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ABSTRACT. For a monounary algebra (A, f) we denote R∅(A, f) the system

of all retracts (together with the empty set) of (A, f) ordered by inclusion. This

system forms a lattice. We prove that if (A, f) is a connected monounary algebra

and R∅(A, f) is finite, then this lattice contains no diamond. Next distributiv-

ity of R∅(A, f) is studied. We find a representation of a certain class of finite

distributive lattices as retract lattices of monounary algebras.
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1. Introduction

The present paper can be regarded as a continuation of the authors’ article

[6] where several properties of the lattice of all retracts of monounary algebras

were investigated. Now we focus mainly on finite retract lattices of monounary

algebras.

The notion of retract, first introduced for topological spaces, was later general-

ized to the notion of retract of arbitrary algebraic structures and was intensively

studied. We recall that a substructure B of a structure A is called a retract of A
if there exists and endomorphism (called a retraction) ϕ of A onto B such that

ϕ(b) = b for each element b of B. The study of retracts of monounary algebras

[3]–[5] was motivated by the paper [1], where analogous questions for posets were

dealt with.

The study of monounary algebras occurs as a useful tool for investigating

some properties of algebraic structures of arbitrary type. Novotný [10] proved
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that the constructions of homomorphisms or of retracts of general algebras can

be reduced to constructions of homomorphisms or of retracts of some special

monounary algebras.

For a monounary algebra (A, f) we denote R∅(A, f) the system of all retracts

(together with the empty set) of (A, f) ordered by inclusion. This system forms

a lattice (cf. [6]). In this paper it is proved that if (A, f) is a connected mo-

nounary algebra and R∅(A, f) is finite, then this lattice contains no diamond.

Next distributivity of R∅(A, f) with the connection of the length of R∅(A, f) is
studied. Finally we find a representation of a certain class of finite distributive

lattices as retract lattices of monounary algebras.

2. Preliminaries

By a monounary algebra we understand an ordered pair (A, f) where A is a

nonempty set and f : A → A is a mapping.

If ∅ �= B ⊆ A, then we denote f � B the partial operation on B such

that dom(f � B) =
{
b ∈ B : f(b) ∈ B

}
and if b ∈ dom(f � B), then

(f � B)(b) = f(b). Then (B, f � B) is called a relative subalgebra of (A, f).

If there is no danger of confusion we briefly write (B, f) instead of (B, f � B).

Let (A, f) be a monounary algebra. A nonempty subset M of A is said to

be a retract of (A, f) if there is a mapping ϕ of A onto M such that ϕ is an

endomorphism of (A, f) and ϕ(x) = x for each x ∈ M . The mapping ϕ is then

called a retraction endomorphism corresponding to the retract M .

A monounary algebra (A, f) is called connected if for arbitrary elements

x, y ∈ A there are non-negative integers n,m such that fn(x) = fm(y). A max-

imal connected subalgebra of a monounary algebra is called a (connected) com-

ponent.

For X ⊆ A we denote by [X] subalgebra generated by the set X. If X = {x}
we use the notation [x] instead of [{x}].

The notion of degree sf (x) of an element x ∈ A was introduced in [9] (cf.

also [8]) for describing homomorphisms of monounary algebras as follows. Let

us denote by A∞ the set of all elements x ∈ A such that there exists a se-

quence {xn}n∈N∪{0} of elements belonging to A with the property x0 = x and

f(xn) = xn−1 for each n ∈ N. Further, we put A0 =
{
x ∈ A : f−1(x) = ∅}.

Now we define a set A(λ) ⊆ A for each ordinal λ by induction. Assume that we
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have defined Aα for each ordinal α < λ. Then we put

Aλ =

{
x ∈ A�

⋃
α<λ

A(α) : f−1(x) ⊆
⋃
α<λ

A(α)

}
.

The sets Aλ are pairwise disjoint. For each x ∈ A, either x ∈ A∞ or there is

an ordinal λ with x ∈ Aλ. In the former case we put sf (x) = ∞, in the latter

we set sf (x) = λ. We put λ < ∞ for each ordinal λ.

Let (A, f) be a connected monounary algebra. We say that (A, f) is un-

bounded, if

(i) sf (x) �= ∞ for each x ∈ A,

(ii) if x ∈ A, n ∈ N, then there is m ∈ N such that f−(m+n)(fm(x)) �= ∅.
The connected monounary algebra (A, f) is said to be bounded if (A, f) sat-

isfies (i) and does not satisfy (ii).

We will use the following notation for some algebras.

As usual, the symbols Z and N denote the sets of all integers or of positive

integers, respectively. We denote by (Z, suc) and (N, suc) the algebras such that

suc is the operation of the successor. Next we denote Zn,∞ = Zn ∪ N and for

x ∈ Zn,∞ we set

suc(x) =

⎧⎪⎪⎨
⎪⎪⎩
x+ 1 if x ∈ Zn

x− 1 if x ∈ N � {1}
0n if x = 1.

Let us notice that in [5, Corollary 1.6] it was proved that a connected mo-

nounary algebra (A, f) contains the copy of (N, suc) as a retract if and only if

(A, f) is bounded.

Also, we will use the following notation: Let (A, f) be a connected monounary

algebra. For a subset B ⊆ A denote by B0 =
{
x ∈ B : f−1(x) = ∅}. If (A, f)

contains no cycle, we denote by BZ =
{
X ⊆ B : (X, f) ∼= (Z, suc)

}
.

In [3] the following theorem characterizing retracts of connected monounary

algebras was proved.

������� 2.1� Let (A, f) be a connected monounary algebra and let (M, f) be

a subalgebra of (A, f). Then M is a retract of (A, f) if and only if the following

condition is satisfied:

If y ∈ f−1(M ), then there is z ∈ M with f(y) = f(z) and sf (y) ≤ sf (z).

Let (A, f) be a connected monounary algebra. From Theorem 2.1 we obtain

the following facts:
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(i) If (A, f) contains a cycle C, then C is a retract of (A, f).

(ii) If (A, f) contains a subalgebra (M, f), (M, f) ∼= (Z, suc), thenM is a retract

of (A, f).

(iii) Suppose that (A, f) contains no cycle. Then every retract M of (A, f) as a

subalgebra is equal to a subalgebra generated by the set
⋃
MZ ∪ M 0. We

note that for any system X of sets,
⋃
X =

{
x : (∃X ′ ∈ X)(x ∈ X ′)

}
.

(iv) If M is a retract of (A, f) and AZ �= ∅ then MZ �= ∅.

3. Lattice of retracts of monounary algebras

We recall some results contained in [6]. The system of all retracts of a given

monounary algebra (A, f) is denoted R(A, f). This system together with empty

set ordered by inclusion is denoted R∅(A, f). Retracts of monounary algebra

(A, f) are closed under arbitrary unions, hence R∅(A, f) forms a complete lattice

with the greatest element A and with the least element ∅. For B ∈ R(A, f)∪{∅}
denote by 〈B) a sublattice consisting of all retracts of (A, f) greater than B.

Further let (A, f) be a connected monounary algebra, x ∈ A be an arbitrary

noncyclic element. Denote Ax =
⋃

n∈N0

f−n(x) ∪ N (we may assume that the

sets N and
⋃

n∈N0

f−n(x) are disjoint) and for y ∈ Ax we set f̃(y) = f(y) if

y ∈ ⋃
n∈N

f−n(x), f̃(x) = 1 and f̃(y) = y + 1 for y ∈ N.

����� 3.1� ([6, Lemma 3.3]) If (A, f) is a connected monounary algebra, B ∈
R(A, f), then

〈B) ∼=
∏

x∈f−1(B)�B

R∅(Ax, f̃) .

Next, we describe some other properties of R∅(A, f). We say that a lattice

L is atomic if L has the least element 0, and for every a ∈ L, a �= 0, there is an

atom p ≤ a. It is not difficult to verify that if C is a retract of B and B is a

retract of A then C is a retract of A. Hence, if R∅(A, f) contains an atom, then

this atom has no proper retracts and it is isomorphic to a cycle or (Z, suc) or

(N, suc).

����� 3.2� ([6, Lemma 4.2]) Let (A, f) be a connected monounary algebra.

The lattice R∅(A, f) is atomic if and only if (A, f) is not unbounded.
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(A, f)
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(Ax, f̃)

Figure 1. An example of an algebra (A, f) and (Ax, f̃) corresponding to

the element x of algebra (A, f)

Next two assertions describe covering relation in R∅(A, f) and semimodular-

ity.

����� 3.3� ([6, Lemma 5.1]) Let (A, f) be a connected monounary algebra,

B,C ∈ R(A, f), ∅ �= B ⊆ C. Then C covers B in R(A, f) if and only if the

relative subalgebra (C � B, f) is isomorphic to
(
(−∞, 0〉, suc ) or

(〈0, n〉, suc )
for some n ∈ N0.

������� 3.4� ([6, Theorem 5.3]) If (A, f) is a connected monounary algebra,

then R∅(A, f) forms a semimodular lattice.

The following theorem give a description of connected monounary algebras

with modular retract lattices via forbidden configuration of their elements.

������� 3.5� ([6, Theorem 6.3]) Let (A, f) be a connected monounary algebra

possessing no cycle with sf (x) ∈ ω ∪ {∞} for all x ∈ A. Then R∅(A, f) is not

modular if and only if there exist a, b, c ∈ A satisfying

(i) f(b) = f(c) and sf (b) = sf (c) = max
{
sf (x) : x ∈ f−1(f(b))

}
,

(ii) there is n ∈ N such that f(a) = fn(b) = fn(c) and sf (a) < sf (f
n−1(b)),

(iii) sf (x) ≤ sf (f
m−1(b)) for all x ∈ f−1(fm(b)), m = 1, . . . , n.

We note that if an algebra (A, f) contains an element of degree ω, then the

lattice R∅(A, f) is not modular.

The last theorem of this section gives a description of completely join-irre-

ducible elements in R∅(A, f).
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������� 3.6� ([7, Theorem 3.1]) Let (A, f) be a connected monounary algebra

possessing no cycle. A retract R ∈ R(A, f) is completely join-irreducible in

R∅(A, f) if and only if the following conditions are satisfied.

(1) For all x, y ∈ R, x �= y, f(x) = f(y) implies that sf (x) �= sf (y).

(2) For all x ∈ R,
∣∣f−1(x) ∩R

∣∣ ≤ 2.

(3) For all x ∈ R0 ∪ ⋃
RZ there exist at most one n ∈ N and z ∈ R with

f(z) = fn(x) and sf (z) < sf (f
n−1(x)).

4. Length of retract lattices

In this section we will deal with the length of retract lattices. We prove that

for a connected monounary algebra (A, f) the lattice R∅(A, f) is of finite length

if and only if A as a retract is finitely generated.

The length, l(C), of a finite chain C is |C| − 1. A poset P is said to be of

length n, (in formula, l(P ) = n), where n ∈ N ∪ {0}, if there is a chain in P of

length n and all chains in P are of length ≤ n. A poset P is of finite length if it

is of length n, for some positive integer n.

������� 4.1� Let (A, f) be a connected monounary algebra possessing no cycle

and n ∈ N. Then l
(
R∅(A, f)

)
= n if and only if

∣∣A0
∣∣+ ∣∣AZ

∣∣ = n.

P r o o f. Let (A, f) be a connected algebra possessing no cycle with
∣∣A0

∣∣+ ∣∣AZ
∣∣

= n. Since R∅(A, f) is semimodular (due 3.4), it satisfies the Jordan-Hölder

chain condition (any two maximal chains of R∅(A, f) are of the same length),

hence to prove that l
(
R∅(A, f)

)
= n it is sufficient to find any maximal chain

of length n.

Let A0 = {x1, x2, . . . , xk} and AZ = {X1, X2, . . . , Xm}. Put C0 = ∅ and for

i = 1, . . . ,m, Ci =
⋃

1≤j≤i

Xj . If A
Z = ∅ we put C1 = R where R is any minimal

retract isomorphic to (N, suc) and we put m = 1. Further let m < i < n

and suppose that Ci−1 is defined. Let y ∈ f−1(Ci−1) � Ci−1 be an arbitrary

element. An algebra (Ay , f̃) is bounded, thus there is a retract R̃ of (Ay, f̃) such

that (R̃, f̃) ∼= (N, suc). Let R̃ = [xj ] for some j, 1 ≤ j ≤ k. Put Ci = Ci−1∪ [xj].

Since R̃ is a retract of (Ay, f̃), Ci is a retract of (A, f). Now it is evident that

Cn = A. For all i, 1 ≤ i ≤ n − 1, the relative subalgebra (Ci+1 � Ci, f) is

isomorphic to
(
(−∞, 0〉, suc ) or

(〈0, r〉, suc ) for some r ∈ N0, hence according

to 3.3, Ci ≺ Ci+1 for all i = 0, 1, . . . , n − 1. The set {C0, C1, . . . , Cn} forms a

maximal chain in R∅(A, f), therefore l
(
R∅(A, f)

)
= n.
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To complete the proof we show that
∣∣A0

∣∣ + ∣∣AZ
∣∣ ≥ ℵ0 implies the existence

of an infinite chain in R∅(A, f).

First suppose that
∣∣AZ

∣∣ ≥ ℵ0. Let {Xi : i ∈ N} be an infinite subset of AZ.

For n ∈ N put Cn =
⋃

1≤i≤nXi. Then the set {Ci : i ∈ N} forms an infinite

chain in R∅(A, f).

If (A, f) is unbounded, then there is no atom in R∅(A, f), hence there is an

infinite chain, too.

Assume that (A, f) is not unbounded and
∣∣AZ

∣∣ < ℵ0. Denote R =
⋃
AZ.

We may assume that for all y ∈ f−1(R) � R the algebra (Ay , f̃) is bounded,

otherwise R∅(A, f) contains an infinite chain, since according to 3.1 〈R) ∼=∏
y∈f−1(R)�R

R∅(Ay , f̃). In the case that each (Ay, f̃) is bounded put C0 = R

and for n ∈ N put Cn = Cn−1 ∪ [x], where the element x generates a retract

of (Ay, f̃), y ∈ f−1(Cn−1) � Cn−1 isomorphic to (N, suc). Obviously, the set{
Ci : i ∈ N0

}
forms an infinite chain in R∅(A, f). �

If a connected monounary algebra (A, f) possesses a cycle C then we obtain

that l
(
R∅(A, f)

)
= n+1 if and only if

∣∣A0
∣∣+ ∣∣AZC

∣∣ = n where AZC =
{
X ⊆ A :

(X, f) ∼= (Zm,∞, suc),m = |C|}
Suppose that (A, f) is a connected monounary algebra such that R∅(A, f)

is finite. In general it is not possible to find a finite connected monounary

algebra (B, g) such that R∅(B, g) ∼= R∅(A, f). Consider a connected mo-

nounary algebra (A, f) having at least two minimal retracts. Since (B, g) is

finite and connected, it possesses a cycle which is the only atom in R∅(B, g),

thus R∅(B, g) � R∅(A, f).

This problem can be eliminated if we allow that R∅(B, g) ∼= R∅(A, f) or

R(B, g) ∼= R∅(A, f), where R(B, g) denote the system of all retracts of (B, g)

without the emptyset.

First suppose that (A, f) possesses no cycle and AZ = {X1, . . . , Xm}, m ∈ N.
In this case we “cut off” the copies of (Z, suc). Let {z1, . . . , zm} be a subset of

A with the following properties:

(i) zi ∈ Xi, for all i = 1, . . . ,m,

(ii) if fk(zi) = f l(zj) then k = l,

(iii) if f(y) = fk+1(zi) and y /∈ Xj for j = 1, . . . ,m then sf (y) < k.
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z1 z2 z3

Let (B′, f) be a subalgebra generated by the set A0∪{z1, . . . , zm}. According
to the properties (ii) and (iii), for each i = 1, . . . ,m, [zi] forms a retract. These

retracts are the only atoms in R∅(B′, f). For R ∈ R∅(B′, f) put

ϕ(R) = [R0 ∩A0] ∪
⋃

{i: zi∈R0}
Xi .

It is not difficult to verify that ϕ is isotone with isotone inverse. Hence

R∅(A, f) ∼= R∅(B′, f). Futher let z ∈ A be such an element that for all n ∈ N0 we

have:
∣∣f−1(fn(z))

∣∣ = 1. Denote B = B′�
⋃

n∈N

fn(z) and define an operation g as

follows: g(z) = z, g(x) = f(x) otherwise. The mapping ϕ : R∅(B′, f) → R(B, g)

defined ϕ(R) = [R0] if R ∈ R(B′, f) and ϕ(∅) = {z} is a lattice isomorphism.

Therefore we obtain that R∅(A, f) ∼= R(B, g).

If the algebra (A, f) possesses a cycle we construct a finite algebra (B, g) in

a similar way. In this case R∅(A, f) ∼= R∅(B, g).

5. Diamonds in R∅(A, f)

A subset L′ of a lattice L is called a diamond or pentagon if L′ is a sublattice

isomorphic to M3 or N5 respectively.
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M3 N5

First we recall some facts. The lattice M3 is simple, i.e., has only trivial

congruences, thus if a direct product
∏
i∈I

Li contains a diamond, there is j ∈ I

such that Lj contains a diamond, too. It follows from the fact that all projections

are homomorphisms and at least one distinguishes the elements of M3. It means

that there is at least one j ∈ I such that projection pj : M3 ⊆ ∏
i∈I

Li → Lj has

not one element range.

In [6, Corollary 6.2] it was proved that for a connected monounary algebra

(A, f) the following holds: if R∅(A, f) is modular then it is distributive, thus if

it contains a diamond then it contains a pentagon. The purpose of this part is

to show that there are no diamonds in finite retract lattices.

����� 5.1� Let (A, f) be a connected monounary algebra. If R∅(A, f) contains
a diamond with the bottom element ∅, then (A, f) is unbounded.

P r o o f. By the way of contradiction, suppose that there exists a connected

not unbounded algebra (A, f), such that R∅(A, f) contains a diamond with the

bottom element ∅. Obviously, (A, f) possesses no cycle. Let X, Y, Z ∈ R(A, f)

be a retracts in the middle of this diamond. According to 3.2 the latticeR∅(A, f)
is atomic, hence there exists an atom X1 ⊆ X satisfying X1 � Y and X1 � Z.

Since X1 is an atom, there exists an element x ∈ X1, such that x /∈ Y , x /∈ Z.

If (X1, f) ∼= (Z, suc), then there exists y, z ∈ X1 with y /∈ Y and z /∈ Z. In

this case we can take arbitrary x ∈ X1, x bellow y, z. If (X1, f) ∼= (N, suc) take
x = x1, where [x1] = X1.

Since x ∈ X ⊆ Y ∪Z, we obtain that x ∈ Y or x ∈ Z, which is a contradiction.

�

Now we show that a finite retract lattice contains no diamond.

������� 5.2� Let (A, f) be a connected monounary algebra. If R∅(A, f) is

finite, then there is no diamond in R∅(A, f).
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P r o o f. Suppose that R∅(A, f) contains a diamond with the bottom element

V . Since (A, f) is not unbounded we obtain that V �= ∅. In this case

〈V) ∼=
∏

y∈f−1(V )�V

R∅(Ay, f̃) ,

thus there is an element x ∈ f−1(V )�V , such thatR∅(Ax, f̃) contains a diamond

with the bottom element ∅. Since (Ax, f̃) is not unbounded, due to Lemma 5.1

it is impossible. �

At the end of this subsection we give an example of an unbounded monounary

algebra, such that R∅(A, f) contains a diamond.

Example 5.3.

2

4

6

8

x1

y1z1

011

x2

y2

z2

323

x3y3

z3

554

x4

y4z4

677

Let (A, f) be the algebra as on the figure. Denote by X the subalgebra

generated by the set {xi : i ∈ N} ∪ {yi : i ∈ N}, by Y the subalgebra generated

by {yi : i ∈ N} ∪ {zi : i ∈ N} and by Z the subalgebra generated by {zi :

i ∈ N} ∪ {xi : i ∈ N}. All these subalgebras are retracts of (A, f). Obviously,

X ∪ Y = X ∪ Z = Y ∪ Z = A. Since X ∩ Y =
[{yi : i ∈ N}] we obtain that
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X ∧ Y = ∅. Similarly, the same holds for X ∧ Z and Y ∧ Z. Hence we obtain

that ∅, A,X, Y, Z forms a diamond.

6. Finite distributive retract lattices

In this section we will deal with finite distributive retract lattices. First we

show the connection between length and distributivity of finite retract lattices.

The rest of this section is devoted to find a representation of finite distributive

lattices as a retract lattices of monounary algebras.

For a lattice L, let J(L) denote the set of all nonzero join-irreducible elements,

regarded as a poset under the partial ordering of L.

������� 6.1� Let L be a finite lattice of length n, n ∈ N such that L ∼=
R∅(A, f) for some connected monounary algebra (A, f). Then the lattice L is

distributive if and only if |J(L)| = n.

P r o o f. It is well known that if a finite distributive lattice is of length n, then

it contains precisely n join-irreducible elements.

To prove the converse, we may assume that the lattice L is isomorphic to

R∅(A, f), where an algebra (A, f) possesses no cycle and also AZ = ∅. Hence∣∣A0
∣∣ = n. We show that if R∅(A, f) is not distributive, then it contains more

then n join-irreducible elements.

First, we show that there exists an injection from the set A0 to the set

J(R∅(A, f)). Let x ∈ A0 be an arbitrary element. Denote by m the least

integer, such that fm(x) ∈ R, where R is an atom of R∅(A, f). If m = 0

then [x] is an atom. Further suppose that m ≥ 1. Denote by J a set J ={
j ∈ {0, . . . ,m − 1} : (∃ y ∈ A)

(
f j+1(x) = f(y) & sf (f

j(x)) < sf (y)
)}

. For

each j ∈ J denote by xj+1 such element that [xj+1] is an atom of the lat-

tice R∅(Afj+1(x), f̃). Put Rx =
[{xj+1 : j ∈ J} ∪ {x}]. It is not difficult

to verify that Rx is a retract of the algebra (A, f) and that satisfy the condi-

tions (1), (2) and (3) of the Theorem 3.6. For each y ∈ R0
x assign the value

p(y) = min
{
k ∈ N : fk(y) ∈ [{y′ : y′ ∈ R0

x}
]
, y′ �= y

}
. The element x is the

only element of R0
x satisfying the condition p(x) = min

{
p(y) : y ∈ R0

x

}
. Thus

for each x, z ∈ A0, R0
x = R0

z implies x = z.

Suppose that R∅(A, f) is not distributive. According to the Theorem 3.5

there exists a triple a, b, c ∈ A satisfying the conditions (i), (ii) and (iii). Let

f(a) = f l(b) = f l(c) for some l ∈ N. Let a1 be such an element that [a1] is an

atom of R∅(Aa, f̃). Since sf (a) < sf (f
l−1(b)), there exists an element a′ ∈ R0

a1
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such that [a′] is an atom in R∅(Af(a), f̃). Denote by b1 and c1 the elements such

that [b1] is an atom in R∅(Ab, f̃) and [c1] is an atom in R∅(Ac, f̃). Due to the

condition (iii) of 3.5, [b1], [c1] are atoms also in R∅(Af(a), f̃). Hence the sets

(Ra1
� [a′])∪ [b1] and (Ra1

� [a′])∪ [c1] are join-irreducible retracts of (A, f) and

we obtain that
∣∣J(R∅(A, f))

∣∣ ≥ n+ 1. �

We notice that the assertion of this theorem fails to hold in general for finite

lattices (the lattice N5).

For a poset P , let H(P ) denote the set of all hereditary subsets partially

ordered by set inclusion. Note that S ⊆ P is hereditary if x ∈ S and y ≤ x

imply that y ∈ S.

There is the following well known result of representation of finite distributive

lattices (see [2]).

Let L be a finite distributive lattice. Then L ∼= H(J(L)). The isomorphism is

given by a �→ r(a), where r(a) =
{
x : x ≤ a, x ∈ J(L)

}
= (a〉 ∩ J(L). Note that

(a〉 = {x ∈ L : x ≤ a}.
������� 6.2� Let L be a finite nontrivial distributive lattice. If (a〉 forms a

chain for all a ∈ J(L), then there exists a connected monounary algebra (A, f)

such that L ∼= R∅(A, f).

P r o o f. Let L be a finite distributive lattice satisfying the condition of the

theorem. Then each nonzero x, x ≤ a, a ∈ J(L) is join-irreducible. Denote

n = |J(L)|. Define a function h : J(L) → N0, h(a) = 2
(
n − |r(a)| ). Obviously,

if a < b then h(a) ≥ h(b) + 2. Put

A = N0 ∪
⋃

a∈J(L)

{
(a, i) : 0 ≤ i ≤ h(a)

}

and define an operation f as follows:

for any a ∈ J(L) put

f
(
(a, i)

)
=

⎧⎪⎪⎨
⎪⎪⎩
(a, i+ 1) if 0 ≤ i < h(a)

(b, h(b)) if i = h(a) and b ≺ a

0 if i = h(a) and a is atom

for x ∈ N0 put f(x) = x+ 1.

The algebra (A, f) is connected and for all a ∈ J(L), i = 0, 1, . . . , h(a) we

have sf ((a, i)) = i. Moreover, f
(
(a, i)

)
= f

(
(b, j)

)
if and only if a, b cover the

same element and i = j = h(a) = h(b) or b ≺ a and i = h(a), j = h(b) − 1 or

a ≺ b and i = h(a)− 1, j = h(b).
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Suppose that f
(
(b, i)

)
= f

(
(c, j)

)
, sf ((b, i)) = sf ((c, j)) (in this case b, c

cover the same element and i = j = h(a) = h(b)) and there is m ∈ N, (a, k) ∈ A

with f
(
(a, k)

)
= fm

(
(b, i)

)
. Then either a ≤ b or a � b and a is atom. Since

fm
(
(b, h(b))

)
is equal to some (d, h(d)), d < b or equal to 0, we obtain that

sf ((a, k)) = k ≥ sf (f
m((b, h(b)))).

Hence there is no triple satisfying the conditions of Theorem 3.5 and we obtain

that R∅(A, f) is distributive.
Define ϕ : J(L) → R∅(A, f) as follows: ϕ(a) =

[{
(x, 0) : x ∈ r(a)

}]
. Since

a ≤ b if and only if r(a) ⊆ r(b), we obtain that a ≤ b if and only if ϕ(a) ⊆ ϕ(b).

First we show that for all a ∈ J(L), ϕ(a) is a retract of (A, f). Let y′ ∈
f−1(ϕ(a)) be an arbitrary element with f(y′) = f(x′) for some x′ ∈ ϕ(a),

x′ �= y′. Then x′ = (x, i), x ∈ r(a), 0 ≤ i ≤ h(x) and y′ = (y, j), y ∈ J(L),

0 ≤ j ≤ h(y). If x, y cover the same element, then sf (x
′) = i = j = sf (y

′). In

the case that x ≺ y, sf (x
′) = i = h(x) − 1 > h(y) = j = sf (y

′). If y ≺ x then

y ∈ r(a) and y′ ∈ ϕ(a). Hence, according to Theorem 2.1, ϕ(a) is a retract of

(A, f).

Next we prove that ϕ(a) satisfies the conditions of Theorem 3.6 and thus

ϕ(a) is join-irreducible. The only elements x of (A, f) with
∣∣f−1(x)

∣∣ ≥ 2 are of

the form (y, h(y)) or x = 0. Since r(a) forms a chain, for all b ∈ r(a) there is

at most one c ∈ r(a) such that b ≺ c and thus f
(
(c, h(c))

)
= (b, h(b)). Then

f
(
(c, h(c))

)
= f

(
(b, h(b) − 1)

)
and h(c) < h(b) − 1. Since f−1(0) ∩ ϕ(a) =

(a′, h(a′)), a′ ≤ a, a′ is an atom, we obtain that that ϕ(a) satisfies (1), (2) and

(3) of 3.6.

The lattice R∅(A, f) is distributive and
∣∣A0

∣∣ = n. According to Theorem 4.1

l(R∅(A, f)) = n and thus
∣∣J(R∅(A, f))

∣∣ = n. Since ϕ is injective, we obtain that

J(L) ∼= J(R∅(A, f)), what completes the proof. �

The condition in Theorem 6.2 is also necessary (see [7]). Hence, finite dis-

tributive lattice L is representable as a retract lattice of a connected monounary

algebra if and only if (a〉 forms a chain for all a ∈ J(L).
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[7] JAKUBÍKOVÁ-STUDENOVSKÁ, D.—PÓCS, J.: Some properties of retract lattices of

monounary algebras, Math. Slovaca 62 (2012), 169–186.
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