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MULTIPLICATION OPERATORS
ON LORENTZ-KARAMATA-BOCHNER SPACES
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(Communicated by Lajos Molnar)

ABSTRACT. In this small note, we will characterize the boundedness, com-
pactness and closedness of the range of the multiplication operators on Lorentz-
Karamata-Bochner spaces Ly, 4:5(£2, X) for p, q € (0, c0].
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1. Introduction

Throughout the paper (2, A, 1) will stand for a o-finite measure space. For

any two non-negative expressions (i.e. functions or functionals), A and B, the
symbol A = B means that A < ¢B, for some positive constant ¢ independent of
the variables in the expressions A and B. If A X B and B 3 A, we write A ~ B
and say that A and B are equivalent. Certain well-known terms such as Banach
function space, rearrangement invariant Banach function space, associate space,
absolutely continuous norm, etc. will be used frequently in the sequel without
their definitions. However, the reader may be found their definitions e.g., in
[5L [7].
DEFINITION 1. A positive and Lebesgue measurable function b is said to be
slowly varying (s.v.) on (0,00) in the sense of Karamata if, for each ¢ > 0,
t°b (t) is equivalent to a non-decreasing function and t=¢b(t) is equivalent to a
non-increasing function on (0, c0).

The detailed study of Karamata Theory, properties and examples of slowly
varying functions can be found in [0 [I3] 14] and [I7, Chap. V]. Given a s.v.
function b on (0, c0), we denote by ~, the positive function defined by

Y (t) = b (max {t, | }) for all ¢ > 0.
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It is known that any slowly varying function b on (0,00) is equivalent to a
slowly varying continuous function b on (0,00). Consequently, without loss of
generality, we assume that all slowly varying functions in question are continuous
functions in (0, 00) [14]. We shall need the following property of s.v. functions,
for which we refer to [I3, Lemma 3.1].

LEMMA 1. Let b be a slowly varying function on (0,00).

(i) Let r € R. Then b" is a slowly varying function on (0,00) and
Y (t) = vor (t) for all t > 0.

(ii) Given positive numbers ¢ and k, Y(kt) = Y(t), i.e., there are positive
constants ¢, and C, such that

ce min{k ™%, k¥ }yp(t) < Yp(kt) < Ce max{k™%, K }yp(t) (1.1)
for allt > 0.
(i) Let o > 0. Then
t o0
/7""1%(7) dr = t“v(t) and /7'0‘1%(7') dr ~ t7 %y (t) (1.2)
0 t
for allt > 0.

Let f be a complex-valued measurable function defined on 2. Then the
nonnegative rearrangement of f is given by

ff)=inf{s>0: p{weQ: |f(w)]>s}) <t} (1.3)
where we assume that inf ¢ = co. Also the average(maximal) function of f on
(0, 00) is given by

o= [ (1.4)

Note that f*(-) and f** () are nonincreasing and right continuous functions.

DEFINITION 2. Let p, g € (0, 00] and let b be a slowly varying function on (0, co).
The Lorentz-Karamata (LK) space Ly, 4. (€2, A, 1) is defined to be the set of all
measurable functions such that

11y g = 17~ 7% (8 £ ()], 000 (1.5)

is finite. Here ||| ) stands for the usual L, (quasi-) norm over the interval

(0, 00).

q;(0,00

The Lorentz, Lorentz-Zygmund and generalised Lorentz-Zygmund spaces are
all special cases of these spaces, obtained by making particular choices of the
slowly varying function b. It is known that the LK spaces endowed with a

294



MULTIPLICATION OPERATORS ON LORENTZ-KARAMATA-BOCHNER SPACES

convenient norm (1.5), is a rearrangment-invariant Banach function spaces with
upper and lower Boyd indices both equal to 11) and have absolutely continuous
norm when p € (1,00) and ¢ € [1,00). Also, the dual (L, 4 (€2))" coincides
with the associate space L, ;-1 (£2) where 1 < p,q < oo and p', ¢’ are the
conjugate exponent of p, g respectively. It is clear that, for 0 < p < oo, the LK
space Ly 4. (€2) contains the characteristic function of every measurable subset
of Q with finite measure and hence, by linearity, every u-simple function. In this
case, with a little thought, it is easy to see that the set of simple functions is
dense in the LK space as the LK spaces have absolutely continuous norm for
p € (1,00) and ¢ € [1,00).

Let X be a Banach space and for a strongly measurable function f: Q — X
define a function || f|| as

1Al (w) = 1f ()| forall we.

Then the Lorentz-Karamata-Bochner space L, 4.5 (€2, X), is a rearrangement
invariant-Bochner space for p, ¢ € (0, 00] where the norm is defined by

£l = 8575 O 1A O], 0.0

The Lorentz-Karamata-Bochner space L, 4. (€2, X) is a Banach space and we
still have the density of simple functions in it and its dual is

(LZMI;b (Qv X>>* = Lp’,q’;b—1 <Qa X*)

where X™* has the Radon-Nikodym property, 1 < p < oo and 1 < ¢ < .
For a strongly measurable function u: Q — B (X), the class of all bounded op-

erators on Banach space X, the multiplication transformation M, : L, 4. (2, X)
— L (Q,X) is defined as

(M, f) (w) =u(w) f(w) for all w e

where L (2, X) is the space of all strongly measurable functions. These transfor-
mations are studied on various spaces by many researchers in (|2} [3] 4] 8, [10] and
[16]), in particular on L, space in ([8, [16]), on Orlicz space in ([10]), on Lorentz
space in ([2] and [3]) and on Lorentz-Bochner space in ([4]). It is natural to
extend the study to more general class. For the detail of these spaces one can
refer to ([Bl [7, [8] and [I7]) and the references therein.

2. Characterizations

In this section, the multiplication operators with some of its properties like
invertibility, range and compactness are discussed. Let uw be a strongly mea-
surable operator valued map on . Then the boundedness, invertibility and
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compactness of the multiplication operator M, induced by u is characterized in
terms of u.

THEOREM 1. The multiplication transformation M, : Ly 4.5(2,X) — Ly ¢:5(€2,X)
is bounded if and only if u € L>™ (2, B (X)).

Proof. Assume that u € L (9, B (X)) with
Jull o =inf{k >0: p({weQ: [Ju(w)]|>k}) =0} < oo

For the nonnegative rearrangement of M, f, one can find the distribution func-
tion of My, f =u- f as

par, g (s) = p{w € Q2 [[(Muf) ()] > s}
=p{w € Q: Jlu(w) (f (w)ll > s}
<pfweQ: full lIf (w)] > s} (2.1)
<p{we Qs ull o If (W)l > s} = pyuy_s (5)-
Hence for each ¢ > 0, by (2.1) we get

{s>0: Pl f () <ty C{s>0: pn,ys(s) <t} (2.2)
and
IM I (6) = inf{s > 0+ pary () < £)
<inf{s>0: Pl £ (8) < t}
=inf{s>0: pf{weQ: ||lull |f(w)|>s} <t} (2.3)
= llull o I1£1™ 2)-

Also, we write that || M, f|™ (t) < |lull IfII"* (¢) by (2.3). Therefore,

IMuFlly g = 16757 &) 1M1 O], 0,00
< {17779 ) g 1E17 @), 0,000 (2.4)
= lullog It @ NF1™ D], 000y = Ntlloc £ g

can be written. Consequently, M, is a bounded operator on L, 4 (€2, X) with
p,q € (0,00] and || M| < [lul by (2.4).

Conversely, let us assume that u ¢ L* (2, B (X)) whereas M,, is bounded.
Then, we can find a sequence (E,,) of disjoint measurable subsets with finite
measure such that n; =1, n; — 0o as ¢ — oo and

lu (w)|| > n, forall weE,,.
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For each w € E,,, let x,, € X be such that |z,,| = 1 and |Ju (w) zyw,| > n;.
For each i, define f; as

T, if we kb,

filw) = {O, otherwise.
Then | fill, ,» 3 (Enl)g Yoa (1 (En,)) and so fi € Ly g (92, X) for each i and
IMufill" (t) Z nillfill" (t). Hence [|Myfill, ., % nillfll, 5 This contradicts
the boundedness of M,,. O

THEOREM 2. If M, is a linear transformation from Ly 4.1 (2, X) to itself, then
M, must be bounded.

Proof. Proof can be derived from the proof of [10, Theorem 2.4]. O

THEOREM 3. Let (2, A, u) be a finite measure space. Then M, : Ly 4.4 (€2, X) —
Ly 40 (2, X) is invertible with inverse M, for some v € L> (Q, B(X)) if and
only if

(1) u(w) is invertible for p-almost all w € Q and

(2) there exists € > 0 such that ||u (w) (z)|| > € ||z|| for all z in X and p-almost
all w e Q.

Proof. Suppose M, is invertible and M, ! = M,, for some v € L> (22, B (X)).
For each z € X, define C,.: Q) — X as

C,(w)==z for all w € Q.
Then [|Cx || () = ||2]| X[o,u(0) (t) and
. x|, if 0<t<u(Q)
1Ca ]I (1) = { el () if > ()
p (), it > p(9).
This says that

Hcﬂﬁ”p,q,b = Htp_q% () IC 1™ (t)H%(O’OO)
11 . 1_1 K%
= [[t= 5% @ ICl™ Ol ey + 167773 (B 1ICe
Sl ()7 e (o () + e 41 ()77 e (11 ()

=l 1 ()" Yoo (1 ()

by Lemma 1. Hence C, € Ly 4. (2, X). Since M, ' = M,, we have M, M, =
M,M, and

Ol 52,00

u(w)v(w)ez=v(w)u(w)x ==
for all z € X and for all w € Q. This implies u(w) is invertible for all w € Q.
Also for each z € X and w € 2, we get

]l = v (w) u (w) z[| < [[v ()]} [Ju (w) 2| < [v]l [u(w) ]|
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If we choose ¢ = HV\ll , then ||u (w) z|| > € ||z|| for all z € X and for all w € .

Conversely, assume that the conditions (1) and (2) are true. If v (w) is inverse
of u(w), then we can write

u(w)v (w) f(w) =v(w)u(w) f(w)
for all w € Q and f € L, 4. (2, X). Therefore, M, M, f = M,M,f = f for all
f €Ly g (Q,X). By condition (2),

ellv (w) x| < lv (w) u(w) zl| = =]
v (w) x| < e |||
are found for all x € X and for all w € Q. This implies that v € L* (Q, B (X))
and M, is invertible. ]
THEOREM 4. Let M, € B (Lp 41 (2, X)). M, has closed range if and only if
there exists € > 0 such that
e llzll < flu(w) ||

for all x € X, for almost all w € S where S is the support of u.

Proof. Suppose that there exists some € > 0 such that ||u (w) z|| > € ||z|| for all
xz € X and for almost all w € S. Let Ly, 4. (S) denote the subspace of all those

fin Ly 4. (2, X) which vanish outside S, then L, 4.4 (S) is a closed invariant
subspace of M,. Also for each f in Ly 4 (S), we have

[Mufl| = el fII-

This gives Mu|Lp,q;,,(S) has closed range and so of M,,.
Conversely, assume that M, has closed range. Then there exists an € > 0
such that

||Mu-f||p,q,b 2 € ||f”p,q,b fOI' 3,11 f S LP,Q;b (Q7X) .

Let E={weS: [|u(w)z| < || for some z € X}. If u(E) > 0, then we
can find a measurable subset F' of E such that 0 < p(F) < p(E) < co. For
each w € F', let x,, € X such that

€ .
lu(@) 2wl <, llzwll - with flzw ] =1.

Define fr: Q — X as

T, fwelF
fr(w) = {O otherwise.
Then, fp € Lpgp (S) and | Myfl, ,» < €llfll, 45 Therefore, u(E) = 0 and
|u (w) z|| > 5 ||| p-almost all w € S and for all z € X. O
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THEOREM 5. M, € B (Lp g1 (Q, X)) is compact if Ly, 4. (ue) is finite dimen-
stonal for each € > 0, where

Ly (ue) = {f € Lp g (0, X) : [ vanishes outside u.}.

Proof. For each n € N, if we define

(w) = u(w), if weu
Un W)= 0, otherwise,

then it is easy to see that all operators M, ’s are compact. Also, for each
f€Lpqp(Q,X) and for all s > 0, we have

{weQ: [l(un— ) (w) (f (@) 2 s} € {weQ: (f @) = ns)
and so .
1(Mu,, = M) FI7 (1) < HIFIT ()
Therefore |[(Mu, — Muy) fll, 40 3 ! 1£1l,,,q5 and M, is compact. O

b~ n

THEOREM 6. If u is a strongly measurable operator valued map such that for
some k > 0, ||u(w)zx| > kx| for all x € X whenever ||u(w)|| > k, then
M, € B(Lyp 4 (2, X)) is compact if and only if Ly, 4. (ue) is finite dimensional
for each € > 0.

Proof. Assume that M, € B (Ly g (2, X)) is compact. Then M,|r, ., (u.) 18
also a compact operator and

||Muxuef||p7q’b f>:/ € ||Xusf||p,q,b

for each f € Ly 4, (2, X). Since My, ,(u.) is compact and invertable, we say
that Lj 4. (uc) is finite dimensional for each € > 0. The converse of the proof
follows from the preceeding theorem. O

REFERENCES

[1] ABRAHAMSE, M. B.: Multiplication operators. In: Hilbert Space Operators. Lecture
Notes in Math. 693, Springer, Berlin, 1978, pp. 17-36.

[2] ARORA, S. C.—DATT, G.—VERMA, S.: Multiplication operators on Lorentz spaces,
Indian J. Math. 48 (2006), 317-329.

[3] ARORA, S. C—DATT, G—VERMA, S.: Weighted composition operators on Lorentz
spaces, Bull. Korean Math. Soc. 44 (2007), 701-708.

[4] ARORA, S. C—DATT, G—VERMA, S.: Multiplication and composition operators on
Lorentz-Bochner spaces, Osaka J. Math. 45 (2008), 629-641.

[5] BENNETT, C.—SHARPLEY, R.: Interpolation of operators. Pure Appl. Math. 129,
Academic Press, New York, 1988.

[6] CHAN, J. T.: A note on compact weighted composition operators on LP(), Acta Sci.
Math. (Szeged) 56 (1992), 165-168.

299



[7]
(8]
[9]
(10]
(11]
(12]
(13]
(14]
(15]

(16]

(17]

ILKER ERYILMAZ

EDMUNDS, D. E—EVANS, W. D.: Hardy operators, Function spaces and Embeddings,
Springer, Berlin, 2004.

HUDZIK, H—KUMAR, R—KUMAR, R.: Matriz multiplication operators on Banach
function spaces, Proc. Indian Acad. Sci. Math. Sci. 116 (2006), 71-81.
JABBARZADEH, M. R—POURREZA, E.: A note on weighted composition operators
on LP-spaces, Bull. Iranian Math. Soc. 29 (2003), 47-54.

KOMAL, B. S—GUPTA, S.: Multiplication operators between Orlicz spaces, Integral
Equations Operator Theory 41 (2001), 324-330.

KUMAR, R.—KUMAR, R.: Composition operators on Banach function spaces, Proc.
Amer. Math. Soc. 133 (2005), 2109-2118.

KUMAR, R.—KUMAR, R.: Compact composition operators on Lorentz spaces, Mat.
Vesnik 57 (2005), 109-112.

NEVES, J. S.: Lorentz-Karamata spaces, Bessel and Riesz potentials and embeddings,
Dissertationes Math. (Rozprawy Mat.) 405 (2002).

SENETA, E.: Regularly Varying Functions. Lecture Notes in Math. 508, Springer-Verlag,
Berlin, 1976.

SINGH, R. K.—MANHAS, J. S.: Composition operators on function spaces. North-
Holland Math. Stud. 179, North-Holland Publishing Co., Amsterdam, 1971.

TAKAGI, H—YOKOUCHI, K.: Multiplication and composition operators between two
Lp-spaces. In: Function Spaces (Edwardsville, IL, 1998). Contemp. Math. 232, Amer.
Math. Soc., Providence, RI, 1999, pp. 321-338.

ZYGMUND, A.: Trigonometric series, Vol. 1, Cambridge Univ. Press, Cambridge, 1957.

Received 10. 11. 2009 19 Mayis University
Accepted 22. 2. 2010 Sciences and Arts Faculty

300

Department of Mathemtics
55139 Kurupelit-Samsun
TURKEY

E-mail: rylmzQomu.edu.tr



	Abstract
	1. Introduction
	2. Characterizations
	REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts false
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings true
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldMT
    /ArialMT
    /Times
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
    /CZE ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [498.898 708.661]
>> setpagedevice




