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ABSTRACT. The aim of this paper is to present a Korovkin-type approximation
theorem on the space of all continuous real valued functions on any compact
subset of the real two-dimensional space by using a .A-summation process. We
also study the rates of convergence of positive linear operators with the help of
the modulus of continuity.
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1. Introduction

The study of the Korovkin type approximation theory is an area of active
research, which deals with the problem of approximating a function by means
of a sequence of positive linear operators. Most of the classical approximation
operators tend to converge to the value of the function being approximated.
However, at points of discontinuity, they often converge to the average of the
left and right limits of the function. The main purpose of using summability
theory has always been to make a nonconvergent sequence converge. Some
results regarding matrix summability for positive linear operators may be found
in the paper [1], [2], [14].

In this paper we give a Korovkin-type approximation theorem on the space
of all continuous real valued functions on any compact subset of the real two-
dimensional space by using a A-summation process. Also we study the rates of
convergence of positive linear operators with the help of the modulus of conti-
nuity.

2010 Mathematics Subject Classification: Primary 41A25, 41A36.
Keywords: matrix summability, positive linear operators, Korovkin theory, modulus of con-
tinuity, rates of convergence.
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A double sequence & = {Zp, n}m,nen is convergent in Pringsheim’s sense if,
for every € > 0, there exists N = N(¢) € N such that |z, , — L| < ¢ whenever
m,n > N. In this case L is called the Pringsheim limit of x and is denoted by
P-limz = L (see [12]).

If there exists a positive number M such that |z, ,,| < M for all (m,n) € N?
=N x N, then = {z,,, » } is said to be bounded. Note that in contrast to the
case for single sequences, a convergent double sequence need not to be bounded.

Let

A = [a; km,nl, j k,m,n €N,

be a four-dimensional infinite matrix. For a given double sequence = = {z, »},
the A-transform of z, denoted by Az := {(Az); 1}, is given by

(Ax)j,k = Z Aj.k;m,nTm,n, jv ke Na
(m,n)€EN2

provided the double series converges in Pringsheim’s sense for every (j, k) € NZ.
We say that a sequence x is A—summable to [ if the A -transform of x exists for
all j, k € N and convergent in the Pringsheim’s sense i.e.,

P q

lim Z Z @ kmnTmn = Yjk and limy; = 1.

P meNneN gk
In summability theory, a two-dimensional matrix transformation is said to be
regular if it maps every convergent sequence in to a convergent sequence with
the same limit. The well-known characterization of regularity for two dimen-
sional matrix transformations is known as Silverman-Toeplitz conditions (see,
for instance, [5]). In 1926, Robison [13] presented a four dimensional analog
of the regularity by considering an additional assumption of boundedness. This
assumption was made because a double P-convergent sequence is not necessarily
bounded. The definition and the characterization of regularity for four dimen-
sional matrices is known as Robison-Hamilton conditions, or briefly, RH-regul-
arity. (see, [0 13])

Recall that a four dimensional matrix A = [a; x,m,»] is said to be RH-regular
if it maps every bounded P-convergent sequence into a P-convergent sequence
with the same P-limit. The Robison-Hamilton conditions state that a four
dimensional matrix A = [a; k,m,n] is RH-regular if and only if

(i) P- h_I]El ajk.mn = 0 for each (m,n) € N?,
]7

(ii) P-lim Y ajpmm =1,

Ik (m,n)€EN?

(iii) P-lim ) |ajxm,n| =0 for each n € N,
3k meN

(iv) P-lim ) |@jkmn| = 0 for each m € N,
3k nen

282



A-SUMMATION PROCESS AND KOROVKIN-TYPE APPROXIMATION THEOREM

V) X lajkmn

(m,n)eN?

is P-convergent for each (j, k) € N2,

(vi) there exist finite positive integers A and B such that > |a;xmn| < A
m,n>B

holds for every (j, k) € N2.

Now let A := {A(“)} = {aykl)mn} be a sequence of four-dimensional infinite
matrices with non-negative real entries. For a given double sequence of real
numbers, © = {2, } is said to be A-summable to [ if

: (4,0) _
P-lim D @ n®mn =
’ (m,n)€EN?
uniformly in i and I. If AGYD = A, four-dimensional infinite matrix, then
A-summability is the A-summability for four-dimensional infinite matrix.

Some results regarding matrix summability method for double sequences may
be found in the papers [10], [11], [15].

Now let A = [a;j k,m,n] be a non-negative RH-regular summability matrix,
and let K C N?. Then, a real double sequence x = {z,,,,} is said to be A
-statistically convergent to a number L if, for every ¢ > 0,

P-lim Y ajkmn =0,

y
P (mn)eK (o)

where

K(g):={(m,n) eN?: |z, ,, — L| > ¢}.
In this case we write st?- l}lrr}l Tm,n = L. Observe that, a P-convergent double
sequence is A-statistically convergent to the same value but the converse does
not hold true.

We should note that if we take A = C(1, 1), which is the double Cesdro ma-
trix, then C(1,1)-statistical convergence coincides with the notion of statistical
convergence for double sequence, which was introduced in [7, [9]. Finally, if we
replace the matrix A by the identity matrix for four-dimensional matrices, then
A-statistical convergence reduces to the Pringsheim convergence.

2. A Korovkin type theorem

The space of all continuous real valued functions on a compact subset D of R?,
the real two-dimensional space is denoted by C' (D). This space is equipped with
the supremum norm

e = sw If @yl (feC D).

(xz,y)eD
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A sequence {L,, ,} of positive linear operators of C' (D) into itself is called
an A-summation process on C (D) if {L,, , (f)} is A-summable to f for every
feC (D), ie.,

P- lim H Sod Lmaf—f

0 =0, uniformlyin ¢ and [ (2.1)
oo (m,n)€EN?

¢ (D)

where it is assumed that the series in (Z]) converges for each ¢,1,j,k € N and f.
In [3] we have studied conditions so that

P—j}{igloo Z agzkl)mn | Lyyn f — f”C(D) =0, uniformlyin ¢ and [ (2.2)
’ (m,n)€EN2

for all f € C' (D).

In this paper, we establish a theorem of the Korovkin type with respect to
the convergence behavior (2.]) for a double sequence of positive linear operators
of C (D) into itself. So the results of type (2.I]) are extensions of type (2.2)).

Let {Ly, .} be sequence of positive linear operators of C' (D) into itself such
that

il
sup Y a) L (Dl epy < . (2.3)
’Lal:J:k (m,n)€N2

Furthermore, for 4,1, j,k € N and f € C (D), let

4,0 .l
B§7k)f = Z a‘g’k’)m’an,nf
(m,n)€EN?

which is well defined by (23]) and belongs to C (D).
Then Volkov [I7] obtained the following Korovkin theorem.

THEOREM 2.1. Let {L,, ,} be a sequence of positive linear operators acting from
C (D) into itself. Then, for all f € C (D)

P‘}Tilmn ”Lm,nf - f”c(D) =0
if and only if
P'}}Lnrll”Lm,nf’r‘_f’l‘”C(D) :07 (’I”:O,].,Q,S)

where fO (%,y) = 1’ fl (%y) =, f2 (Ivy) =Y f3 (Ivy) = z? +y2
A-statistical analog of Theorem 2.1] [4] can be given as follows.

THEOREM 2.2. Let {L,, ,} be a sequence of positive linear operators acting from
C (D) into itself and A = [aj k,m.n] be a non-negative RH-regular summability
matriz. Then, for all f € C (D)

Sti'}}l% | L f = f”c(D) =0
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if and only if
St?‘l_gnﬁ”[’m,nfT_fT”C(D) =0 (7’:0,1,2,3)

where fO (x,y) =1, fl (x,y) =, f2 (Ivy) =Y f3 (Ivy) = z° +y2'

If we replace the matrix A in Theorem 22 by the Cesdro matrix C (1, 1), we
immediately get the statistical Korovkin result.
Now we give the following generalization by using a A-summation process.

THEOREM 2.3. Let A = {A(i’l)} be a sequence of four-dimensional infinite
matrices with non-negative real entries so that

.
sup Z a§fk?m7n < 0. (2.4)
i,0,5,k (m,n)EN2

Let {L,n} be a sequence of positive linear operators acting from C (D) into

itself. Assume that (Z3) holds. Then, for all f € C (D)

il
Z a_§-7k’)m7an’nf B f
(m,n)€EN?
if and only if
il
Z ag"k’)m’an,nfr - fr

‘(m,n)€N2

P-lim

0 =0 wniformly in i and 1  (2.5)
J,

¢ (D)

P-lim

i =0 wuniformly in i and 1
7,

c(D) (2.6)
(r=0,1,2,3)

where fO (-’E,y) = 17 fl (-’E,y) =, f2 (%,y) =Y, f3 (%,y) = .’II2 +y2

Proof. Since each f, € C (D), (r =0,1,2,3), the implication (2.5) = (2.6]) is
obvious.

Suppose now that (2.6]) holds. Then, since f € C (D), then for every € > 0,
there exists a number § > 0 such that |f (u,v) — f(z,y)| < ¢ holds for all
(u,v) € D satisfying |u —z| < § and |v —y| < 6. Let

Ds:=[z—08z+0d x[y—9dy+d ND.
Thus we may write that
‘f (u,v) - f (x,y)!

= |f (w,0) = f (2, 9)[ xD (w,0) + | (u,0) = f (2,9)[ xD\Ds (1, 0)

< e+ 2Mxp\ps (u,v),
where xp denotes the characteristic function of the set D and M := || f{|¢(p)-
Observe that

(w=2)*  (v—y)’
XD\D; (U, V) < 52 + 52 (2.7)
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Combining (2.7) with (Z7) we have

Fn) -~ fapl ety {w-a?+@-9?} @9

for all u,v,z,y. Now using the linearity and the positivity of the operators L., »
and considering inequality (2.8) and (2.4]) , we obtain

1,1
‘ > ag’k?m’an,n(f;x,y)—f(m’y)‘

(m,n)€EN?
.l
< Y AL (If (w0) = f (@) 2,y)
(m,n)€EN?
il
S| S L (i) -1
(m,n)EN2
.l
< X Gomalme <5+ 52 ((u—2) G y)z};x,y>
(m,n)€EN?
il )
e | ol (i) -1
(m,n)EN2
S D
(m,n)EN?
2M il 2
+ 52 Z a;,k,)m,anvn((u_x) ;xay)
(m,n)€EN2
2M il 9
+ 52 Z ag‘,k,)m,an,n((” _y) ;xay)
(m,n)EN?
+M’ DR A (1;x,y)—1‘
(m,n)€EN2
Se+(e+M)| D a5 Lmnfo—fo
(m,n)€EN?
+ (52 { Z a.§7k,)m,ann(u € y _Qx Z a’gk)mn (U,%,y)
(m,n)eEN2 (m,n)€eN2
2 (i,0) (i,0) 2.
Tz Z ajyk’myann 1 x y Z a’],kmn (U 7xay)
(m,n)eN? (m,n)EN2
-2 Z al (v, y) + 92 Z al"D  Ln (Li2,y)
Y jkmn LY Yy i kmntmn LT Y
(m,n)EN? (m,n)EN2
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sf-:+<e+M>\ ST dl Lo — fo

(m,n)EN?
* 2;\24 ( z): 2 @i Lo (0 0% 2,9) = (2% + )
m,n)€EN

* 4;4':6" S A L (Wi, y) -

(m,n)EN?
20 S G -

(m,n)eN
* 45]\24@' ( Z) 2a§f}cl,)m,an,n (viz,y) —y’

m,n)EN
* 2(;\24y2 Z aéf}f,)m,an,n (fo;w,y) — fo

(m,n)€EN?

§5+K{’ S it il +| X Lt 5

(m,n)eN? (m,n)€eN?
0 4,1
+‘ Z a’gk‘)mn man_fZ ‘ Z a’gk)mn mnfS_fS}
(m,n)eN? (m,n)eN?

where
K —maX{E—I—M—f— (A2+B2)’46¥A7 452;/137 25];/[}7
A :=max{|al, |b|}, B :=max{|c|,|d|}.

Then, taking supremum over (x,y) € D we have

4,0
‘ S d L (Fiy) — £ (2,y)

(m,n)eN? c(D)
<e+ K{ H STl Lmnfo—fo|  + H Sl Lt —
(m,n)€EN? C(D) W(m, n)en2 C(D)
* H Z ag‘f;j’)mml/m,an - f2 + H aglkl)m n—m "f3 - f3 }
(m,n)€EN? (D) (m,n)EN2 Cc(D)

Using (2.6) and by taking limit as j, k — oo, we obtain the desired result. [

If we take A("D = I, I being the four-dimensional identity matrix, then we
immediately get Theorem 211
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Ezample 2.1. Now we present an example such that our new approximation
result works but its classical case does not work. Let I = [0,1] and D := I x I.
Now we consider the double sequence {7}, } of positive linear operators defined
by

Tm,n (f» Z, y) = (1 + am,n) Bm,n (f» Z, y)
where {B,, ,,} is the Bernstein polynomials of two variables defined on C (D) by

Bun(Fra) =33 f ( ik ) o (1= 2)™ 7 iy (1= gy

- m n
7=0 k=0

(see [16]) and () is a double sequence defined by o, = (—1)""".

A double sequence x = {x,, } of real numbers is called almost convergent to
a limit s if
j+p—1k+q—1

LYY s

Pq m=j n=k

P- lim sup =0,

P k>0

that is, the average value of {x,, ,} taken over any rectangle
{(mn): j<m<j+p—1, k<n<k+q—1}

tends to s as both p and ¢ tend to oo, and this convergence is uniform in j and k.

Now assume that A = {A(”)} = {agf}i)m’n} is a sequence of four-dimensional

infinite matrices defined by ag.f}cl’)mm = jlk ifi <m<j+i—1,1<n<k+l-1and
(i,0)

Gkmoan = 0 otherwise. In this case A-summability method reduces to almost
convergence of double sequences introduced by Méricz [8]. Observe that (v, ,)
is almost convergent to zero, but it is not convergent in Pringsheim’s sense. Also
(um,n) is not statistically convergent.

We get

m,n (fO;xay) = fO (x,y)
m,n (fl;xay) = fl (%,y)

mon (f232,9) = fa (2,9)
_ 72 )

m,n (fg;x,y):f3 (x’y)+$ x +y y
m n

" T oW

where fo (z,y) = 1, fi(z,y) = =, fo(2,y) = y, fs(2x,y) = 2* + y*. Hence,
for the double sequence {7}, ,,}, since (a, ) is almost convergent to zero, we
conclude that {T}, , } satisfy the conditions of Theorem 23l Also, since (o, ) is
not convergent in Pringsheim’s sense and statistical sense, {1}, ,} is not satisfy
Theorem 2.1 and Theorem
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3. Rates of convergence

In this section we study the rates of convergence of a sequence of positive linear
operators mapping C' (D) into itself with the help of the modulus of continuity.

Let f € C' (D). Then the modulus of continuity of f, defined to be
w(f:0) =supf £ (w.0) = £ @) (1,0).(o9) € D

and \/(u—x)2+(v—y)2§5}

for § > 0. It is easy to see that, for any ¢ > 0 and all f € C' (D)

w(f;e6) < (1 +[c])w(f;0)

where [c] is defined to be the greatest integer less than or equal to c.
Then we have the following result.

THEOREM 3.1. Let A = {A(i’l)} be a sequence of four-dimensional infinite
matrices with non-negative real entries so that

(i,0)
SUp D Ay, < 00
256,75 (m,n)€N2

Let {Lyn} be a sequence of positive linear operators acting from C (D) into
itself. Assume that (Z3) and the following conditions hold:

(i) P- hm“ agf}cl’)mn mnfo—foH
(m, n)€N2
uniformly in i and [,

(ii) P- lim w (f;8) =0, uniformly in i and I,

C(D)

7, k—
where § = 6. H al"! L (¢ H
(@:k) (m,nz):el\l2 s Emn () c(D)
with ¢ (u,v) = (u— )" + (v —y)*,
i) P-limw (f;6 H S Linnfo— H
uniformly in i and l, where ¢ := 58 Q)
Then we have, for oll f € C (D), P- hm“ a(zkl)mn manf — fH
(m,n)eN? ” C(D)

uniformly in 1 and .
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Proof. Let (z,y) € D and f € C (D) be fixed. Using the linearity and the
positivity of the operators L, ,, for all (m,n) € N? and any & > 0, we have

290
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IN

IN

<

S ditnat ]

(m,n)eN?

Z agf}ﬂl,)m,nl’m,n (|f (u’ v) —f (I’ y)| T y)

(m,n)eN2

1 )] \ S i L (L) - 1]

(m,n)EN2
Z ag‘f}j,)m,an,n w | f;0 \/(u - x)i;_ (U - y)2 LY
(m,n)EN2
M| X b (G520 - 1\
(m,n)eN
> agf}f,)m,an,n I+ \/(u - x)25+ -y’ w(f;0);m,y
(m,n)EN2
Il Z) 0D Ln(Liyy) - 1]
m,n)€
Z aﬁf}f,)m,nw (f:6) Lynn ((1 n (u — m)2; (v— y)z) ;x’y>
(m,n)EN2
“Iflew| X)jNZ 0D Ln(Liyy) - 1‘
m,n)c
wlfid)| 3 Lo f
(m,n)EN?
+ 1 fllepy Z aﬁf}f,)m,an,nfo —Jo
(m,n)€EN?

.5 ;
vu(re+ "0 S A L (- -0 ie).

(m,n)eN?
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Then taking supremum over (x,y) € D, we have

| > s

(m,n)eN? C(D)
il
< Ifllew Z aé,k,)myan,nqo;%y)—fo
(m,n)€EN? C(D)
w<f;6>H S a5 L (fos2,y) — fo
(m,n)eN? C(D)
w(f;o il
= )H > @il (¢i2,9) (:0)
(m,n)€eN? c(D)

Now, if we take § = 6\ = H Y L (02, H then we
(]7k) (m,%el\@ J,k,m,n ’ ( ) C(D)

may write that

H Z aglkl)mn m”f f

(m,n)eN?

(D)

.l
<Nfllepy || S alid L (foiz,y) = fo

(m,n)eN?

(D)
il
w(f;5>H Sl L (foizy) = fol  +2w(f30)
(m,n)€EN? c(D)
and hence
.l
H S Al Lnf - f
(m,n)€EN? c(D)

< K{ H ag‘f;j’)mml/m,nfo - fO
(m,n)eN? (D)

il
> i Lmnfo—fo

(m,n)€EN?

W(f;5)‘

+w (f; 5)}
o(D)

where K = max {2, || f||}. Letting j,k — oo and using (i), (ii) and (iii) the proof
is completed. O
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