H] as

e s () 0 () =0
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Setting —J = cosf we have

Ly—om
—2cos0 P U, _1(cos ) 4 Uy (cosf) = 0. (8)
Loy, Ly

Using relation (2)) we can write equation () in the form

L, 9, sin(nd)  sin((n+1)0)
—2cosf ¥ =0 9
o8 Loy L, sinf sin 0 ©)
and therefore consequently
2Lp72m . . .
sin(nf) cosf® = sin(nh) cosf + cos(nb)sin b,
Lom L,
2 L —2m L mL . 3
P2 P gin(nf) cos = cos(nf)sin b,
Loy L,
L, m L mo . .
P2 PE2M sin(n@) cos® = cos(nf)sin 6.
LomL,

Now, using the well-known identity Lyy, —(—1)"Lg—,, = 5 F}, F}; (see [1, p. 177))
we have

— 5 Fop Fpy sin(nf) cos @ = Loy, Ly, cos(nd) sin 6. (10)
The proof is over. O

Remark 13. For p = 0 the roots of equation (I0) are 0y = (2k — 1), , where

k =1,2,...,n, therefore it is possible to express the factorization of Ls,,, in
the form
n
2k — D)mw
Lomn = kli[l <L2m +2COS< on ) > .

THEOREM 14. Let m, n be any positive integers and let p be any nonnegative
integer. Then

n—1
FQmH (LQm_2COSk7Zr); Jor p=0,
FZmn+p = s kzln
i kl:[1 (Lam —2cosby), for p#0,
where O, k =1,2,...,n, are roots of the equation

Fypn Ly sin(n@) cos @ + Loy, Fy, cos(nb) sin 6 = 0.

Proof. The assertion for p = 0 follows from Lemma [[0l The assertion for
p # 0 can be proved analogously as in Theorem Therefore we only sketch
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the proof. We use the matrix

Fomp \/Fp
VFy, Lom 1
Fpnp(n) = 1 Ly, 1
. 1
1 L2m

with the determinant |F,, ,(n)| = Famn+p according to Lemma[ Let us denote

Loy,
Cmp(n) = (]H— < e 1) 6161T> Fpop(n)
F2m+p

and G, p(n) = Cy, p(n) — Loy, L. It is obvious |C,y, p(n)] = F];Qit |Frp(n)| . As

(Gmp(n) =71 ( (\/ 1) €1€?> )
»(n)

the characteristic equation for the eigenvalues v of G,
the form

can be rewritten to

LQme .
- . 11
FamL, cos(nf) sin 0 (11)

This finishes the proof. O

sin(nf) cos =

COROLLARY 15. Let m, n be any positive integers and let p be any nonnegative
integer. Then

Fom F2mn+p + Fp FQm(n—l) = F2m+p Fomn
and

Fom L2mn+p + Lp F2m(n71) = L2m+p Fomn.

Proof. We only prove the first identity because the second one can be proved
similarly. Let L,,(n) and F,, ,(n) be the matrices used in the proof of Lemma [I0]
and Theorem [I4] respectively. Then

Fomtp \/Fp
\/Fp Loy, 1
1 Lom 1 = Fomp [Lin(n = 1)| = Fp [Lim(n — 2)|
. 1
1 Lom

and with respect to Corollary [IT]

E For(n—1
F2mn+p = F2m+p ;,;nn - Fp T;,;n ) .
m m
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COROLLARY 16. Let m be any positive integer and let p be any nonnegative
integer. Then

L2m+p LQmLp L2mLp
Lam+p = Lom — Lo, )
e L2m 2 L2m+p 2 + L2m+p
Loy L Loy L
L6m+p - L2m+p L2m - 1+ 2 P L2m + 1+ ? P )
L2m+p L2m+p

N N VIR D3+ 4L,

Lgm+yp =
smtp L2m 2L2m+p

Lom Ly +2 Lomsp + \/Lgm L2+412,,,,

Lom
om + 2 Lomss
Lam Ly +2 Lamsp = \/ D L3 + 4 L3y
Lom —
: 2 L2m+P
Lom Ly +2 Lomip — \/Lgm L2+412,,.,
L2m + ’

2 L2m+p

Lom Lp +3 L2m+p + \/LIZ)—2m +4 L?H-Qm
L10m+p = L2m+P Lom — 2 Lom+
m-p
Loy, Lp + 3 Loy p + \/Lgfzm +4L3 o
Lom
2m + 2 L2m+p
Lom Lp +3 L2m+p - \/L12372m +4 L§+2m
Lopm —
2 2Lom+p
Lom Lp +3 L2m+p - \/LIZ)—2m +4 L?H-Qm
Lom
2m + 2 L2m+p

Proof. We obtain these factorizations by setting consecutively n = 2,3,4,5
into the assertion of Theorem O
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4. Conclusion

Setting various values of p into the statements of Theorem [I2]and Theorem [I4]
we obtain distinct factorizations of the given subsequence of the Fibonacci or
Lucas numbers. For example, we have the following factorizations of Lg,, setting
p =4m, p = 2m and p = 0 into the first, the second and the third identity in
Corollary

m L m
LSm = (Lgm - \/3)<L2m + \/3) L2m - \/1 + 2 LQm + \/1 + L2 9
6m

Lsm = (Lam — V2)(Lam + V2) <L2m - \/2 + ij> (Lzm + \/2 + ij> ,

Lgm = (Lgm—\/2+\/2> <L2m+\/2+\/2> <L2m—\/2—\/2) <L2m+\/2—\/2>.
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