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ABSTRACT. Torsion classes and radical classes of lattice ordered groups have
been investigated in several papers. The notions of torsion class and of radical
class of generalized Boolean algebras are defined analogously. We denote by 7y
and Rg4 the collections of all torsion classes or of all radical classes of generalized
Boolean algebras, respectively. Both 73 and Ry are partially ordered by the
class-theoretical inclusion. We deal with the relation between these partially
ordered collection; as a consequence, we obtain that 7y is a Brouwerian lattice.
W. C. Holland proved that each variety of lattice ordered groups is a torsion class.
We show that an analogous result is valid for generalized Boolean algebras.
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1. Introduction

Generalized Boolean algebras play an essential role in investigating certain
types of lattice ordered groups and of vector lattices; in this connection, cf. the
papers of Conrad and Darnel [3], [4], Conrad and Martinez [5], and the author
[15], [16], [17].

The notion of torsion class of lattice ordered groups was introduced and stud-
ied by Martinez [20]. The author [I0] defined and investigated the notion of
radical class of lattice ordered groups.

A class C of lattice ordered groups is a torsion class if

(i) C is a radical class, and
(ii) C is closed with respect to homomorphisms.
2010 Mathematics Subject Classification: Primary 06E05.
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Torsion classes and radical classes of lattice ordered groups have been dealt with
in a series of further papers. We mention here, e.g., the articles of Martinez
[21], Conrad [1], the author [11] (for torsion classes) and Conrad [2], Darnel [6],
Medvedev [22] (for radical classes).

For some types of lattice ordered algebraic structures, the notion of radical
class can be defined analogously as in the case of lattice ordered groups; cf. [12]
(generalized Boolean algebras) and [13] (M V-algebras).

Similarly, the notion of torsion class has been defined and studied in the
theory of M V-algebras [14]. In the above mentioned papers [I5] and [17], torsion
classes of generalized Boolean algebras have been dealt with in connection with
the theory of Carathéodory vector lattices or Specker lattice ordered groups,
respectively.

We recall that generalized Boolean algebra is defined to be a distributive
lattice B with a least element such that each principal ideal of B is a Boolean
algebra.

We denote by 7T, the collection of all torsion classes of generalized Boolean
algebras; 7, is partially ordered by the class-theoretical inclusion. We show
that 7, is a large collection (there exists an injective mapping of the class of all
infinite cardinals into the collection 7). Nevertheless, we can apply the standard
terminology for the mentioned partial order in 74; we recall that an analogous
method has been applied by Martinez [20].

We prove that the partially ordered collection 7, is a Brouwerian lattice.

Let A be a nonempty class of generalized Boolean algebras which is closed
with respect to isomorphisms. We denote by

s0(A) — the class of all generalized Boolean algebras By such that B is
a convex subalgebra of some generalized Boolean algebras belonging to A;

w(A) — the class of all generalized Boolean algebras which can be ex-
pressed as a weak direct product of some elements of A;

hom A — the class of all homomorphic images of elements of A.

Let By be the class of all generalized Boolean algebras and let § # X C By.
We prove the following results:

(i) The radical class generated by X is equal to w(so(X)).
(ii) The torsion class generated by X is equal to w(so(hom X)).

(iii) If X is a radical class, then the torsion class generated by X is equal to
hom X.

Holland [§] proved the following theorem:

(¥) Each variety of lattice ordered groups is a torsion class.
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Since each variety is closed with respect to homomorphisms, the essential part
of the theorem (x) consists in the assertion

(*1) Each variety of lattice ordered group is a radical class.

In the present paper we show that a result analogous to (*;) is valid for
generalized Boolean algebras.

2. Preliminaries

For the sake of completeness, we recall some basic definitions.

Let G be the class of all lattice ordered groups and let f: G — G be a mapping
such that for each G € G the following conditions are satisfied:

(i) f(G) is a convex (-subgroup of G;

(ii) if G is a convex f-subgroup of G, then f(G1) = G1 N f(G).
We say that f is a radical mapping on G. We denote by F' the class of all radical
mappings on G. A nonempty subclass C' of G is defined to be a radical class if
there exists a radical mapping f on G such that C = {G € G: f(G) = G}; we
write p(f) = C.

A radical class of lattice ordered groups is said to be a torsion class if it is
closed with respect to homomorphisms.

Let B = (B; A, V,0) be a distributive lattice with the least element 0. Assume
that for each z € B, the lattice B, = ([0,z]; A, V,0) is complemented, where
[0, 2] is the corresponding interval in B. Then B is a generalized Boolean algebra.

A concex sublattice of B containing the element 0 will be said to be a convex
subalgebra of B.

The notion of a homomorphism of generalized Boolean algebras is defined in
a natural way (cf. Section 7).

Let By be the class of all generalized Boolean algebras.

We define the notions of radical mapping of By and radical class in By anal-
ogously as we did for lattice ordered groups; namely, we apply the above condi-
tions (i) and (ii) with the distinction that instead of G, G and G; we now have
By, B and By, where B € By and B is a convex subalgebra of B. A radical class
which is closed with respect to homomorphisms is said to be a torsion class.

Let B € By. We denote by ¢(B) the system of all convex subalgebras of B;
this system is partially ordered by the set-theoretical inclusion. In view of [12],
we have the following results.

PROPOSITION 2.1. The system c(B) is a Brouwerian lattice.
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PROPOSITION 2.2. Let f be a radical mapping and Cy = {31 eB: f(Bl):Bl}.
Then f(B) is the largest element of c(B) belonging to the radical class Cy.

LEMMA 2.3. Let () # Cy C By. Assume that the following conditions are satis-
fied.

(i1) If B € Cy and By € ¢(B), then By € Co;
(ii1) For each B € By, the set Cy N¢(B) has a greatest element.

Then C5 is a radical class.

Let « be an infinite cardinal. We mention the following examples of radical
classes:

— the class of all generalized Boolean algebras B such that each interval of
B is a-complete;
— the class of all generalized Boolean algebras which are a-distributive.

In view of the above examples we conclude that the collection R of all radical
classes of By is a proper class.

In the following section we show that the collection 7, of all torsion classes
of generalized Boolean algebras is a proper class as well.

Both R, and 7, are partially ordered by the class-theoretical inclusion.

3. Weak direct products

Assume that (B;)ies is a nonempty indexed system of generalized Boolean
algebras. Their direct product is defined in the usual way and it is denoted by
[] B;. The elements of the direct product are written in the form = = (x;);er;
icl
we say that x; is the component of x in B;; instead of x; we write also z(B;).

The set of all elements = such that the set {i € T : z; # 0} is finite will

be denoted by (w) [ B; and is said to be a weak direct product of the system
iel
(Bi)icr- We have

(w)gBi € c<gBi>.

LeEMMA 3.1. Let X be a radical class of generalized Boolean algebras. Then
s0(X) =X =w(X).
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Proof.

a) The relation so(X) = X is a consequence of definitions of a radical class
and of a radical mapping.

b) Let us deal with the relation X = w(X). We have X C w(X). Assume
that B € w(X). Hence B can be expressed in the form

B = (w)[[B:
iel
where B; € X for each i € I.

Let @ be a fixed element of I. We denote by B, the set of all elements x of
B such that x; = 0 for each j € I, j # i. Then B; is a sublattice of B and
B; ~ B;. For simplifying the notation, let us identify B; and B;.

There exists f € F with ¢(f) = X. Put f(B) = By. If i € I, then in view
of the relation B; € X we get f(B;) = B;. Applying the definition of a radical
mapping again, we obtain B; C Bj.

Let x € B. Then the set Iy = {i € I : xz; # 0} is finite. Put I; =
{i(1),i(2),...,i(n)}. We have

T=2y1) VoV Ty,

whence x € By. Thus By = B and f(B) = B. Therefore B € X, which
completes the proof. O

LEMMA 3.2. Let X be a nonempty class of generalized Boolean algebras such
that so(X) = X = w(X). Then X is a radical class.

Proof.
a) In view of relation so(X) = X, the condition (i;) of Lemma 2.3 is satisfied.
b) Now we will show that the condition (ii;) of Lemma 2.3 is fulfilled as well.
Let B € By. We denote by X; the set of all intervals of B which contain the
element 0 and belong to the class X. If [0, 2] is such interval, then in view of
a) we also have [0, z2] € X7, where xo < 7.
Let [0, z] and [0,y] belong to X;. We put £ Ay = z and x V y = ¢. Further,
let 21 be the relative complement of z in the interval [0,y]. Then we have
nAz=(znANyYAz=nANyAzx)=2Nz=0,
nVex=zxnV(zVe)=(zn1Vz)Vez=yVe=t.
In view of distributivity of B we get
[0,¢] >~ [0, z1] x [0, z]. (1)

We denote by X; the set of all elements b € B such that [0, b] belongs to X;.
Under the notation as above, we have z,y € X;. In view of a), the element
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z also belongs to X; and, moreover, both [0, z1] and [0, x] are subsets of X;.
The relation (1) and the condition X = w(X) show that the interval [0,¢] is a
subset of X1. Hence X; is a convex subalgebra of B. It is obvious that X is
the greatest element of the set X N¢(B). According to Lemma 2.3, we conclude
that X is a radical class. 0

The following assertion is easy to verify.
LEMMA 3.3. Let B; (i € I) are elements of By and B = (w) [[ B;. If B1 € ¢(B),
then for each i € I we haveB; N B; € ¢(B;) and By = (w) i_e[II(Bl N B;).
i€
PROPOSITION 3.4. Let X be a nonempty class of generalized Boolean algebras.
PutY = w(so(X)).
(i) Y is a radical class.

(ii) If Y7 is a radical class with Y1 2 X, then Y1 2 Y.

Proof. For each nonempty class Z of generalized Boolean algebras we have
s0(s0(Z)) = s0(Z) and w(w(Z)) = w(Z). Hence w(Y) =Y. From this and from
Lemma 3.3 we obtain s(Y) = so(w(so(X))) =Y. Hence in view of Lemma 3.2
we conclude that (i) is valid.

Let Y7 be a radical class with Y7 2 X. Then

Y = ’LU(S()(X)) g U}(So(Yl)) = Y1~
U

In view of Proposition 3.4 we say that w(so(X)) is the radical class generated
by the class X.

For each infinite cardinal o we denote by X, the collection of all generalized
Boolean algebras B such that, whenever z € B, then card[0, z] £ «.

PROPOSITION 3.5. Let a be an infinite cardinal. Then the collection X, is a
torsiton class.

Proof. It is obvious that the collection X, is nonempty and that so(X,) = X,.

Let (B;);cr be a nonempty system of generalized Boolean algebras such that
B; € X, foreachi € I; let B be the weak direct product of this system. Further,
let0 <z € Band ; ={i €l: z; # 0}, where x; is the component of = in
B;. Then the set I; is finite; we can write I; = {i(1),4(2),...,i(n)}. We have
T = 1) V -+ V Tjn); moreover, the interval [0,z] is a direct product of the
intervals [0, 2;(1)], ..., [0, Zjn)]. Since card[0, z;1y] = a, ..., card[0, z;,,)] < «,
we get

card[0,z] £ o" = «
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and hence B € X,,.

In view of Lemma 3.2, we conclude that the collection X, is a radical class.
It remains to verify that X, is closed with respect to homomorphisms.

Let B € X, and let ¢: B — B; be a homomorphism of B onto a generalized
Boolean algebra By. Let 0 < 21 € B;. There exists x € B with ¢(z) = z;.
Then we have ¢([0, z]) = [0, z1]. Since card[0,z] £ o we obtain card[0,z1] = «
and hence By € X,. O

For each infinite cardinal a we put f(a) = X,. If oy and «q are distinct
infinite cardinals, then f(a;) # f(az). Thus f is an injective mapping of the
class of all infinite cardinals into the collection 7,. Hence the collection 7 is a
proper class.

Assume that {B;}icr is a system of ideals of a generalized Boolean algebra B
such that, whenever (1) and i(2) are distinct elements of I, then B;(1) N By(a)

= {0}.
{Le}t 0 < z € B. Suppose that there exist sets of indices
L ={i(1),i(2),...,i(n)} C I,
Iy ={j(1),j(2),....5(m)} € I
and elements
0 < € Bjy,---,0 <y € By,
0<wy1 € Bjay,--,0 <Ym € Bjm)
such that
2=V NTp=y1 V- VYn.
LEMMA 3.6. Under the notation as above, we have
(i) I = Iy;
(ii) if k€ {1,2,...,n}, £ € {1,2,...,m} and By = Bj(y, then xr = yq.
Proof. Let k € {1,2,...,n}. Then
=k AN2=Tpk N1V VUYn)= (@ Ay1) V-V (Tk A Ym).
Let £ € {1,2,...,m}. If Byu) # Bj), then By N Bjgy = {0}. Thus there

exists £ € {1,2,...,m} with B,y = Bj(. Moreover, if ¢ € {1,2,...,m} and

0" # (, then By # Bjy and so xp Ay = 0. We obtain i(k) € I, hence
I; C I>. Analogously we can verify that the relation Is C I; is valid. Therefore
.[1 = IQ.

Further, we have x < y,. By analogous argument we get y, < xp and hence
Tk = Ye. O
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LEMMA 3.7. Let B and {B;}ic; be as in Lemma 3.6. Assume that for each
element 0 < z € B there exists a set Iy = {i(1),...,i(n)} C I such that there

are elements 0 < x1 € By(1y, ..., 0 <@y € By with 2z =x1V -V x,. Then
B is isomorphic to (w) [] B;.
iel
Proof. Put (w) [[ Bi = B’. We set f(0) = 0; for z € B with z > 0 let
iel

f(z) = 2', where 2’ € B’ such that
Z/<Bi(1)) =Ty 7Zl(Bi(n)) = Tn

and 2'(B;) = 0 whenever ¢ € I\I;.
In view of Lemma 3.6, f is a correctly defined mapping of B into B’. Tt is
obvious that f is injective and that for any z,t € B we have

2=t = f(2) = f().

Let 0 < p € B and I(p) = {z el: p(B;) # 0}. The set I(p) is finite;
we can write I(p) = {j(1),...,j(m)}. We denote ¢ = p(Bj1)) V-V p(Bjm))-
Then we obtain f(q) = p; thus the mapping f is surjective. Therefore f is an
isomorphism of B onto B’. d

4. The partially ordered collection 7,

It is obvious that the class By of all generalized Boolean algebras is the greatest
element of the partially ordered collection 7,. Let X¢ be the class of all one-
element Boolean algebras; then X is the least element of 7.

Assume that {X;}icr is a nonempty subcollection of Ty; put X = () X;.
In view of the definition of 7,, we have X € 7;. Then X is the greatestZ EI(I)Wer
bound of the system {X;};cr in T, According to the fact that 7, has the greatest
element and the least element, we conclude:

PRroPOSITION 4.1. The partially ordered collection T, is a complete lattice.

LEMMA 4.2. Let ) # X C By. Assume that X is closed with respect to homo-
morphisms. Then the class so(X) is closed with respect to homomorphisms.

Proof. Put so(X) =Y and let B € Y. Assume that B; is a homomrphic
image of B. Then without loss of generality we can suppose that there exists a
congruence relation p on B such that By = B/p. The congruence relation p is
generated by an ideal A on B; in the usual way, we can write B; = B/A.
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Since B € so(X) there exists By € X such that B is an ideal of By. Then
A is an ideal of By. We conclude that B/A is an ideal of By/A. Since X is
closed with respect to homomorphisms, we get By/A € X. Therefore B; = B/A
€ So (X) O

LEMMA 4.3. Let ) # X C By. Assume that X is closed with respect to homo-
morphisms. Then the class w(X) is closed with respect to homomorphisms.

Proof. Put w(X) =Y and let B € Y. Further, let By, p and A be as in the
proof of Lemma 4.2.

Since B € w(X) there exists a system {B; }ic; € X such that B = (w) [] B;.

iel

For each z € B we denote by z the congruence class taken with respecte to p
which contains the element z; for Z C B we put {z: z € Z} = Z.

Let i € I. Let BY be the set of all elements ¢ of B such that ¢(B;) = 0 for each
j € I with j # i. The set BY is partially ordered by the partial order induced
from B. Then BY ~ B;, thus BY € X.

In view of the congruence relation p, we conclude that BY is an ideal of B;
and Bjj;) N By = {0} whenever i(1) and i(2) are distinct elements of 1.

For each element by € B; there exists z € B with by = z. There are
i(1),...,i(n) € I and x1 € B;q),...,Tn € By with 2z = 27 V-V 2,. Then
T € B?(l),...,xn S B?(n) and z = x1 V -+ V x,. Therefore, according to
Lemma 3.7, we have By = (w) [] BY.

i€l

Obviously, B? is a homomorphic image of By and thus BY € X. Hence

B, eY. O

LEMMA 4.4. Let ) # X C By. Assume that the class X is closed with respect to
homomorphisms. Then the class w(so(X)) is closed with respect to homomor-
phisms.

Proof. This is a consequence of Lemma 4.2 and Lemma 4.3. (I

For each ) # X C By we denote by hom(X) the class of all homomorphic
images of X.

THEOREM 4.5. Let ) # X C By. Put w(so(hom(X))) =Y. Then
(i) Y is a torsion class and Y 2 X;
(ii) 4f Y1 is a torsion class and Y1 O X, then Y1 D Y.

Proof. The relation Y O X is obvious. According to Proposition 3.4, Y is a
radical class. Then in view of Lemma 4.4, we obtain that Y is a torsion class.
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Let Y7 be a torsion class with Y7 D X. Then we have
Y1 = w(so(hom(Y7))) D w(spo(hom(X))) =Y.
O

In view of Theorem 4.5, we say that Y is a torsion class generated by the
class X.

According to Proposition 4.1, the collection 7, is a complete lattice. The
lattice operations in 7, will be denoted by the symbols A and V. Similarly, the
collection R is a complete lattice;this has been investigated in [12]. We denote
now the lattice operations in R4 by A" and V".

It is obvious that A coincides with the class-theoretical operation N on the
class 74. Analogously, A" coincides with N on R,.

LEMMA 4.6. Let 0 # {X;}ict € Ty. Then
\/ )(i:: u)<L“J}Y;>.
iel iel
Proof. We put |J X; =Y. Since hom(X;) = X; and so(X;) = X; for each
il

i € I we obtain hom(Y) = Y and so(Y) = Y. Thus w(Y) = w(sg(homY)).
Then according to Theorem 4.5, we have w(Y') € 7T,.

Let ¢ € I. Then X; C Y and hence X; < w(Y) in 7,. Further, let Z € 7,
and assume that X; < Z for each i € I. Thus Y C Z and so w(Y) Cw(Z) = Z.
We have verified that w(Y') is the least upper bound of {X,};cr in 7y. O

Applying an analogous argument (without dealing with hom(Xj;)), we obtain
LEMMA 4.7. Let 0 # {X;}icr € Ry. Then
\/ )(i:: u;(LUJ}Y;>.
iel icl

In view of the definitions of of R4 and 7, the relation 7, C R, is valid. From
Lemma 4.6 and Lemma 4.7 we get

LEMMA 4.8. Let O # {X;}icr € Ty. Then
NXi= N\ X, Vxi=\ X
iel i€l i€l i€l
PRroPOSITION 4.9. (Cf. [12].) Let {X;}icr SRy andY € Ry. Then

YA\ Xi= V(Y AX). (1)

i€l i€l
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PROPOSITION 4.10. Let {X;}icr € Ty and Y € T,. Then the relation (1) is
valid.

In view of Proposition 4.1 and Proposition 4.10, we have:

THEOREM 4.11. The partially ordered collection T, is a Brouwerian lattice.

5. Torsion classes generated by radical classes

In the present section we deal with the construction of a torsion class gener-
ated by a radical class. As application, we prove a result related to Theorem 4.5.

LEMMA 5.1. Let X be a radical class of generalized Boolean algebras. Put
hom X =Y. Then so(Y) =Y.

Proof. Let B € s59(Y). Thus there exists By € Y such that B is an ideal of
Bi. Further, there exists By € X such that B; is a homomorphic image of Bs.
Without loss of generality we can assume that there exists an ideal A of By with
Bl = Bg/A

We denote by by x the coset of By containing the element x € By, and we
put B3 = {x € By : = € B}. Then Bj is an ideal of By, thus B3 € X. Also, A
is an ideal of B3 and B3/ A is isomorphic to B. Therefore B € hom X. We have
verified that so(Y) C Y. Since Y C 5¢(Y), we get the relation so(Y) =Y. O

Let {B.}icr be a system of generalized Boolean algebras and for each i € I,
let A; be an ideal of B.; put B./A; = B;. We set

(w) [[B: =B, (1)

iel
W[5 - 5. ®
iel
Then A = (w) [] A; is an ideal of B’.
iel
Let o € B’, v/ > 0. There exist distinct indices i(1),4(2),...,i(n) € I and
uniquely determined elements 0 < z) € Bg(l), L 0<al e Bz’.(n) such that
V=xyVayVv---Val. (3)
For ¢ € {1,2,...,n} let z; be the congruence class in B./A; containing the

element x/; we put

(b)Y =21VaaV -V,
From the relations (1), (2) and (3) we obtain that the following assertions is
valid.
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LEMMA 5.2. Under the notation as abve, ¢ is a homomorphism of the gener-
alized Boolean algebra B’ onto B and the kernel of this homomorphism is equal
to A.

LEMMA 5.3. Let X and Y be as in Lemma 5.1. Then w(Y) =Y.

Proof. Let {B;}ier €Y and B = (w) [[ B;- Let i € I. We have B; €
iel

hom(X), hence there exists B, € X such that B; is a homomorphic image of

B!. Without loss of generality, we can assume that there is an ideal A; of B,

and that B; = B/A;. We put (w) [[ B, = B’ and A = (w) [[ 4;. Since X is
iel i€l

a radical class, by Lemma 3.1 we get B’ € X. According to Lemma 5.2, B is a

homomorphic image of B’, thus B € hom(X) =Y.

We have verified that w(Y) CY. Since Y Cw(Y), we have Y =w(Y). O

THEOREM 5.4. Let X be a radical class of generalized Boolean algebras. Then
hom X is the torsion class generated by X.

Proof. According to Lemma 5.1 and Lemma 5.3, we get
w(sp(hom(X))) = w(hom(X)) = hom(X).
Then Theorem 4.5 finishes the proof. (|

According to Theorem 4.5, Theorem 5.4 and in view of the fact that w(so(Z))
is a radical class for each ) # Z C By, we obtain

COROLLARY 5.5. Let ) # Z C By. Then
hom(w(s¢(Z))) = w(sg(hom(Z))).

6. The class B}

Above we applied the usual convention that an algebraic structure and its
underlying set were denoted by the same symbol. This convention cannot be
used if two different algebraic structures have the same underlying set; now, we
will deal with such situation. Therefore we need a slight modification of the
previous notation.

Considering a generalized Boolean algebra, we will write it in the form B =
(B; A, V,0), where B is the underlying set of B.
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DEFINITION 6.1. Let A = (A;A,V,0,9) be an algebra of type (2,2,0,2) such
that

(i) (A;A,V,0) is a distributive lattice with the least element O;
(ii) for each z,y € A we have

sAg(x,y) =0, aVglzy =aVy. (1)
Then A is said to be a b*-algebra.

LEMMA 6.2. Let A be a b*-algebra. Put B = (A;A,V,0). Then B is a general-
ized Boolean algebra.

Proof. Let z,z € A,z £ z. Then
xAg(z,2) =0, zVg(zr,z)=-=z.

This yields that the interval [0, z] of B is a complemented distributive lattice.
Therefore B is a generalized Boolean algebra. O

LEMMA 6.3. Let B = (B; A, V,0) be a generalized Boolean algebra. For x,y € B

we denote by g(x,y) the relative complement of x in the interval [0,2 V y| of B.
Put A = (B;A,V,0,9). Then A is a b*-algebra.

Proof. The condition (i) of Definition 6.1 obviously holds; further, in view of
the definition of g, the relations (1) are valid. g

If A and B are as in 6.3, then we put A = B*. The structures B and B*
have the same underlying set.

Let B be the class of all b*-algebras. The mapping ¢: By — B defined by
1(B) = B* is a bijection (cf. Lemma 6.2 and Lemma 6.3). In fact, the algebraic
structures B and B* are only “formally” different.

Let us remark that for abstract algebras, similar situations have been studied
in detail by Marczewski and his successors; here, the terms ‘weak isomorphism’
and ‘weak automorphism’ were applied (cf. Marczewski [I8], [19], Goetz [7] and
Traczyk [23]). Cf. also the author [9] for the particular case of distributive
lattices.

Let B* = (B;A,V,0,g) be a b*-algebra. The notion of subalgebra of B* is
defined in the usual way.

Further, let B = (B; A, V,0) be a generalized Boolean algebra and let B; be
a nonempty subset of B containing the element 0 such that B; is closed with
respect to the operations A and V. Assume that the lattice B; = (B; A, V,0)
is a generalized Boolean algebra. Then we say that B; is a subalgebra of the
generalized Boolean algebra B. If B’ € ¢(B), then, obviously, B’ is a subalgebra
of B.
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Due to Lemma 6.2 and Lemma 6.3 we obtain the following results.
LEMMA 6.4.1. Let B = (B;A,V,0) be a generalized Boolean algebra and let By
be a nonempty subset of B. Then the following conditions are equivalent:

(i) B1 = (B1,A,V,0) is a subalgebra of the generalized Boolean algebra B;
(ii) BY = (B1,AV,0,9) is a subalgebra of the b*-algebra B* = (B, A, V,0,g).
LEMMA 6.4.2. Let B and By be as in Lemma 6.4.1. Further, assume that By

18 a convex subset of B. Then the following conditions are equivalent:

(i) B1 = (B1,A,V,0) is a convex subalgebra of the generalized Boolean alge-

bra B;
(i) By = (B1,A,V,0,9) is a conver subalgebra of the b*-algebra B* =
(B,A,V,0,9).

LEMMA 6.4.3. Let B € By and let (B;);cr be an indexed system of elements of
By. Then the following conditions are equivalent:
(i) B~ ][ B;;
iel
(i) B* ~ [] BZ.
iel

7. Varieties of b*-algebras
and of generalized Boolean algebras

Using identities involving polynomials constructed by the operations A, V, 0
and g we can define the notion of variety of b*-algebras in the usual way. In
more detail, we proceed as follows. Let S be a nonempty system of pairs (f1, f2)
where f; and f are polynomials of mentioned type. Let C(S) be the class of
all b*-algebras satisfying all identities f1 = fo where (f1, f2) € S. Then C(S) is
said to be a variety of b*-algebras.

If C; is a subclass of By, then we put

C:r={B*: Be().

DEFINITION 7.1. Let C be a subclass of By. We say that C is a variety of
generalized Boolean algebras if the class C7 is a variety of b*-algebras.

THEOREM 7.2. Fach variety of generalized Boolean algebras is a radical class.

Proof. Let X be a variety of generalized Boolean algebras. In view of Propo-
sition 3.4 we have to verify that w(so(X)) = X.
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a) Let By € so(X). Hence there exists B € X with By € ¢(B). Thus
B* € X*; further, according to Lemma 6.4.1, we obtain that Bj is a subalgebra
of B*. The fact that each variety of algebras is closed with respect to subalgebras
yields that Bf belongs to X* and so B; belongs to X. Therefore so(X) = X.

b) Now, assume that B is an element of w(X). Thus it can be expressed in
the form

B = (w)[[B:
iel
where all B; belong to X. According to Lemma 6.4.3 we have
B* = (w) ][ B
icl
and all B} belong to X*.

Since each variety of algebras is closed with respect to direct products, we get
that [[ B} belongs to X*. Further, (w) [[ B} is a subalgebra of [[ BJ; thus

i€l i€l i€l
B* belongs to X* as well. Hence B € X and so w(X) = X.
Summarizing, in view of a) we get w(zo(X)) = X, as desired. O

Let us now apply homomorphisms of generalized Boolean algebras for de-
scribing varieties.

Assume that By = (B1;A,V,01) and By = (Bag; A, V,02) are generalized
Boolean algebras and that ¢ is a mapping of By into Bs. It seems to be natural
to define ¢ to be a homomorphism of B; into Bs if the following conditions are
satisfied:

(1) 1(01) = 02 and p(z Ay) = p(z) A p(y), p(z V y) = p(z) V ¢(y) for each
z,y € By;

(2) the set ¢(B) is an underlying set of a subalgebra of Bs.
LEMMA 7.3. Let By and Bs be as above and let ¢ be a mapping of the set By
into Bg such that the condition (1) is satisfied. Suppose that x,z € By and that

x1 s a relative complement of x in the interval [01, 2] of B1. Then ¢(x1) is a
relative complement of p(z) in the interval [0z, ¢(z)] of Bs.

Proof. We have
z Az =04, rVx =2z

Thus in view of (1) we obtain ¢(01) = 02 and

o(x) A p(x1) = 02, p(x) V p(x1) = ¢(2).
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COROLLARY 7.4. Let B1,Bs and ¢ be as in Lemma 7.3. Then ¢ is a homo-
morphism of By into Ba if and only if the condition (1) is satisfied.

Let B; and By be as above. Consider the b*-algebras B} and B35. The
homomorphism of B} into B} is defined in the obvious way. The b*-algebras B}
and B35 are written in the form

BT = (Bl;/\vvvolvg)v B; = (BQ;/\a\/vOQ;g)'

LEMMA 7.5. Let ¢ be a homomorphism of By into Bo, where By and By are
as above. Then

o(g(z,y) = gle(x),0(y))  for each x,y € By. (3)
Proof. This is a consequence of Lemma 7.3. ([l
LEMMA 7.6. Let By and By be as above. Assume that ¢ is a mapping of B
into By. Then the following conditions are equivalent:
(i) ¢ is a homomorphism of By into Ba.
(ii) @ is a homomorphism of B into B3.
Proof. The implication (ii) => (i) is obviously valid. Assume that the condi-

tion (ii) holds. In view of (1) and according to Lemma 7.5 we conclude that the
condition (ii) is satisfied. O

Let C be a nonempty subclass of By. As usual, we denote by HC, SC and
PC the class of all homomorphic images, all subalgebras or all direct products
of elements of C, respectively.

As above, let C* = {B* : B € C}. The classes HC*, SC* and PC* are
defined analogously as in the case of the class C.

LEMMA 7.7. Let ) # C C By. Then
HC* =(HC)*, SC*=(SC)*, PC*=(PC)".

Proof. The relation HC* = (HC)* is a consequence of Lemma 7.6. In view
of Lemma 6.4.1, the relation SC* = (SC)* is valid. According to Lemma 6.4.3,
PC* = (PC)*. 0

Since in the definition ob b*-algebra there are used only operations and no
relations, we get that C* is a variety if and only if C* = HSPC*. Above we
have defined C to be a variety of generalized Boolean algebras if the class C* is
a variety of b*-algebras. Thus in view of Lemma 7.7 we obtain

PROPOSITION 7.8. Let () # C C By. Then C is a variety of generalized Boolean
algebras if and only if HSPC = C.

414



(22]

TORSION CLASSES OF GENERALIZED BOOLEAN ALGEBRAS

REFERENCES

CONRAD, P.: Torsion radicals of lattice ordered groups. In: Symposia Mathematica 21,
Academic Press, London, 1977, pp. 479-513.

CONRAD, P.: K-radical classes of lattice ordered groups. In: Proc. Conf. Carbondale.
Lecture Notes in Math. 848, Springer Verlag, New York, 1981, pp. 186-207.

CONRAD, P.—DARNEL, M. R.: Generalized Boolean algebras in lattice-ordered groups,
Order 14 (1998), 295-319.

CONRAD, P..—DARNEL, M. R.: Subgroups and hulls of Specker lattice ordered groups,
Czechoslovak Math. J. 51 (2001), 395-413.

CONRAD, P—MARTINEZ, J.: Signatures and S-discrete lattice ordered groups, Algebra
Universalis 29 (1992), 521-544.

DARNEL, M. R.: Closure operators on radicals of lattice ordered groups, Czechoslovak
Math. J. 87 (1987), 51-64.

GOETZ, A.: Weak automorphisms and weak homomorphisms of abstract algebras,
Collog. Math. 14 (1966), 163-167.

HOLLAND, W. C.: Varieties of £-groups are torsion classes, Czechoslovak Math. J. 29
(1979), 11-12.

JAKUBfK, J.: W-isomorphisms of distributive lattices, Czechoslovak Math. J. 26 (1976),
330-338.

JAKUBfK, J.: Radical mappings and radical classes of lattice ordered groups. In: Sym-
posia Mathematica 21, Academic Press, London, 1977, pp. 451-477.

JAKUBfK, J.: Products of torsion classes of lattice ordered groups, Czechoslovak Math. J.
25 (1975), 576-589.

JAKUBfK, J.: Radical classes of generalized Boolean algebras, Czechoslovak Math. J. 48
(1998), 253-268.

JAKUBIK, J.: Radical classes of MV-algebras, Czechoslovak Math. J. 49 (1999), 191-211.
JAKUBIK, J.: Torsion classes of MV-algebras, Soft Comput. 7 (2003), 468—471.
JAKUBIK, J.: On vector lattices of elementary Carathéodory functions, Czechoslovak
Math. J. 55 (2005), 223-236.

JAKUBfK, J.: Generalized Boolean algebra extensions of lattice ordered groups, Tatra
Mt. Math. Publ. 30 (2005), 1-19.

JAKUBfK, J.: Torsion classes of Specker lattice ordered groups, Czechoslovak Math. J.
52 (2002), 469-482.

MARCZEWSKI, E.: A general scheme for the notion of independence in mathematics,
Bull. Acad. Polon. Sci., Sér. Math. Phys. Astron. 6 (1958), 731-736.

MARCZEWSKI, E.: Independence in abstract algebras. Results and problems, Colloqg.
Math. 14 (1966), 169-188.

MARTfNEZ, J.: Torsion theory for lattice ordered groups, Czechoslovak Math. J. 25
(1975), 284-299.

MARTfNEZ, J.: Torsion theory for lattice ordered groups, II, Czechoslovak Math. J. 26
(1976), 93-100.

MEDVEDEV, N. JA.: On the lattice of radicals of a finitely generated ¢-group, Math.
Slovaca 33 (1983), 185-188.

415



JAN JAKUBIK

[23] TRACZYK, T.: Weak isomorphisms of Boolean and Post algebras, Colloq. Math. 13
(1965), 159-164.

Received 13. 11. 2009 Mathematical Institute
Accepted 14. 1. 2010 Slovak Academy of Sciences
Gresdkova 6
SK-040 01 Kogice
SLOVAKIA
E-mail: kstefan@saske.sk

416



	Abstract
	1. Introduction
	2. Preliminaries
	3. Weak direct products
	4. The partially ordered collection Tg
	5. Torsion classes generated by radical classes
	6. The class B0*
	7. Varieties of b*-algebras and of generalized Boolean algebras
	REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts false
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings true
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldMT
    /ArialMT
    /Times
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
    /CZE ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [498.898 708.661]
>> setpagedevice




