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A NOTE ON REPRESENTATION
OF PSEUDOVARIANT MAPS
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ABSTRACT. We define and study the notions of pseudovariant maps and pseu-
dogeny maps on G-spaces. We prove that the set of all pseudogenies of a locally
comapct G-space is a group. We further obtain representation of pseudovariant
maps in terms of pseudogenies. Finally, we obtain Tietze type extension result for
pseudovariant homotopies defined on locally compact second countable G-spaces.
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1. Introduction

The notion of equivariant maps between two G-spaces is defined and studied
in detail (e.g. [2], [6]). We recall that equivariant maps serve as morphisms in the
category of objects as G-spaces. In [4], we have defined the notion of pseudoe-
quivarince, weaker than equivariance. We have observed that some interesting
results regarding equivariant maps still hold true under the weaker condition
of pseudoequivariance. For example pseudoequivariant maps also serve as mor-
phisms in the category of objects as G-spaces. Using this notion we have also
obtained several results for G-expansive homeomorphisms ([4], [5]). Recently
Choi and Kim in [3] have used this concept to generalize topological decompo-
sition theorem in [1] due to Aoki for compact metric G-spaces.

In [6], the notions of equivalence of two G-spaces, isovariant maps between
two G-spaces and an isogeny on a G-space X using equivariance are defined
and studied. In this paper, we define some new concepts involving pseudoe-
quivariance, provide examples and study properties related to these notions. In
Section 2, we define pseudoequivalency and observe that if f is a pseudoequiv-
alence then it induces unique homeomorphism on orbit spaces commuting with
orbit maps. We further introduce the notion of pseudovariancy and show that
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if induced map fg of a given pseudovariant map f is a homeomorphism, then f
is a pseudoequivalence. In Section 3, we define pseudogeny maps on a G-space
X and show that if X is a locally compact G-space with G compact then the
collection Pr(X) of all pseudogeny maps of X forms a group. We also prove
that if X and Y are G-spaces with G compact and X locally compact then for
any pseudovariance f from X to Y, P;(X) completely represents the class of
pseudovariancies of X into Y having fs as the induced map on the orbit spaces.
In Section 4, we define pseudovariant homotopy, obtain Tietze type extension
result for pseudogeny homotopies defined on normal G-spaces and use this result
to obtain Tietze type extension theorem for pseudovariant homotopies defined
on locally compact second countable G-spaces.

Throughout GG denotes a topological group. By an action of G on X, we mean
a continuous map 0: G x X — X satisfying 6(e,x) = = and 0(g1,0(g2,2)) =
0(g192, ), where x € X, g1,92 € G and e is the identity of G. By a G-space
we mean a triple (X, G, 0), where X is a topological space, G is a topological
group and € is a continuous action of G on X. If (X,G,0) is a G-space then
for z € X, the set G(x) = {gx | g € G}, where gz denotes 6(g, x), is called the
G-orbit of x in X. The set X/G = {G(x) | z € X} endowed with the quotient
topology induced by the quotient map wx: X — X/G defined by nx (z) = G(x),
x € X, is called the orbit space of X. The map 7wx is called the orbit map. We
recall that 7mx is continuous and open. If GG is compact then 7x is closed also.
A continuous map f from a G-space X to a G-space Y is called an equivariant
map if f(gx) = gf(xz), for each z € X and g € G ([2], [6]). A continuous
map f from a G-space X to a G-space Y is a called a pseudoequivariant map
if f(G(z)) = G(f(x)), for each x € X ([4]). Clearly every equivariant map
is pseudoequivariant but following example shows that every pseudoequivariant
map need not be equivariant.

Ezxample. Consider the space X =Y = R? with the usual metric. Let 6 be the
action of G = R on R? defined by 0(z, (y,2)) = (v +vy,2); z,y,2 € R. Then
the homeomorphism h,: R? — R? defined by h,(u) = au, where u € R? and
a€R—{-1,0,1} is fixed, is pseudoequivariant but not equivariant.

2. Pseudovariant maps and pseudoequivalence of GG-spaces

Throughout X and Y are G-spaces and f: X — Y is a continuous map. We
recall the following result proved in [6].

PROPOSITION 2.1. If f is an equivariant map then there exists a unique map
fo: X/G — Y/G such that fg omx = my o f, where nx: X — X/G and
my: Y = Y/G are orbit maps.

Remark 1. The above result remains true if equivariancy of f is replaced by
pseudoequivariancy (see [5]).

DEFINITION 2.1. f is called a pseudoequivalence of X with Y if f is a pseudo-
equivariant homeomorphism.
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Following is a consequence of Proposition 2.1 and Remark 1.

THEOREM 2.2. If f is a pseudoequivalence of X with Y, then the naturally
induced map fo: X/G — Y/G defined by fo(G(x)) = G(f(x)) is a homeomor-
phism satisfying fa o mx = my o f. Moreover, such an fg is unique.

DEFINITION 2.2. A pseudoequivariant map which is one-one on each G-orbit is
called a pseudovariant map.

Following example justifies that a pseudovariant map need not be a pseudoe-
quivalence.

Ezxample. For each n € N let X,, be the circle in the plane centered at origin
of radius !. Let X = U X, U{(0,0)} with the usual subspace topology from

Euclidean plane R2. Deﬁne a self map f on X fixing poins of X; U {(0,0)} and
sending any point z in X,,, n > 1 to the point z; which is the point of intersection
of X,,_1 with the line joining z and (0,0). Let the special orthogonal group
SO(2) act naturally on X by matrix multiplication. Since f preserves angle so
it is pseudovariant. It is easy to verify that f is not a pseudoequivalence.

We have following result related to converse of Theorem 2.2.

THEOREM 2.3. Let X be a locally compact G-space, G compact. Suppose f is a
pseudovariant map such that the induced map fg is a homeomorphism. Then f
is a pseudoequivalence of X with Y.

Proof. Since f is pseudovariant, it is pseudoequivariant and one-one on each
G-orbit. We need to show that f is bijective and f~! is continuous.

Let z,y € X, x # y. If G(z) = G(y) then z,y € G(z) and f being one-one
on each G-orbit, f(x) # f(y). If G(x) # G(y) then fs being one-one on X/G,
fa(G(@)) # fa(G(y)) Le. fa(rx(x)) # fa(mx(y)). Since fgomx =my o f, we

get my f(x) # my f(y)) Le. G(f(x)) # G(f(y)) which implies f(z) # gf(y) for
every g € G and hence f(z) # f(y). Thus f is one-one on X. Let y € Y. Then

G(y) € Y/G. Since fg is onto there exists G(z) € X/G such that fg(G(z)) =
G(y) i.e. G(f(x)) = G(y). Since f is pseudoequivariant, we get f(G(z)) = G(y)
which implies y = f(gx) for some g € G and hence f is onto.

For z € X, consider a compact G-invariant neighbourhood K of z. Since mx
is open, mx (K) is a neighbourhood of wx () so fa(mx (K)) is a neighbourhood of

fo(rx(z)) = my (f(x)). Hence 7y fo(mx (K)) is a neighbourhood of f(x) which
implies 73 (my (f(K))) is a neighbourhood of f(z). Since f(K) is G-invariant
therefore we get that 7y ' (7y (f(K))) = f(K) is a neighbourhood of f(z).

Since K is compact, f|x: K — f(K) is a homeomorphism. Let U, be any
neighbourhood of x. Then there exists Vi (,), an open set of Y containing f(x)

such that (f|x) ™" (Vi) Nf(K)) C U,NK. Since f(K) and Vy(, are neighbour-
hoods of f(z) therefore V) N f(K) = Hy(,) is a neighbourhood of f(z). Thus
ft (Hf(m)) = (f|K)71(Hf(x)) CU,NK CU,. Consequently f~! is continuous
at f(z). O
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3. Pseudogeny maps

Recall that an equivariant map between G-spaces is called isovariant if it is
one-one on each G-orbit. An isovariant self-map is called an isogeny of a G-space
X if the induced map on the orbit space is identity. It is known that the set
I1(X) of all isogenies of a locally compact G-space is a group. Further, if X,V
are GG-spaces with X locally compact, G compact and f: X — Y is an isovariant
map then there is a one-one onto map of I(X) into the set of isovariant maps of
X into Y having induced map fg ([6]). In this section we define pseudogenies
and observe that the set P;(X) of all pseudogenies is a group. We further obtain
representation of pseudovariant maps in terms of pseudogenies.

DEFINITION 3.1. A pseudovariant map f: X — X is called a pseudogeny if its
induced map fg: X/G — X/G is identity.

THEOREM 3.1. Let X be a locally compact G-space, G compact, then Pr(X),
the set of pseudogenies of X, forms a group.

Proof. By Theorem 2.3 members of P;(X) are pseudoequivalences of X. One
can now verify that P;(X) is a group under composition. d

THEOREM 3.2. Let X and Y be G-spaces, G compact and let f: X — Y be a
pseudovariant map. Then T — foT is a one-one map of Pr(X) into the set of
pseudovariant maps of X into Y with induced map fo. If X is locally compact
then this correspondence is onto i.e. any pseudovariant map g of X into Y with
induced map fa is of the form foT for a unique T € Pr(X).

Proof. For any T € P;(X), f oT is a pseudovariance from X to Y satisfying
(foT)e = faoTg = fg. Using the fact that any 7' € Pr(X) is a self-
homeomorphism of G(z), x € X, we get that if 77,T> € P;(X) satisfy fo T} =
f [¢) TQ then T1 = TQ.

Now suppose X is locally compact and g is a pseudovariant map of X into
Y with induced map fg. We have to show that there exits a unique map
T € P;(X) satisfying g = foT. For any G(x) € X/G, since f and g are
pseudoequivariant, one-one on G(z) and G(x) is compact, each of f|g(,) and
glc(e) is a pseudoequivalence of G(z) with fq(G(x)). Define T: X — X by

T(G(x)) = (flew) " ©(9la)). Then g = foT, mxoT = rx and T(kx) = ks,
for some ki € G. By definition, 7" is one-one on each G-orbit (since each of f|g ()
and g|g () is one-one on G(x)). So it is sufficient to show that 7' is continuous.
Let {x,} be a net converging to z in X. We have to show that T'(z,) converges
to T(x). Since X is locally compact, we can assume that x, € V, where V is a
compact neighbourhood of . Then T'(z,) € GV (by definition of T'). Note that
G being compact GV is also compact. If {T(z,)} does not converge to T'(x)
then by passing to a subnet we can assume that {T'(z,)} coverges to 1 # T'(z).
Using 7x = wx o T, we get that 1 and T'(x) are in the same G-orbit and
g = foT gives f(z1) = f(T(x)), which implies z; = T'(z), a contradiction. [
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4. Pseudovariant homotopy

If X is a G-space, then X x I, the product of X with the closed unit interval
I is also a G-space under the action of G on X x I defined by g(z,t) = (gz,t).
If f: X x I — Y then for each t € I, we denote by f; the map from X into Y
defined by fi(z) = f(x,t).

DEFINITION 4.1. If Y is also a G-space and f is pseudovariant then we call f
a pseudovariant homotopy connecting fy and fi.

We recall the following definition and result from [6].

DEFINITION 4.2. A mapping f from a G-space X into a topological space Y is
called invariant if f(gx) =z for all g € G and x € X.

PRrROPOSITION 4.1. Let X be a normal G-space and K, F be disjoint closed
invariant subspaces of X then there is an invariant map f of X into the closed
unit interval I such that flx =0 and f|p = 1.

Next, we prove a Tietze type extension result for pseudogeny homotopies
defined on normal G-spaces and use this result to obtain Tietze type exten-
sion theorem for pseudovariant homotopies defined on locally compact second
countable G-spaces.

LEMMA 4.1. Let X be a normal G-space, C' a closed invariant subspace of X
and U an invariant neighborhood of C. If S is a pseudogeny of U x I satisfying
S(u,0) = u for all w € U then there exists a pseudogeny T of X x I such that
T(z,0) =z forallz € X and T|cx; = S|loxi-

Proof. Since C' and X — U are disjoint closed invariant subsets of X, by
Proposition 4.1, there is an invariant map f: X — I such that f|c = 1 and
flix—vy = 0. Define T: X x I — X x I such that T(x,t) = S(z, f(x)t) for
x €U and T(z,t) = for x € X — U. Since f|c = 1 therefore T|cx; = S|ox1-
That T'(x,0) = « for all z € X follows from the definition of 7" and the fact that
S(u,0) = u for all u € U. For pseudoequivariancy of T', let us first take z € U.
Using the fact that f is invariant and S is pseudoequivariant one obtains

T(g(x,t)) = S(g, f(ga)t) = ¢'S(z, f(2)t) = g'T(z,1)
for some ¢’ € G. Incase x € X — U,
T(g(x,1)) = T(gz,t) = gz = gT(x,1).
Thus T(G(x,t)) = G(T(x,t)) for all x € X and t € I. This proves T is
pseudoequivariant. For one-oneness of T" on each G-orbit, take x € U and
let T(g(x,t)) =T(¢'(x,t)). Then invariancy of f implies
S(gz, f(2)t) = S(g'z, f(2)t)

and since S is one one on each G-orbit,we have gr = ¢’z and hence g(z,t) =
g (x,t). In case x € X — U, invariancy of X — U and definition of T' gives
T(g(xz,t)) = T(¢'(x,t)) implies g(x,t) = ¢'(x,t). Thus T is pesudovariant.
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Finally, using arguments similar as above and the fact that the induced map
Sg on Uél is identity, it follows that the map Tg: Xéd — Xéd defined by
Te(G(z,t)) = G(T(z,t)) is identity. O
THEOREM 4.2. Let X be a locally compact G-space satisfying second azxiom of
countability and let f: X x I — Y be a pseudovariant homotopy. Let C be a
closed invariant subspace of X and let U be an invariant neighborhood of C'. If
there exists a pseudovariant homotopy f*: U x I —'Y such that f§ = foly and
& = falax@)x1 then there exists a pseudovariant homotopy h: X x I —'Y

with induced map fo such that hloxr = f*|loxr-

Proof. By Theorem 3.2, f* = (f|UX1)T*7 where T™ is uniquely determined
pseudogeny of U x I. Since f§ = folu, we have T*(u,0) = u for u € U. Observe
that X being locally compact and second countable, is metrizable and hence is
a normal space. Thus by Lemma 4.1, we can find a pseudogeny T of X x I such
that T|cxr = T*|cx1. Set h = f oT. Using Theorem 3.2 one can check that h
has desired properties. O
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