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ABSTRACT. In this paper, by means of a new idea, the concept of (invert-
ible) (€, €Vvq)-fuzzy n-ary subhypergroups of a commutative n-ary hypergroup is
introduced and some related properties are investigated. A kind of m-ary quo-
tient hypergroup by an (€, €Vq)-fuzzy n-ary subhypergroup is provided and the
relationships among (€, €Vq)-fuzzy n-ary subhypergroups, n-ary quotient hyper-
groups and homomorphism are investigated. Several isomorphism theories of
n-ary hypergroups are established.
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1. Introduction

The concept of hyperstructure was first introduced by Marty [30] at the eighth
Congress of Scandinavian Mathematicians in 1934. Later on, people have ob-
served that hyperstructures have many applications in both pure and applied
sciences. A comprehensive review of the theory of hyperstructures can be found
in [6 36, I5]. In a recent book of Corsini and Leoreanu [9], the authors have col-
lected numerous applications of algebraic hyperstructures, especially those from
the last fifteen years to the following subjects: geometry, hypergraphs, binary
relations, lattices, fuzzy sets and rough sets, automata, cryptography, codes,
median algebras, relation algebras, artificial intelligence and probabilities. Sets
endowed with one n-ary operation having different properties were investigated

2010 Mathematics Subject Classification: Primary 20N20, 20N25; Secondary 03B52.
Keywords: n-ary hypergroups, (invertible) (€, €Vq)-fuzzy n-ary hypergroups, n-ary quo-
tient hypergroups, homomorphism.

This work was supported by Natural Science Foundation of Jiangxi, China (2010GQS0003);
a grant of Science Foundation of Education Committee for Young Scholars of Jiangxi, China,
# GJJ11143; a grant of the Science Foundation of Education Committee of Yunnan, China,
# 2011Y297; a grant of National Natural Science Foundation of China, # 61175055 and also a
grant of Natura Innovation Term of Higher Education of Hubei Province, China, # T201109.



YUNQIANG YIN — JIANMING ZHAN — XIAOKUN HUANG

by many researchers. Such systems have many applications in different branches
such as automata, quantum groups, combinatorics, cryptology, errordetecting
and error-correcting coding theory and so on(see [18| 31, B5] for details). The
concept of n-ary groups was first introduced by Donte [17]. In his paper Dornte
observed that any n-ary groupoid (G, f) of the form f(z1,...,2,) is an n-ary
group, where (G, -) is a group but for every n > 2 there are n-ary groups which
are not of this form. n-hypergroups have been introduced by Davvaz and Vou-
giouklis in [16] as a generalization of hypergroups in the sense of Marty and then
studied by Leoreanu and Davvaz [26] and Leoreanu and Corsini [25].

After introducing the concept of fuzzy sets by Zadeh in 1965 [41], there are
many papers devoted to fuzzify the classical mathematics into fuzzy mathemat-
ics. On the other hand, because of the importance of group theory in mathe-
matics as well as its many areas of application, the notion of fuzzy subgroups
was defined by Rosenfeld in [33]. Algebraic structures play a prominent role in
mathematics with wide ranging applications in many disciplines such as theoret-
ical physics, computer sciences, control engineering, information sciences, coding
theory, topological spaces and so on. This provides sufficient motivations for re-
searchers to review various concepts and results from the realm of abstract alge-
bra to a broader framework of fuzzy setting, see [29]. The relationships between
the fuzzy sets and algebraic hyperstructures (structures) have been considered by
Corsini, Davvaz, Kehagias, Leoreanu, Vougiouklis, Yin, Zhan and others. The
reader is refereed to [7, 8, [10] 111, [13] 211 22] 24) 27 34, 36}, 38| B39, 40l 42} [43].
Using the notion “belongingness (€)” and “quasi-coincidence (q)” of a fuzzy
point with a fuzzy set introduced by Pu and Liu [32], the concept of («, §)-fuzzy
subgroups where «, § are any two of {€,q, €Vq, EAq} with o # €Aq was intro-
duced by Bhakat and Das [I] in 1992, in which the (&€, €Vq)-fuzzy subgroup is an
important and useful generalization of Rosenfeld’s fuzzy subgroup. The detailed
study with (€, €Vg)-fuzzy subgroup has been considered in Bhakat and Das [2]
and Bhakat [4] [3]. The concept of an (€, €Vgq)-fuzzy subring and ideal of a ring
have been introduced in Bhakat and Das [5]. In [12], Davvaz and Corsini intro-
duced the concept of (€, €Vq)-fuzzy subhyperquasigroups of hyperquasigroups.
And the concept of interval-valued (€, €Vq)-fuzzy n-ary subhypergroup of an
n-ary hypergroup was introduced and some related properties are investigated
by Davvaz et al. [14].

In this paper, using the notion “belongingness” and “quasi-coincidence” of a
fuzzy point with a fuzzy set, we will introduce a new ordering relation, called
fuzzy inclusion or quasicoincidence relation. By using this new idea, we will
introduce and investigate (invertible) (€, €Vq)-fuzzy n-ary subhypergroups of a
commutative n-ary hypergroup. The rest of this paper is organized as follows.
In Section 2, we summarize some basic concepts in n-ary hyperstructures which
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will be used throughout the paper. In Section 3, using a new ordering rela-
tion, we introduce and study (invertible) (&€, €Vq)-fuzzy n-ary subhypergroups
of a commutative n-ary hypergroup and several characterizations of them are
presented. A kind of n-ary quotient hypergroup by an (€, €Vq)-fuzzy n-ary sub-
hypergroup is also provided and studied. In Section 4, the relationships among
(€, eVq)-fuzzy n-ary subhypergroups, n-ary quotient hypergroups and homo-
morphism are investigated. Several isomorphism theories of n-ary hypergroups
are established. Some conclusions are given in the last section.

2. Fuzzy sets in n-ary hypergroups

In this section, we summarize some basic concepts (see [13] or [28]) which will
be used throughout the paper.

We will concern primarily with a basic non-empty set H. Denote by H" the
cartesian product H X --- x H, where H appears n times. An element of H"
will be denoted by (z1,...,2,), where z; € H for all 1 < i < n. In general,
a mapping f: H® — P*(H) is called an n-ary hyperoperation and n is called
the arity of the hyperoperation f. Let f be an n-ary hyperoperation on H and
Aq,..., A, subsets in H. Define

f(Al,...,An):U{f(xl,...,xn) |xi GAZ', 1 SZSTL}

J

In the sequel, we shall denote the sequence z;,Z;41,...,z; by x;.

xi = (). Thus

For j < 1,

f(l‘l, oy Liy Yi41y e - ,yj,ZjJrl, ey Zn)

will be written as (27, y/, ,, 21" 1). Also f(a}, ) means f(a’i,z;, . 7:zc/) for ai,
reHand1l<1i<n. ~

H with an n-ary hyperoperation f: H™ — P*(H) is called an n-ary hyper-
groupoid and will be denoted by (H, f). An n-ary hypergroupoid (H, f) is said
to be commutative if for all 7 € H, and any permutation p of {1,...,n}, we
have f(z7) = f(zp,%py,- .-, %p,). An n-ary hypergroupoid (H, f) is said to be
an n-ary semihypergroup if the following associative axiom holds:

P F@ ) = f T Al

for all 4,5 € {1,2,...,n} and 22"~ € H. An n-ary semihypergroup is said to

be an n-ary hypergroup if for all y,yi" € H and fixed i € {1,...,n}, there exists
x € H such that y € f(yi ', x, yih1). An element e of H is called an identity of
H if for any x € H and i € {1,...,n}, we have z € f(e,...,e,z,€,...,€).

N~ ¢~

~ “

n—i

i—1 n—i
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DEFINITION 2.1. Let (H, f) be an n-ary hypergroup and K a non-empty subset
of H. We say that K is an n-ary subhypergroup of H if the following conditions
hold:

(i) K is closed under the n-ary hyperoperation f;

(ii) For all k, kT € K and fixed i € {1,...,n}, there exists € K such that
ke fki™h o k).

In what follows, (H, f) denotes a commutative n-ary hypergroup with an
identity e unless otherwise stated.

An n-ary subhypergroup K of H is said to be invertible if for any =,y € H,

z € f(y,K,...,K) implies y € f(x,K,...,K).
S ~ P - ~ -~
n—1 n—1

Next we recall some fuzzy logic concepts. Fuzzy sets were introduced by Zadeh
[41] as a generalization of crisp sets. Let X be a non-empty set. A fuzzy subset
u of X is defined as a mapping from X to [0,1]. The set of all fuzzy subsets of
X is denoted by F(X). For u,v € F(X), by p C v we mean that u(z) < v(x)
for all z € X (The C is called pointwise order in lattice theory). And the union
and intersection of p and v, denoted by p U v and p N v, are defined as the
fuzzy subsets of X by (pUv)(z) = p(z) Vv(z) and (pNv)(x) = p(z) A v(z),
respectively, for all z € X.

For any A C X and r € (0, 1], the fuzzy subset r, of X is defined by

() = r if xeA,
Falt) = 0, otherwise,

for all z € X. In particular, when r = 1, r, is said to be the characteristic
function of A, denoted by x ,; when A = {z}, the r, is said to be a fuzzy point
with support x and value r and is denoted by r,. A fuzzy point r, is said to
belong to (resp., be quasi-coincident with) a fuzzy subset u, written as r, € p
(resp., ro q w), if pu(x) > r (resp., p(x) +r > 1). If p(z) > ror pu(z) +r > 1,
then we write r, €Vq p.

For € F(X) and r € (0,1]. The sets p, = {z € X | p(z) > r} and
]y ={x € X | ry €Vq p} are called a level subset of i and an €Vg-level subset
of p, respectively. And p is said to have sup-property if for any A € P*(H),
there exists xg € A such that pu(zo) = V p(x). We shall use the following

TEA

abbreviated notation: the sequence p(z;), p(xit1), ..., pu(z;) will be denoted by
W2 For j < i,y = 0.

Now let us define a new ordering relation CVq on F(X), which is called a
fuzzy inclusion or quasi-coincidence relation, as follows.
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For any pu,v € F(X), by p CVq v we mean that r, € p implies r, €Vq v for
all x € X and r € (0,1]. Moreover, 1 and v are said to be (0,0.5)-fuzzy equal,
denoted by pu ~ v, if p CVq v and v CVq p.

In the sequel, unless otherwise stated, M (r1,rs,...,7r,), where n is a positive
integer, will denote r1 Arg A--- A1, for all r,...,r, € [0,1], €Vq means €Vq
does not hold and CVq implies CVq is not true.

LEMMA 2.2. Let p,v € F(X). Then p CVq v if and only if v(z) > M (u(x),0.5)
forallz e X.

Proof. Assume that 4 CVgv. Let v € X. If v(z) < M(p(x),0.5), then there
exists r such that v(z) < r < M(u(z),0.5), that is, r, € p but r, €Vg v, a
contradiction. Hence v(z) > M (pu(z),0.5).

Conversely, assume that v(z) > M (u(z),0.5) for all z € X. If 4 CVq v, then
there exists 7, € pu but r, €Vq v, and so pu(xz) > r, v(z) < r and v(z) < 0.5,
which contradicts v(z) > M (u(z),0.5). O

LEMMA 2.3. Let p,v,w € F(X) be such that u C Vg v CVqw. Then p CVq w.
Proof. It is straightforward by Lemma 2.2. (I

Lemma 2.2 gives that p ~ v if and only if M (u(z),0.5) = M (v(x),0.5) for all
x € X and p,v € F(X), and it follows from Lemmas 2.2 and 2.3 that ~ is an
equivalence relation on F(X).

Next, we introduce a fuzzy n-ary hyperoperation on an n-ary hypergroupoid
as follows.

DEFINITION 2.4. Let (H, f) be an n-ary hypergroupoid and p1, ..., p, € F(H).
We define a fuzzy n-ary hyperoperation F': F(H) x --- x F(H) — F(H) by

-~ -
n

F(le--a/in)(-r): \/ M(Nl(ﬂl)v"'aﬂn(ﬂn))

z€f(yy)
for all z € H. In particular, for any 2} € H and i € {1,...,n}, define
Fuy, ... pi, 2 )(x) = \/ M (p1(y1), - - pi(yi)

mef(y;',x?“)
forall x € H.
Note that for any ] € (0,1] and 2} € H, by Definition 2.4, F'(ry
= M@1) fap)- _
In the following, we shall denote the sequence fi;, fti41, ..., p; by pl. For

e Tng)

7 <t, u{ is the zero fuzzy set. The following elementary facts follow easily from
the definition.
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LEMMA 2.5. Let (H, f) be an n-ary hypergroupoid, and pi" ' v} € F(H).
Then:
(1) If (H, f) is an n-ary semihypergroup, then
. - B - - -
B B0, 50) = F (i Py ™0, w51
foralli,je{l,...,n}.

(2) If (H, f) is commutative, then the value of F(p1,. .., ) does not depend
on the permutation of p1, ..., tn.

(3) If ui CVqu; for allie {1,...,n}, then F(u}) Cvq F(v7).

Lemma 2.5 indicates that for an n-ary semihypergroup (H, f), (F(H), F) is
an n-ary semigroup and the relation & is a congruence relation on (¥(H), F).

3. (Invertible) (€, €Vvq)-fuzzy n-ary subhypergroups
of a commutative n-ary hypergroup

In this section, we will introduce and investigate the concepts of (€, €Vq)-fuzzy
n-ary subhypergroups of a commutative n-ary hypergroup. Let us start by giving
the following concept.

DEFINITION 3.1. Let u € F(H). Then p is called an (€, €Vq)-fuzzy n-ary
subhypergroup of H if it satisfies the following conditions:

(Fla) for all z € H, u(e) > M(u(x),0.5);
(F2a) for all 27 € H, F(u(x1)g,,-- -, 1(Tn)z,) SVq 143
(F3a) for all y,y} ' € H, there exists z € H such that

M(ug?il’ﬂ(y))y CVq F(,u(x)x, Y1)y s - vﬂ(yn—l)yn_1)~

An (€, €eVq)-fuzzy n-ary subhypergroup p of H is said to be invertible if it
satisfies

(F4a) for all z,y € H and r € (0, 1],

Ty € F(ry, fty..., 1) = 1y €EVq F(rg, b, ..., ).
N ~ ~

n—1 n—1

Next let us first provide some auxiliary lemmas as follows.
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LEMMA 3.2. Let p € F(H). Then (F2a) holds if and only if one of the following
conditions holds:

(F2b) forallr;, €p (i€{l,...,n}), F(ri, ..., n,, ) CVq p.

(F2c) A plz) > M(p3r,0.5) for all 2t € H.
ref(zy)

(F2d) F(p,...,p) CVq .
N

Proof.

(F2a) <= (F2b) This is straightforward.

(F2b) = (F2c) Let z € H and z} € H be such that x € f(z}). Then, by
Lemma 2.2 and (F2b), we have

p(e) = M(F((@1)2,, - p(2n)e, ) (2),0.5)
— MM () piap) (@), 0.5) = M(pE7,0.5).

This implies A p(x) > M(ugr,0.5) for all 27 € H and so (F2c) holds.
ze f(z7)
(F2c) = (F2d) Assume that (F2c) holds. Then for any € H, we have

M(F(u,...,/i)(x),O.ES):M( \/ M(MZ*;),O.E’))

e cef )
=\ M(u,05) < ()
z€f(y})

and so F(p,...,u) CVq u by Lemma 2.2.
-

N~ o~

(F2d) = (F2a) Let a2} € H. Since u(z;),, € p for all i € {1,2,...,n}, we
have
F(p(@1)ays 1(2)2ss - o )z, ) S F(ps oo 1) SV py
~
and so F'(u(21)ay, i(T2)2ss - - - 1(Tn)a,) SV p- u
LEMMA 3.3. Let p € F(H). Then

(1) (F3a) holds if and only if the following condition holds:
(F3c) for all y,y?~ ' € H, there evists x € H such that

y€ fle,y7™") and plx) > M(uir=", uly), 0.5).
(2) If (F3a) holds, then the following condition holds:
(F3d) for ally}~' € H,

M (=) i SV F (s oY1) yys - -5 #(Un—1)yn_y)
and (F3d) implies (F3a) if p has the sup-property or H is finite.
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Proof. (F3a) = (F3c) Let y,y} ' € H. By (F3a), there exists « € H such
that

M (pgr =", 1Y)y VG F (@) s (Y1) g5 - - s (Y1) )-
It follows from Lemma 2.2 that

(@) 1)+ 101y )W) = (M= 1(@)) e ) W)

> M((M (g, 1(y))y)(y),0.5)
= M(uyr="s u(y), 0-5).

This implies y € f(z,y7 ") and M (uyi ", p(x)) > M (pyi ™, p(y),0.5). Hence

p(z ) M(uZ; () = My, w(y), 0.5)
and so (F3c) holds.
(F3c) = (F3a) Let y,y7~* € H. By (F3c), there exists z € H such that
ye flzy?™)  and  p(x) > M(uirt, p(y),0.5).
This implies M (uy; =", u(z)) > M (uy ™", u(y), 0.5) and so

(M(NZT_laN(x))f(x,y?—1)> (y) = M(py=", u(y),0.5).
Thus it follows from the above proof that

M (=", 1(y))y SV F(u(@)e, 1(y1)y,s - - (Un—1)y,-,)-
and so (F3a) holds.
(F3a) = (F3d) This is straightforward.
In the following, assume that u has the sup-property or H is finite. We show
(F3d) = (F3a). Let y?~' € H. If for any « € H such that y € f(z,y7" "), we
have

p(x) < M(pyr=, p(y),0.5) < M ().
Then since p has the sup-property or H is finite, we have

F</~La M(yl)ylv AR H’(ynfl)un—l )(y)

= \/ M@u@.up= '\ @
yef(zyy™h) yef(zyr™h)
< M(pdr=, w(y),0.5) = M (N M(py=1)m)(y),0.5),

which contradicts p N M(ugy ™ ) CVg  F(pt, (Y1) yss -+ s (Un—1)y,_,) by
Lemma 2.2. Hence (F3c) holds and so (F3a) is valid. d
LEMMA 3.4. Let p € F(H). Then (F4a) holds if and only if the following
condition holds:

(Fac) for all w,y € H, M(F(y, ..., p)(x),0.5) = M(F(z, p, ..., 1)(),0.5).

~
n—1 n—1
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Proof. (F4a)=> (F4c) Let z,y € H. If there r € (0,1] such that F(y,g, o) ()

P’
n—1

<r<M(F(z,p,...,pu)(y),0.5). Then
-

3
|
—
3
|
-

and r < 0.5. This implies 7, € F(ry,p,...,pu) but v €Vg F(ry,p, ..., 1),
‘ N N

n—1 n—1

>

M(F(z,u,...,p)(y),0.5) and so
-

n—1 n—1
M(F(y, p, ..., p)(x),0.5) > M(F(z,p,...,1)(y),0.5). In a similar way, we have
- ~ - - -
n—1 n—1

M(E(z, py - 1)(y), 0-5)2M(F(y,u,---,

~

a contradiction. Hence F(y,u,...,un)(x)
N~

)(x),0.5). Thus (F4c) holds.

H
\E

nfl
(F4c) = (F4a) Let z,y € H. If there exists r € (0,1] such that r, €
F(rg, thy ..., 1) but v, €Vg F(ry,,u,.. ,i). Then
- - -

n—

n—1 n—1

Fa,ps ) () 2 F(ras i p)(y) 2 7,

~ ~ N~
n—1 n—1

but F(ry, p,...,p)(x) <rand F(ry,u,...,pn)(z) +7 < 1. Then
TN s ~ ~

Fly, g o) (@) < M(F(z, g, ., 1) (1), 0.5),

N ~
n—1 n—1

a contradiction. Hence (F4a) holds. O

Two examples of invertible (€, €Vq)-fuzzy subhypergroups are provided as
follows.
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Ezxample 3.5. Consider [28, Example 1.1(2)]. Let (G, ) be a commutative group
with identity e in which |G| > 2 and S a subgroup of H. Define f(z7) =
Gzy...x,. Then (G, f) is a commutative n-ary hypergroup with identity e and
rs is an invertible (€, €Vq)-fuzzy subhypergroup of G for all r € (0, 1].

Ezample 3.6. Let (H;A,V) be a complete lattice, where H = [0,1]. For all
! € H and ¢ € {1,...,n}, we denote AP = M(zi7' 2%, ) and A, = M(z7).
Define the following n-ary hyperoperation on H:

fat)y={re H|A,=M(x,AD) forall i e {1,...,n}}.

Then (H, f) is a commutative and invertible n-ary hypergroup with an identity
1. Now, we define an fuzzy subset pu of H as follows:

u(l)y=1 and w(z) = M(u(x), p(y)) if 2= M(z,y) forall ze€ H.
Note that for any x € =, we have
M(z}) = M(x,25) = M (z, x1,25).
Thus
M(z}) = M(M(x,25), M (z,z1,25)) = M(z,27).

According to the definition of u, we have

M(uzr) = M(u(z), pzr) < plz).

This implies F(H, .. ,/;L) C pu.
~
n

Now for any y € f(z,y? "), we have M (z,y7 ) = M(y,y}~ ). Thus

M(y,yp ") = M(M(y,y?™ "), M(z,y7 ™)) = M(z,y,y7 ).

According to the definition of u, we have

p(w) > M (), p(y), por =) = M(u(y), pyr=")-

Thus, by Lemmas 3.2 and 3.3, p is an (€, €Vq)-fuzzy n-ary subhypergroup

of (H,f). Moreover, p is invertible. In fact, by the definition, it is clear

that € f(y,a?) if and only if y € f(z,al), this implies F(x, u,...,u)(y) =

F(y,g, . ,/;L)(:v) for all z,y € H and so p is invertible. = e -
~

n—1

The mnext theorem provides the relationships between (invertible)
(€, €eVvq)-fuzzy n-ary subhypergroups of H and crisp (invertible) n-ary subhy-
pergroups of H.
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THEOREM 3.7. Let € F(H). Then:

(1) w is an (invertible) (€, €Vq)-fuzzy n-ary subhypergroup of H if and only if
wr(pr # 0) is an (invertible)n-ary subhypergroup of H with identity e for
all € (0,0.5].

(2) p is an (invertible) (€, €Vq)-fuzzy n-ary subhypergroup of H if and only
if (] ([p]r # 0) is an (invertible)n-ary subhypergroup of H with identity e
for all r € (0,1].

Proof. The proof is straightforward by Lemmas 3.2-3.4. (]
LEMMA 3.8. Let p € F(H). Then u C Fle,...,e i, e,...,e) forallx € H and
. ~ - ~ -

1e{l,...,n}. el he

Proof. It is straightforward. 0

LEMMA 3.9. Let p be an (€, €Vq)-fuzzy n-ary subhypergroup of H. Then
(1) F(uy...,pex) =~ pu forallie{1,...,n}.
- ~ P

(2) F(x,pby...,p,ex)~ F(x,p,...
N~ 7 ~ o~
) n—1

Ju) forallie {1,...,n}.

Proof.
(1) Let p be an (€, €Vvq)-fuzzy n-ary subhypergroup of H and i € {1,...,n}.
Since p(e) > M (u(x),0.5) for all z € H, we have

ugF(u,e*):F(u,le,...,li)

N~
n—1
CVqg F(fty.oospiyley.ooy1e) SV Fp, ... 1) SV p.
~ SN -

Therefore, F(e,...,e,e*) :F(e,...,e,le,...,li) R .
~ ~
i i

(2) Let x € H and i € {1,...,n}. By (1), we have
(

F(x,pbyooo ) = F(x,py .oy p, F(p,ex)) = F(oy py ooy iy F(py ooy, e%), €x)
- N~ - - -

~
n—1

3
[\
-
I
A
3
i\

as required. O
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LEMMA 3.10. Let i be an (€, €Vq)-fuzzy n-ary subhypergroup of H. Then p is
invertible if and only if

M(F(x,e, el ex)(y),0.5) = M(F(y,e, el ex)(z),0.5)
~ ~

forallxz,y € H and i € {1,...,n}.

Proof. It is straightforward by Lemmas 3.4 and 3.9. O

LEMMA 3.11. Let pu and u (i € {2,...,n}) be invertible (€, €Vq)-fuzzy n-ary
subhypergroups of H. Then:
(1) M(F(z,ut,ex)(y),0.5) = M(F(y, pi,ex)(x),0.5) for all x,y € H.
(2) For all z,y,y?" " € H such that y € f(x,y} "), we have p(z) >
M (™", u(y),0.5).

Proof.
(1) Let 2,y € H. Then, by Lemma 3.9, we have

F(x,pi, ex) = Fx, p1, po, ph, ex) = F(x, p1, F(S’ Les € 2y e), pk, ex)
n—2

= F(F(z, p, ex), p2, e, i, ex)y) = F(F (2, p1, ex), ps, ex)

F(F(x, p1, ex), F(ub, ex), ex).

It follows that

F(z,py, ex)(y)
> M(F(F(x, 1, ex), F(ub, ex), ex)(y), 0.5)
= M< \/ M(F(:v,ul,e*)(rl),F(ué,e*)(TQ)),O.E))

yEf(r1,m2,0%)

V. Moo )0 Pl e ex) (1), 05)

:M( \/ M(F(x,ul,e*)(zl),F(zl,ug,e*)(ZQ),...,F(zi_l,ui,e*)(y)),Oﬁ)
zi_leH
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> \/ M(F(z1, 1, ex)(x), F(z2, p2, ex)(21), ..., F(y, pi, ex)(zi—1),0.5)

zi_leH
= M(F(ya iy hi—15 -« oy H1, €*>(I), 05) = M(F(ya /L7i, 6*)(13), 05)
This implies F(z, ut,ex)(y) > M(F(y,ut, ex)(x),0.5). In a similar way, we
have F(y, ui,ex)(z) > M(F(z, ut, ex)(y),0.5). Hence M (F(z,ut,ex)(y),0.5) =
M (F(y, py, ex)(x), 0.5).

(2) Let =, v,y " € H be such that y € f(z,y}"). Then

Fw, ..o pm)(y) > M(pie=).
N o~ A

n—1

Thus, we have

p(@) =F(p,ex)(x) = F(p, ... p) (@) = M(p(y), F(y, g -, 1) (@)

N o~ ~ ~ “
n n—1
>M (p(y), M(F(z, g, .., 1)(y),0.5)) = M (pgi, p(y), 0.5),
n—1
as required. O

THEOREM 3.12. Let uy be invertible (€,€Vq)-fuzzy n-ary subhypergroups of
H and i € {2,...,n}. Then F(u', ex) is an invertible (€, €Vq)-fuzzy n-ary
subhypergroup of H.

Proof. Since u} are invertible (€, €Vq)-fuzzy n-ary subhypergroups of H. It
is clear that F(ut,ex)(e) > M(F(u},ex)(z),0.5). From Lemma 3.9, we have

F(F(}, e), .., F(ib ex), ex) =F(Flus, ..
~ ~ - N~
J J

s, %)y oy (g, oo g, e%), ex)
- -

N~
J
~F(pf, ex).
In particular, we have

F(F (il ex), ..., F(i, ex)) ~ Pyl ex).

. ~ -
n
Now we show that

M(F(z, F(uy, ex),. . F(pi, ex))(y),0.5)

~ 7
n—1
= M(F(y, F(ui, ex), ..., F(ui,ex))(x),0.5)
~ ~ ~
n—1
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for all #,y € H, that is, F(u},e*) is invertible. In fact, by Lemmas 3.9
and 3.11(1), we have
M(F(x, P4 ex). ... P, ex))(1).0.5)

~ i

M(F(xv lj'liv 6*)(y), 05) = M(F(y, /jla 6*)(%), 05)
= M(F(y,\F(u’i,e*), .. .,F(u’i,e*})(x), 0.5).

Next, let x,y,y7"~' € H be such that y € f(z,y? *). Then by Lemma 3.11(2),
we have (i}, ex)(z) > M(P(ul, e, F(uh, e) (1), 0.5).

Summing up the above arguments, F(u¢, ex) is an invertible (€, €Vq)-fuzzy
n-ary subhypergroup of H. O

Next, we will construct an n-ary quotient hypergroup by an (€, €Vq) fuzzy
n-ary subhypergroup of a commutative n-ary hypergroup. Let g be an
(€,€eVq)-fuzzy n-ary subhypergroup of H. Denote by H/u the set of all
F(x,u,ex), where x € H. Before proceeding, let us first provide an useful
lemma.

LEMMA 3.13. Let p be an (€, €Vq)-fuzzy n-ary subhypergroup of H. Then:

(1) M(u(e),0.5) > M(F(x,u,ex)(y),0.5) for all z,y € H.

(2) Flayes) = Flypen) > M(p(e),0.5) = M(F(a,n,ex)(),05) =

M(F(y, u, ex)(x),0.5). In particular, if 0.5 € Im(u), then
F(z,p,ex) = Fly,p, ex) <= M(F(x,p, ex)(y), F(y, p, ex)(x)) = 0.5.

Proof. (1) This is straightforward.
(2) Let 2,y € H be such that F(z,u,ex) ~ F(y, 1, ex). Then

M(F(, 1, ex)(y),0.5) = M(F(y, . ex)(y), 0.5)

= M< \ ,u(a),O.S) = M(u(e),0.5).
yef(y,a,ex)
In a similar way, we have M (F(y, p, ex)(x),0.5) = M (u(e),0.5).
Conversely, assume that
M(H'(e)’ 0.5) = M(‘F(l‘v My e*)(y), 05) = M(F(y, p, ex)(x), 05)
for some z,y € H. Then for any z € H, by (1), we have
M(F(x,p,ex)(2),0.5) = M (M(F(xz, u,ex)(2),0.5), M (u(e),0.5))
= M (M(F(z, u, ex)(2),0.5), M(F(y, p, ex)(x), 0.5))
=M (F(xa Hy e*)(z)r F(ya H, e*)(x)’ 05)

M
M
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:M< Vo ow@, u(b),0.5>

z€f(x,a,e%) z€f(y,b,ex)

I
=

(V. M@mm).05)

zEf(:E,a,e*),fo(y,b,e*)

<MV M) u),05)
z€f(y,b,a,ex)
= M(F(y, p, p, ex)(2),0.5) = M(F(y, p, ex)(2), 0.5).

Hence M (F(x, p,ex)(2),0.5) < M(F(y, p, ex)(2),0.5). In a similar way, we have
M (F(y, p, ex)(z),0.5) < M (F(x, i, ex)(2),0.5). Therefore,

F(z, p,ex) = F(y, p, ex).
If 0.5 € Im(p), then u(e) > 0.5. Thus it is clear that

F(x,p,ex) = F(y, p,ex) < M(F(x,p,ex)(y), Fy, p,ex)(x)) > 0.5.
This completes the proof. O

THEOREM 3.14. Let H be a commutative n-ary hypergroup with an identity e
such that f(x7) is finite for all % € H and p an (€, EVq)-fuzzy n-ary subhyper-
group of H. Then (H/u,g) is an n-ary hypergroup with an identity F(e, u, ex),
called the quotient hypergroup of H by u under the relation =, where the n-ary
hyperoperation g: H/p x -+ x H/p — H/p is defined by

A

~ -
g(F(xy,p,ex), ..., F(x,, p,ex)) = {F(x,u,e*) |z € f(:r’f)}
for all z, 27 € H.

Proof. We shall first show that g is well-defined. Let 27, y} € H be such that
F(x;, p,ex) = F(y;, p,ex) for all i € {1,...,n}. Then we have

P}, 1y ex) = P(F@R), Fg, ), ex) = F(F(an, i ex), ..., Flan, i, ex))

~
n

~ F(F(y1, p,ex), ..., F(yn, u,ex)) = F(f(y1), p, ex).

Now, for any F(z,u,ex) € g(F(x1,p,ex),..., F(xy, 1, ex)), there exists a €
f(x7) such that F(z,u, ex) ~ F(a, u, ex). Thus we have

M(u(e),0.5) = M(F(a, p, ex)(z),0.5)
< M(F(f(21), p, ex)(2),0.5)
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= M(F(f(y7), p, ex)(x),0.5)
= M( \/ F(b,u,e*)(x),0.5> < M(u(e),0.5).
bef(yt)

By the assumption, f(y}) is finite and so there exists y € f(y}) such that
M(u(e),0.5) = M(F(y,p,ex)(x),0.5). Hence F(x,u,ex) ~ F(y,u,ex) by
Lemma 3.13, this gives F(x, u, ex) € g(F(y1, pi, €%), ..., F(yn, p, ex)), that is,

g(F(xlv“ve*)v"'aF(mmﬂa 6*)) - 9(F<y17%€*)7---,F(ynauve*))-

In a similar way, we have

g(F(yla,ua e*)a"'vF(ynnua 6*)) gg(-F(mla,ua 6*),~--7F(l‘mua€*))-

Hence g is well defined. Now it is easy to verify that (H/u,g) is an n-ary
hypergroup and that F'(e, p1, ex) is an identity of (H/u, g). O

THEOREM 3.15. Let H be a commutative n-ary hypergroup with an identity e
such that f(x7) is finite for all % € H and p an n-ary subhypergroup of H.
Define a fuzzy subset v/u of H/p and a fuzzy n-ary hyperoperation

G F(H)/px -+ x F(H) [ — F(H)

n

v/, p,ex)) = V v(y)

F(z,p,ex)~F(y,p,e*)

and
G<V1//~La SRR I/n/,LL)(F($, s 6*))

= \/ M<V1/H’<F<‘r17“7€*)v'"ayn/,u(F(xnnuae*))a
F(@,p,ex)€g(F(1,1,e%),....F (Tn,p,e%))
respectively, for all x € H and v,vy € F(H). If v is an (invertible) (€, €Vq)-fuzzy
n-ary subhypergroup of H which has the sup-property, then v/u is also an (in-
vertible) (€, €Vq)-fuzzy n-ary subhypergroup of (H/u, g).

Proof. Let v be an (€, €Vq)-fuzzy n-ary subhypergroup of H. We show that
v/ is an (€, €Vq)-fuzzy n-ary subhypergroup of (H/pu, g).
(1) It is clear that v/u(F (e, u,ex)) > M(v/u(F(z, u, ex)),0.5) for all z € H.
(2) Let x, 27 € H be such that F(x, u,ex) € g(F(x1, p,e%), ..., F(zy, 1, ex)).
Since v has the sup-property, there exist y} € H such that F(z;,u,ex) =
F(yi, p,ex) and v/u(F(x;, p,ex)) = v(y;) for all i € {1,...,n}. This gives
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F(x,u,ex) € g(F(y1, b, €%), ..., F(yn, p,ex)) and so there exists z € f(y}') such
that F(z, u,ex) = F(x, u, ex). Hence we have

i me) =  \  vly) = u(z) = M@, 0.5)
F(x,p,ex)=F(y,pu,ex)

=M/u(F(x1, p,ex)),...,v/uw(F(xn, 1, ex)),0.5).

n

(3) Let y,y~' € H. Since v has the sup-property, there exist z,27 ' € H
such that F(y,u,ex) ~ F(z,u,ex), v/u(F(y,p,ex)) = v(z), F(y,p,ex) =
F(zi,p,ex) and v/u(F(yi, p,ex)) = v(z) for all @ € {1,...,n — 1}. For
z,z{‘fl € H, since v is an (€, €Vq)-fuzzy n-ary subhypergroup of H, there
exists € H such that z € f(x, 2] ") and v(z) > M (vir ™", v(2),0.5). Thus we
have

v/u(E (2, p,ex))
= \/ v(a) > v(z) > M(I/jl"‘l,l/(z), 0.5)

F(z,p,ex)=F(a,pu,ex)
= M(V/M(F(yla s 6*)), cey V/M(F(ynfla H, 6*)), V/H’(-F(yv 1y 6*)), 05)

Summing up the above arguments, v/ is an (€, €Vq)-fuzzy n-ary subhyper-
group of H/p.

Now assume that v is an invertible (€, €Vq)-fuzzy n-ary subhypergroup of H.
Let x,y € H. Then

M(G(F<‘T) Ky e*))ij/:uv x ')V/M)<F<yv fhy €%)), 05)

~
n—1

— Vv \/ M (vin-1), 0.5)

F("‘E7l‘l’7e*)%F(a7lJ’7e*)7F(y7l‘l’7e*)%F(b7/”L7e*)7b€f(a7a’;171

- M \/ F(a,g,...,z)(b),0.5>

F(z,p,ex)~F(a,p,ex),F(y,p,ex)F (b p,ex)

\/ M(F(a,g,...,’y/)(b),o.@

F(z,p,ex)=F (a,m,ex),F (y,p1,ex) R F (b, u,ex)
In a similar way, we have

M(G(F(y, pex), v/ps- .o v /) (F(z, 1, %)), 0.5)

~ d
n—1

= \/ M(F(b,z,...,li)(a),()f)).

F(m,,u,,e*)%F(a,,u,,e*),F(y,,u,e*)%F(b,/.L,e*) n—1
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Since v is invertible, we have
M(F(a,v,...,v)(b),0.5) = M(F(b,v,...,v)(a),0.5)
~ - - 4
n—1 n—1

and so

M(G(F(z, s ex), v/ s, v/ W)(F(y, p, €%)),0.5)

= M(G(F(y, p, e*),g/u, .. .,V/,Lﬁ)(F(.T,/.L, ex)),0.5).

Therefore, v/u is an invertible (€, €Vq)-fuzzy n-ary subhypergroup of H/u. O

4. The homomorphism properties
of (invertible) (€, €Vq)-fuzzy n-ary subhypergroups

Let ¢ be a mapping from a non-empty set X to a non-empty set X’. Let
p € F(X) and p' € F(X'). Then the inverse image ¢~ (u') of ' is the fuzzy
subset of X defined by o~ (u')(x) = p//(¢(z)) for all x € X. The image o(u) of
1 is the fuzzy subset of X’ defined by

Vooowz) if o7 (a') #0,
o(p)(a') = {mev*(ﬂﬂ’)

0, otherwise,

for all ' € X’'. Tt is no difficult to see that the following assertions hold:
LEMMA 4.1. Let ¢ be a mapping from a non-empty set X to a non-empty set
X', peF(X) and ' € F(X'). Then:

(1) u CVvq v implies p(p) CVg (v).

(2) o' Cvq v implies o~ (') CVg o~ (V).

(3) 1 C o M p(p). If ¢ is injective, then 1= o~ (p()).

(4) el (W) S W' If ¢ is surjective, then p' = (e~ (1')).
DEFINITION 4.2. Let (H, f) and (H', f') be two n-ary hypergroups with iden-
tities e and €', respectively, and ¢ a mapping from H to H’. Then ¢ is called a
homomorphism if p(e) = e’ and p(f(z7)) = f'(e(x1),...,o(x,)) for all 27 € H.
If such a homomorphism is surjective, injective or bijective, it is called an epi-
morphism, a monomorphism or an isomorphism.

LEMMA 4.3. Let (H, f) and (H', ') be two n-ary hypergroups with identities e
and €', respectively, and ¢ a homomorphism from H to H'. Then o(F(ut)) =

F'(p(p1), - p(pn)) for all ptt € F(H).

218



FUZZY n-ARY SUBHYPERGROUPS OF A COMMUTATIVE n-ARY HYPERGROUP

Proof. Let ut € F(H) and o’ € H'. If p~1(2’) = 0, then o(F(u}))(2') =0
= F'(o(p1), ..., ¢(n))(x"). Otherwise, we have

F'(o(p1), - o(pn)) (")
= \/ M(p(pa)(@), - - - o(pn)(2,))

z'efl(xf,...,x")

_ \/ M|l N @)V ()

o, wl €m(p) e €f (@ h)  \p(a1)=2} ()=,

= \/ M(Ml(xl)avun(xn))

x’ef’(cp(xl),...,tp(xn))

= \/ M(H’1<I1)57H’n<xn))
x,GW(f(mlv"'vxn))

= \/ M(H’1<I1)57H’n<xn))
x€¢_1(x,)ﬂx€f(zl7"'ﬂxn)

=V F) =eF@Eh) ().
zEp~1(2')

This completes the proof. O

THEOREM 4.4. Let (H, f) and (H', f') be two commutative n-ary hypergroups
with identities e and €', respectively, and ¢ a homomorphism from H to H'. Let
w be an (€,€Vq)-fuzzy n-ary subhypergroup of H which has the sup-property.
Then (1) is an (€, EVq)-fuzzy n-ary subhypergroup of H'. If ¢ is an epimor-
phism from H onto H' and u is invertible, then p(u) is also invertible.

Proof. Assume that p is an (€, €Vq)-fuzzy n-ary subhypergroup of H which
has the sup-property. Then we have:
(1) Tt is clear that p(u)(e’) > M (p(p)(2'),0.5) for all 2’ € H.
(2) By Lemmas 4.1 and 4.3, we have,
Flp(p), - olp) = o(F (s 1)) SV o).

~ - ~ -
n n

(3) Let ¢/, 41, ...,y 1 € H. o (y)) =0 (e {1,...,n—1}) or o' ()

=0, then p(u)(2') = 0= M(p(u),;, o(1)(y),0.5) for y' € f'(a', 41+, yh1)-
Otherwise, there exist v,y € H such that ¢(y) = v/, 0(yi) = ¥, o(u)(y') =
w(y) and @(p)(yi) = u(y;) for all i € {1,...,n —1} since u has the sup-property.
Now for y,y} "' € H, since p is an (€, €Vq)-fuzzy n-ary subhypergroup of H,
there exists 2 € H such that y € f(z,y? ") and p(z) > M(uyr=, u(y),0.5).
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Hence we have
y' =) € o(f(z,y7™h) = (p(@),0(W1), -, P(Yn-1))
:f,(C,O(I), yllv CRR) y':l,—l)

and

p(a)=p(z)
> Ml ju(y), 0.5) = M) o) (4), 0.5).

Combing (1), (2) and (3), by Lemmas 3.2 and 3.3, ¢(u) is an (€, €Vq)-fuzzy
n-ary subhypergroup of H'.

Next assume that ¢ is an epimorphism from H onto H' and that p is an
invertible (€, €Vvq)-fuzzy n-ary subhypergroup of H. Then for any z’,y" € H’,
we have

M(F'(«, o(p), - so(u))(y’), 0.5)

—m( VP >,g<u>, ) (0),05)
p(z)=z' ne1

- M<¢(x\)/_m, AF g ) 05)

:M< \/ F(x,/\i,...,/j)(y),o.f))

p(z)=z',0(y)=y’

Vo MF@p..0)(),05)
o(z)=z",0(y)=y’ no1

= \/ M(F(y,g,...,;ﬁ)(m),o.’é)

p(x)=a’,0(y)=y’ no1

M< \/ F(y,g,...,,j)(x),o.5>

e(z)=z",0(y)=y’ no1

= M(F/(y/,\go(,u), SRR @(Ml)(x/ ,0.5).

~
n—1

This implies that ¢(u) is invertible. 0
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THEOREM 4.5. Let (H, f) and (H', f') be two commutative n-ary hypergroups
with identities e and €', respectively, and ¢ a homomorphism from H to H'. Let
w' be an invertible (€, €Vq)-fuzzy n-ary subhypergroup of H'. Then o~ (u') is
an (€, €Vq)-fuzzy n-ary subhypergroup of H. If ¢ is an isomorphism from H
to H' and p' is an (invertible) (€, €Vq)-fuzzy n-ary subhypergroup of H', then
e~ 1(w) is an (invertible)(€, €Vq)-fuzzy n-ary subhypergroup of H.

Proof. Assume that p’ is an invertible (€, €Vq)-fuzzy n-ary subhypergroup
of H'. Then we have:
(1) For any = € H,
e W) (e) = 1 (p(e) = M(u'(¢()),0.5) = M(o™ (') (x),0.5).
(2) By Lemmas 4.1 and 4.3, we have,

P(F (™ (1), W) = F(le™ (1), - p(e™ (1))

~ ~
n n
CF(Y,....n)) Sva .
S ~ -
n

Thus we have

F(em (1)o7 (1) S (@F (™ (1)o7 (1)) SVa ™ ().

=
(
¢

(3) Let a,y,y} ' € H be such that y € f(x,y?"). Then
o) € f'((), e(y1), s P(Yn-1))-

Since p’ is invertible, by Lemma 3.11(2), we have
T (W) (@) = 1 (p(2) = M1 (1), - - 1 (9(yn—1)), W (2(y)), 0.5)
=M™ (W)t e (1W)(y), 0.5).

Combing (1), (2) and (3), ¢~ 1(1/) is an (€, €Vq)-fuzzy n-ary subhypergroup
of H. If ¢ is an isomorphism from H to H' and p’ is an (invertible) (€, €Vq)-fuzzy
n-ary subhypergroup of H’, it is easy to check that ¢~!(y) is an (invertible)
(€, €Vq)-fuzzy n-ary subhypergroup of H. O

Next, let us consider the relationships among (€, €Vq)-fuzzy n-ary subhyper-

groups, quotient n-ary hypergroups and homomorphism. Before proceeding, we
first give an auxiliary lemma.

LEMMA 4.6. Let u be an (€,€Vq)-fuzzy n-ary subhypergroup of H. Define
iy ={x € H| M(ue),0.5) = M(u(x),0.5)}, then:

(1) w,, is an n-ary subhypergroup of H with an identity e. If u has the sup-
property and p is invertible, so is p,, .
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(2) if p has the sup-property, then

Proof.

(1) We first show that u,, is an n-ary subhypergroup of H. Let z € H and
' € u,, be such that x € f(z}). Then

M(pu(e),0.5) > M (u(z),0.5) > M (M (u5r,0.5),0.5) = M(u(e),0.5),

1
this implies M (u(x),0.5) = M (u(e),0.5) and so x € p,,. Similarly, we may show
that for all y,y? " € u,,, there exists x € y,, such that y € f(x,y? ). Hence
1, is an n-ary subhypergroup of H. Clearly, e € u,,. Now assume that p has
the sup-property and that p is invertible. If € f(y,p,,..., 1, ), then there
- 4

~
n—1

exists z € p,, such that z € f(y, z, ex) since e € p,,. Thus we have

M< \/ w(a), O.5> = M(F(x,p,ex)(y),0.5) = M(F(y, p, ex)(x),0.5)

yEf(z,a,ex)

= M< \V M(b),o.5> > M(u(z),0.5)
z€ f(y,b,ex)
= M(u(e),0.5).

Since p has the sup-property, there exists a € H such that y € f(z,a,ex)
and M(u(a),0.5) = M(u(e),0.5), that is, a € u,, and so y € f(x,u,,ex) C
flz gy, ..., 1, ). Hence p,, is invertible.
- ~ 4
n—1

(2) Assume that p has the sup-property. Let z,y € H be such that F(z, u, ex)
~ F(y, 1, ex). By Lemma 3.13, we have M (u(e),0.5) = M (F(y, p, ex)(z),0.5) =
M(F(x, u,ex)(y),0.5), that is, M (u(e),0.5) = M( Vo w(a), 0.5). Since p

€ f(y,a,ex)
has the sup-property, there exists z € S such that y € f(x, z, ex) and M (p(e), 0.5)

= M(u(2),0.5), that is, z € u,, and so f(y,pu,,ex) C f(f(x,z,ex), pu,,ex) =
flx, f(z, 1y, e%),ex) C f(x,p,,ex). In a similar way, we have f(z,p, ,ex) C
fly,p,,,ex). Hence f(x,p,,ex) = f(y,p,,ex). Conversely, assume that
flz puy,,ex) = f(y, iy, ex). Then x € f(x,ex) C f(x,pu,,ex) and so there
exists z € u,, such that x € f(y, z, ex). Thus we have

M(p(€), 0.5) = M(F(y, u,ex)(x),0.5) > M(u(2),0.5) = M(p(e), 0.5).

This implies M (u(e),0.5) = M(F(y, p,ex)(x),0.5). In a similar way, we have
M(p(e),0.5) = M(F(z,p,ex)(y),0.5). By Lemma 3.13, we have F(x, i, ex) ~
F(y, 1, ex). This completes the proof. d
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In the sequel, unless otherwise stated, (H, f) and (H', f’) always denote any
two given commutative n-ary hypergroups with identities e and ¢’, respectively,
such that both f(z7) and f/(x}") are finite for all 2 € H and 2" € H'.

THEOREM 4.7. Let p be an (€, €EVq)-fuzzy n-ary subhypergroup of H. Define
o(x) = F(x,p,ex) for all x € H. Then o is an epimorphism from H onto H/pu
with Ker(yp) = u,, under the relation =~. Moreover, if u has the sup-property,
then H/p,, = H/ .

Proof. It is clear that ¢ is surjective. Let z} € H. Then

e(f(21)) = {F(z,p,ex) | € f(a])}

= g(F(xlv 1y 6*), ) F(In, 122 6*))

= 9(@(@1), ..., ().
Hence ¢ is an epimorphism. From Lemma 4.6, z € Ker(yp) <= o¢(z) =
F(x,p,ex) = F(e,p,ex) < M(u(x),0.5) = M(u(e),0.5) < =z € u,,, hence
Ker(¢) = p,,. Now assume that p has the sup-property. Then, by Lemma 4.6,
F(xa My 6*) = F(y7 H, 6*) lmphes f(xa :que*) = f(ya Hgs 6*) for all T,y € Ha that
is, @ is injective. Hence H/pu,, = H/p. This completes the proof. d

THEOREM 4.8. Let ¢ be an epimorphism from H onto H', and p an
(€, €Vq)-fuzzy n-ary subhypergroup of H such that p, C Ker(yp) and that p
has the sup-property. Then there exists a unique epimorphism v from (H/u,g)
onto (H', ') such that ¢ = 1) on under the relation ~, where n(x) = F(x, u, ex)
forallz € H.

Proof. Define amapping ¢ : H/u — H' by Y(F(z,p,ex)) = p(z) forallx € H.
Then ¢ is well defined. In fact, if F(z, u, ex) = F(y, u, ex) for some x,y € H, it
follows from Lemma 4.6 that f(x, u,,,ex) = f(y, i, ,ex). Hence z € f(z, e, ex) C
fly,p,,,ex) and y € f(y,e,ex) C f(x,p,,ex). Since u, C Ker(p), we have

f(x,Ker(p),ex) C f(f(y, g %), Ker(p),ex) = [y, f(py, Ker(p), ex), ex) C
fly,Ker(yp), ex). In a similar way, we have f(y,Ker(p),ex) C f(z,Ker(yp), ex).

Hence f(x,Ker(p),ex) = f(y,Ker(p),ex) and so

o(f (@, Ker(p), ex)) = f'(p(x), p(Ker(p)), p(e)x) = f'(p(x), ')
= o(x) = o(y) = o(f(y, Ker(p), ex)).
Now it is easy to check that 1) is a homomorphism.

Further, since ¢ is onto, v is also onto. On the other hand, p(z) =
Y(F(z,pu,ex)) = Y(n(x)) = (¢ on)(x) for all z € H. Finally, we show that
1 is unique. If there exists another epimorphism ¢ from (H/u,g) onto (H', f')
such that ¢ = ¢ 0. Then $(F(z, 1, ex)) = p(x) = (¢ 0 1)(x) = H(F(, 1, %))
for all x € H. This implies ¢ = ¢. O
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THEOREM 4.9. Let ¢ be a homomorphism from H to H' and let p and p/
be (€,€Vq)-fuzzy n-ary subhypergroups of H and H', respectively, such that
o(pn) CVq p' and p(e) = p'(e'). Then there exists a homomorphism ¢ : H/pu —
H'/u' such that the diagram

%)

H > H'

\ \
Hjp  =H/W
is commutative. Moreover, if ¢ is an isomorphism and ' = o(u), then so is .

Proof. Defineamapping: H/pu — H' /i by (F(x, u,ex)) = F'(p(x), ', e'*)

e
for all x € H. We first show that 1 is well defined. In fact, if F(z,pu,ex) =~
F(y, p, ex) for some z,y € H, it follows from Lemma 3.13 that M (u(e ) 5) =
M((F(x ,u, ex))(y),0.5) = M((F(y, 1, ex))(x),0.5). To show F'(p(z), 1, e’*)
F'(o(y), 1, €'*), it needs only to show

(e

"(€'),0.5) =M (F'(¢(x), ', €'%)((y)), 0.5) = M(F'(p(y), ', €'%) (p()), 0.5)

by Lemma 3.13. Now, by the assumption, ¢(u) CVq p’, we have

F'(p(x), o(pn), ') CVq F'(@(x), i, ')

M

and so
Fl(p(@), 1 e')((y)) = M(F'(p(2), p(1), e*)((y)),0.5)
= M(p(F(, p, ex))(¢(y)),0.5)
> M(F(z,p,ex)(y),0.5)
= M(u(e),0.5) = M (' (e'),0.5).

On the other hand, by Lemma 3.13(1),
M(p'(€"),0.5) = M(F'(p(x), i’ €')(e(y)), 0.5) = M(u(e’),0.5)

and so M (pu(e),0.5) = M(F'(o(x), 1/, €'%)(p(y)),0.5). In a similar way, we have
M(p(e’),0.5) = M(F'(p(y), i, €'*)(p(x)),0.5). Hence 9 is well defined. Now it
is easy to check that i is a homomorphism and the diagram is commutative.

Next assume that ¢ is an isomorphism and u' ~ ¢(u). Since ¢ is onto,
it is clear that v is also onto. Let x,y € H be such that F'(p(z), ', e'*) =~

F'(o(y), i, e'x), then F'(p(x), p(p), e'x) = F'(¢(y), ¢(1), €'+) and so
M(F'(p(x), (), €'%)(p(y)), 0.5) = M(F'(p(y), p(1), €'%)(p(x)),0.5).
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Since ¢ is injective, we have

M(F’(ga(x%sa(uxe’*)(sa(y)),o.5>=M( \/ so(u)(a’xo.f))

e ESf (e(x),a’,e'*)
=M( \/ w(u)(w(a))ﬁﬁ): \/ la) = M(F(z, p, e#)(y), 0.5).
py)ep(f(z,a,ex)) y€f(x,a,ex)

In a similar way, we have

M(F'(¢(y), p(n), ') (¢(x)),0.5) = M(F(y, p, ex)(x), 0.5).

Hence M (u(e),0.5) = M (F(x, p, ex)(y),0.5) = M (F(y, p, ex)(x),0.5). It follows
from Lemma 3.13 that F(z,p,ex) =~ F(y,u,ex). Hence v is also injective.
Therefore, 1 is an isomorphism. This completes the proof. 0

As two special cases of 4.9, we have the following results.

THEOREM 4.10. Let ¢ be an epimorphism from H onto H' and p an
(€, eVq)-fuzzy n-ary subhypergroup of H. Define

(F (2, pyex)) = F'(¢o(z), p(p), '*) forall z e H.

Then 1 is an epimorphism from H/u onto H'/p(u). Moreover, if ¢ is an
isomorphism, then H/p = H' [@(u).

THEOREM 4.11. Let ¢ be an isomorphism from H to H' and ' an (€,€Vq)-fuzzy
n-ary subhypergroup of H'. Then H/o *(u') = H'/u'.

LEMMA 4.12. Let pu and v be two invertible (€, €Vq)-fuzzy n-ary subhypergroups
of H. Then uNv (uNv #0) is an (€, €Vq)-fuzzy n-ary subhypergroup of H.

Proof. Let p and v be two invertible (€, €Vq)-fuzzy n-ary subhypergroups
of H. Then we have:

(1) (unw)(e) = M(u(e),v(e)) = M(M(u(z),0.5), M (v(z),0.5)).
=M((pNv)(z),0.5) forall ze€ H
(2) By Lemma 3.2, we have

Fpunv,...,unv) C F(u,...,u) N F(v,...,v) CVqg uNuv.
< ~ - N N 7
n n n

(3) Let =,y,y" ' € H be such that y € f(z,y"). Since both y and v are
invertible, by Lemma 3.11,

p(x) = M(pyr=, 1(y),0.5) and  v(z) > M(vyr—",v(y),0.5).
Hence (unv)(x) = M (u(z), v(z)) > M (M (uyr =", u(y),0.5), M (v, v(y),0.5))
= M((unw)g ™, (uNv)(y),0.5).
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Summing up the above arguments, N v is an (€, €Vq)-fuzzy n-ary subhy-
pergroup of H. O

THEOREM 4.13. Let p and v be two invertible (€, €Vq)-fuzzy n-ary subhyper-
groups of H such that p(e) =v(e). Then p, /pNv = f(u,,v,,ex)/v.

Proof. It follows from Lemmas 4.6 and 4.12 that both (u,/u N v,g) and
(f(p,,v,,ex)/v, g) are n-ary hypergroups.

Define a mapping ¢: p, /N v = f(py, vy, ex)/v by o(F(z, pNv,ex)) =
F(z,v,ex) for all x € p,. We first show that ¢ is well defined. In fact,
let z,y € u,, be such that F(z,uNv,ex) =~ F(y,p Nv,ex). Tt follows from
Lemma 3.13 that M((p N v)(e),0.5) = M(F(z,un N v,ex)(y),0.5) =
M(F(y, uNv,ex)(x),0.5). Thus we have M (v(e),0.5) > M (F(x,v,ex)(y),0.5) >
M (F(x, pNv, ex)(y),0.5) = M ((pnv)(e),0.5) = M(v(e),0.5) and so M (v(e), 0.5
= M(F(x,v,ex)(y),0.5).

In a similar way, we have M(v(e),0.5) = M(F(y,v,ex)(z),0.5). Hence
F(z,v,ex) =~ F(y,v,ex) by Lemma 3.13. Therefore, ¢ is well defined. Now
it is easy to check that ¢ is a homomorphism.

~—

Next let « be any element of f(u, v, ,ex). Then there exist y € pu,,z € v,
such that z € f(y, z, ex). Since z € v,, and v is an invertible (€, €Vq)-fuzzy n-ary
subhypergroup of H, by Lemma 3.11, we have M (v(e),0.5) = M (v(z),0.5) and

M(u(e),0.5)zM(F(z,V,e*)(e),O.E)):M( \/ V(a),0.5>

e€ f(z,a,e%)

> M< \/ M(V(e),y(z),0.5),0.5> = M(v(e),0.5),
e€ f(z,a,ex)
which implies M (v(e),0.5) = M (F(z,v,ex)(e),0.5). Hence F(z,v,ex) ~ v by
Lemma 3.13. Thus F(z,v,ex) C F(f(y,z,ex),v,ex) = F(y, F(z,v,ex),ex) ~
F(y,v,ex). Hence F(z,v,ex) CVq F(y,v,ex). In a similar way, we have
F(y,v,ex) CVq F(x,v,ex) since v is invertible. Thus

F(z,v,ex) = o(F(y, p Ny, ex)).

This implies ¢ is onto.

To show ¢ is injective, let ’,y" € f(p,,v,,ex) be such that F(z/,v,ex) ~
F(y',v,ex). Then it follows from the above proof that there exist x,y € u,, such
that F(z,v,ex) =~ F(2',v,ex) = F(y',v,ex) = F(y,v,ex). Thus M(v(e),0.5) =
M(F(z,v,ex)(y),0.5) = M(F(y,v,ex)(z),0.5). On the other hand, since yu and
v are invertible and z,y € u,,, by Lemma 3.11, we have
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=

(F(z,pNv,ex)(y),0.5)

=M \V  M(u(a),v(a)),0.5
<y€f(x,a,e*) )
(N M), (), 0.5, M(e).1(5).05),05)
y€E f(z,a,ex)
= M(M(p(x),0.5), M(p(y),0.5), M(v(x),0.5), M(v(y),0.5))
=M((pnwv)(e),0.5).

In a similar way, we have M (F(y,uNv,ex)(z),0.5) = M((pNwv)(e),0.5). Thus
F(z,pNv,ex)~ F(y,uNv,ex) by Lemma 3.13. This completes the proof. [

THEOREM 4.14. Let p and v be two (€, €EVq)-fuzzy n-ary subhypergroups of H
such that u CVq v and p(e) = v(e). Then (H/p)/ (v, /1) = H/v.

Proof. By Theorem 3.15, v, /i is an n-ary subhypergroup of H/u. Define
a mapping ¢: H/u — H/v by ¢(F(x,pn,ex)) = F(z,v,ex) for all z € S. We
first show that ¢ is well defined. In fact, if F(z,u,ex) ~ F(y,u,ex) for some
x,y € H, then M(u(e),0.5) = M(F(z,p,ex)(y),0.5) = M(F(y, p, ex)(x),0.5)
by Lemma 3.13. Since p CVq v, we have M (v(e),0.5) > M (F(z,v,ex)(y),0.5)
> M(M(F(x,p,ex)(y),0.5),0.5) = M(u(e),0.5) = M(v(e),0.5) and so
M(v(e),0.5) = M(F(x,v,ex)(y),0.5). In a similar way, we have M (v(e),0.5) =
M (F(y,v,ex)(x),0.5). Hence F(x,v,ex) = F(y,v,ex) by Lemma 3.13. There-
fore, ¢ is well defined. Then it is easy to check that ¢ is a homomorphism.

Further, it is clear that ¢ is onto. Now we show that Ker(¢) = v, /pu.
Before proceeding, we first show that F'(z,u,ex) ~ F(y,u,ex) for some x €
v,,y € S implies y € v,,. In fact, it follows from F(z,u,ex) = F(y, u, ex) that
M(p(e),0.5) = M(F(x,u,ex)(y),0.5) by Lemma 3.13. Now, if y € f(z,a,ex)
for some a € H, we have

v(y) = M(v(z),v(a),0.5) = M(v(e),v(a),0.5) > M(u(a),0.5)
and so
viy)> \/  M(u(a),0.5) = M(F(x,p,ex)(y),0.5)

y€E f(z,a,ex)
= M (u(e),0.5) = M(v(e),0.5).

This implies M (v(y),0.5) = M(v(e),0.5) and so y € v,,. Thus z € Ker(p) <=
F(z,v,ex) =~ v <= M(v(x),0.5) = ( (€),0.5) <<= =z €v,
Pl %) € vy /. Hence (H/ )/ (v, /1) = (H/p) | Kex(p) = H/v. 0
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5. Conclusions

Since Marty [30] introduced the notion of hyperstructure in 1934, his ideas
have been studied in the following decades and nowadays by many researchers.
By a new ideal, we introduced and studied (invertible) (€, €Vq)-fuzzy n-ary
subhypergroups of a commutative n-ary hypergroup. We presented and inves-
tigated a kind of n-ary quotient hypergroup by an (€, €Vq)-fuzzy n-ary sub-
hypergroup. We also considered the relationships among (€, €Vq)-fuzzy n-ary
subhypergroups, n-ary quotient hypergroups and homomorphism and provided
several isomorphism theories of n-ary hypergroups. It is worth noting that in
an (a, B)-fuzzy n-ary subhypergroups of a commutative n-ary hypergroup, the
values of o, 8 can be chosen as any one of {€,q, €Vq, EAq} with o # ENg.
In fact, there are twelve different types of such structures resulting from three
choices of « and four choices of 8, however, in this paper, we only consider the
(€, eVq)-type. In our future study of fuzzy structure of, we will focus on consid-
ering other types («, 8)-fuzzy n-ary subhypergroups with relations among them.
The results presented in this paper can hopefully provide more insight into and
a full understanding of fuzzy set theory and algebraic hyperstructures.
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