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1. Introduction

1.1. The Szész-Mirakyan operators
e ame N () (K

Sn(f;x):=e kz_o ¥ f i z€Ry, neN, (1.1)
(Rp = [0,00), N = {1,2,...}) and their modifications for functions f from
various spaces vere examined in many papers and monographs (e.g. [1]-[8], [10],
[12]-][20]). M. Becker and co-authors investigated in the paper [3] the above
operators S, in exponential weight space C, with p = const. > 0 and the weight

function
vp(x) = e P¥, z € Ro. (1.2)
The space C), ([3]) is the set of all functions f: Ry — R for which v, f is uniformly

continuous and bounded on Ry and the norm || f||, := sup vy(x)|f(x)|.
EASIENG)

In the paper [3] was proved that S,, defined by (1.1) is an operator from the
space C), to Cy provided that ¢ > p > 0 and n > ng > p/In(g/p). Moreover, in
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[3] were proved fundamental approximation theorems for these operators S,, in
the space C,,.

1.2. In the paper [13] we introduced the generalized Szész-Mirakyan opera-
tors for f € Cp:

o] (e L = (nx)k < rk )
Spp(fix) = Ar(”x)kzzo (k! f ntp) x €Ry, neN, (1.3)

with a fixed » € N and

0 trk
A (t) = Z (k) for t € Ry. (1.4)
k=0
If =1, then A;(¢) = e’ and
e ()
Sy[};]p(f;x):e Z Ll f —— x €Rp, neN, (1.5)
k=0 p

The approxination properties of S,[ll;}p were examined in the paper [15].

In [13] we showed that, for a fixed p > 0 and every n,r € N, Sy[:]p is a positive
linear operator from the space C), to the same C,. Moreover, we proved some

approximation theorems on S,[lr]p

1.3. We mention that the formula (1.3) for S,[f;]p is connected with the Borel
method B, of summability of sequences. As is known ([9], [11]) a sequence (a,)§°
of real numbers is summable to g by the Borel method B,, r € N, if the series

> rk . .
> (ik), ay, is convergent on Ry and if
k=0 )

o0

trk
. —t .
tlgrolo re Z (rk)!ak =g.
k=0
In [13] we proved that the function u = A,.(t), t € Ry, 2 < r € N, is the solution
of the differential equation
U(T_l) + u(T—Q) + e _|_ u’ + u = et’
satisfying the conditions
uw(0)=1, u®0)=0 for k=1,2,...,r—2.

From (1.4) is obvious that A;(t) = e" and Ay(t) = cosht = } (e +e7F).
In [13] was proved that if r = 2m, 2 < m € N, then

m—1

1

Ao (t) = m [eosht + Z exp <tcos Z) cos (tsin Z)] ,
k=1
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and if m € N, then

Aoy (t)

m
2k 2k
e +2Zexp (tcos 2mj—rl> cos <tsin 2m—{ﬂ—-1> ,

k=1

T om+1

for t € Ry.
From the above formulas we get

1
lim e "A,.(t) = for every reN,
t—o00 r

which implies that for every fixed r € N there exists the positive constant My(r)
depending only on r such that

t
e
1< < M, f Rp. 1.
S A S o(r) or t€Ry (1.6)

1.4. The Szasz-Mirakyan operators

= (ma)d (ny)* ]
Sm,n(f;x) — e—mm—nyZZ( ) ( y) f (] k>’ (17)

jlk! m’'n
j=0 k=0

(z,y) € RZ =Ry x Ry and m,n € N, for the functions f: R2 — R (and certain
modifications of S,, ,) were examined also in many papers (e.g. [14], [18]).

1.5. In this paper we shall investigate the generalized Szasz-Mirakyan oper-
ators S%’,ﬂ;p,q on exponential weight spaces of functions of two variables. The
definition of these operators and some auxiliary results will be given in Section 2.
The approximation theorems will be proved in Section 3.

We shall denote by M;(a,b), i € N, suitable positive constants depending only
on indicated parameters a, b.

2. Definitions and auxiliary results

2.1. The exponential weight space of functions of two variables will be de-
noted by Cp 4.
Let p,q > 0 be fixed numbers, v, be defined by (1.2) and let
Upq(x,y) = vp(x)vy(y) = e P71 for (x,y) € R3. (2.1)

The space C, 4 is the set of all functions f: R3 — R such that v, ,f is uniformly
continuous and bounded on R2 and the norm

1 £llp,g = 11£Cs0)

lp.g = sup v q(z,y)|f(z,y)| (2.2)
(z,y)€RZ

89



LUCYNA REMPULSKA — SZYMON GRACZYK

Moreover, let C7",,

entiable functions f € C,, which the partial derivatives fi]z),y, 1<k <m,
0 <1 <k, belong to C,, , also.
Let as usual w(f;Cp,4) be modulus of continuity of f € Cp 4, i.e.

w(f; Cpgitys) = sup  [[Ansf(5)llpag (2.3)

0<h<t,0<6<s

for ¢, s > 0, where Ah,(sf(xyy) = f(x +h,y+ 6) - f(xay) ({5]7 [6]7 [17])
For every f € (), we have

with p,q > 0 and m € N, be the class of all m-times differ-

w(f; Cp,q; t1, 31) < w(f; Cp,q; to, 51) < w(f; Cp,q; to, 52) (2~4)
for 0 <t; <t9 and 0 < s1 < s9, and
tslgr(le(f Cpqit,s) =0. (2.5)

2.2. Let now r,s € N be fixed and let A, be given by (1.4). For functions
f € Cpq, p,qg >0, we define the following generalized Szasz-Mirakyan operators

(ma)™( ny 7] sk
Sdpafivi= oSS ST (),

_] =0 k=0
(2.6)
(z,y) € R2 and m,n € N. In particular, for fo(z,y) = 1 we have

Smnpq(fo,:z; y)=1 for (2,y) € R3 and m,n € N. (2.7)
If r = s =1, then by (2.6) and (1.4),

[1,1] —mx—n m;z: j k
ST TP D) DR ALY (I RRCE)

7=0 k=0
and

Slral  (£30,0) = £(0,0), (2.9)

m,n;p,q

for every f € Cp 4 and m,n € N. Moreover, if f(x,y) = fi(z)f2(y) and f1 € C,
and fo € Cy, then by (2.6) and (1.3) follows
Sr[:bﬂpq(f;xay)zsy;};p(flv )S[S (f27 ) for (fﬁ,y) GR?)’ mvn€N~
(2.10)
We shall show that for fixed p,q > 0, r,s € N and m,n € N the above S,[,Z’,ﬂ;p,q
is a positive linear operator from the space Cp, 4 to Cp 4.

We shall omit » and s in the symbols Sy[f;];p, S,[f;q and S%fl]p ¢ if r =1 and
s=1.

2.3. Here we shall give some results obtained in the papers [13] and [15] for
the operators SLT;]I,. For a fixed x € Ry we denote

or(t) =t —x for te€Ry. (2.11)
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LEMMA 1. ([15]) Let p > 0 be a fizred. Then
Sy (P2(1); ) = (1222 + ma)/(m+ p)* < (p+ D)(&® +2)/(m+p),  (212)
Smip (05(t);z) = (p*z* + 6p*ma® + (3m — dp)ma® + ma)/(m +p)*  (2.13)
< (pPaxt + 6pa® + 322 + x)/(m + p)?,

and
Smip(1/vp(t); z) = exp [mx (ep/(m+p) - 1)} < eP*,

for x € Ry and m € N, which implies that
| Simp (1/vp)]lp < 1 for m eN. (2.14)
We observe that for every fixed p > 0 there holds also
| Simip (1/v2p)]|2p < 1 for meN. (2.15)
Indeed, by (1.2) and (1.5),

e = (ma)® .
Smip(1/vop;x) =€ Z k!) o2pk/(m+p)
k=0

= exp [mx (e2p/(m+p) — 1)} , x € Ry, meN,

and, by k! > 2~ for k € N,

020/ (mtp) _ 1 _ i [2p/(ﬂ;|+ p* < Qi (m]j—p)k

k=1 k=1
2p/(m + p)

~ 1-p/(m+p)
2

P for meN
m

Consequently,
| Sim:p(1/v2p)||2p = sup e_2px|Sm;p(1/v2p;x) <1 for m e N.

z€Ry

LEMMA 2. ([13]) Let ex(z) = 2 for v € Ry and k = 0,1,2, and let p > 0 and
r € N be fized. Then

Sl (eo; ) = 1, (2.16)
mx Al (mz)
S (58 = A (ma)’
and
m2z?  A’(mz) x Al (mx)

Smp(e% x) = (2.17)

(m+p)2 An(mz) * (m+p)? Ay(ma)
forx € Ry and m € N.
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LEMMA 3. ([13]) For fized p > 0 and r € N there holds

Tim mSL (s (t);0) = —pa
and

lim mSlil, (¢2(0);2) = .

m—o0

at every x € Ry.

From the formulas (1.3)-(1.5) and the inequalities (1.6), (2.14) and (2.15) we
immediately derive the following

LEMMA 4. Let p > 0 and r € N be fized. Then, for every non-negative function
f € Cp, there holds

S,[:Llp(f;x) < Mo(r)Smip(f;x) for x € Ry, m € Ny,
where My(r) = const. > 0 is given by (1.6).
In particular we have
Sl (@2 (t);2) < Mo(r)Smyp (#2'(t);2), i €N, (2.18)

0p (@) B, (1 up(0): ) < Mo(r) (2.19)

and
vap(@)SPiL, (1/vap(t) : @) < Mo(r),

for x € Ry and m € N.

Applying (2.1), (2.2), (2.6), (2.10) and (2.19), we can easily obtain the basic
lemma.

LEMMA 5. For fized p,q > 0 and r,s € N there is My(r,s) = Mo(r)My(s)
(Mo (-) is given by (1.6)) such that for every f € Cp 4,

IS (Dlipg < Mi(ro)|fllpg  for mym€N. (2.20)

m,n;p,q

The formulas (2.6) and (1.4) and the inequality (2.20) show that S%’,fl];p,q is
a positive linear operator acting from the space Cp 4 to the same Cp 4.

3. Theorems
3.1. First we shall prove two theorems on the degree of approximation of
functions f € Cp 4 by S,[,Z’ﬂ;pvq(f).
Denote by

Rpn(fia,y) =Sl (fizy) — f(z,y). (3.1)
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THEOREM 1. For fized p,q > 0 and r,s € N there exists My = Ms(p,q,r,s)

= const. > 0 such that if f € C} ,, then

2+ Y2 +y
”Up,q(x,y) ]Rm;n(f;x,y)\ < M, {||f”,”||p’q\/m+p + ||fz//||p,q\/ ) (3-2)

n+q

for (z,y) € R3 and m,n € N.

Proof. Choose f € C}, and (z,y) € R. Then by (3.1), (2.6)—(2.8) and (1.6)
we have

R (32, 9)| = S5y (£(8,2) = S (@, )i,y
< St (12) = fy)l i y)
< MO(T)MO(S)Sm,n;p,q(’f(t:Z) — f(=,y)| §37:y) for m,n € N.

But, by (2.1) and (2.2),

z

[f(t,2) = flz,y)| = ’/tfﬁ(u,Z)dwr/f;(fmw)dw‘

Y
z
/ dw ‘
Vp,q(2, W)
Yy

o o)l

—z

Upq(t,2)  vpg(w,2)

g ( oy ! )|z—y|
v vp,q(x,z) ”p,q(xay) ’

for every (¢,z) € R3. From the above and by (2.8), (2.10), (2.11) and (2.1) we
get

t

du ,
m/ vp,q(u; Z) ‘ + ||fy||17aq

<1 (

< fellp.q

Vp,q(%,Y) Smnip,g (| f(E, 2) — f(2,9) |52, y)
< Hf:;”p,q{vp,q(xa?J)Smm;p,q (I () /vp,q(t, ) = @,y)
+0g(y) S p (192 (t)]; ) Snsq (1/v4(2); ) }
+ Hfg//”p,q{vq(y)sn;q (lpy (2)]/v4(2); y) + Sniq (loy (2)[; y)}
= fallpa (Ta (2, y) + To(2,9)) + [y llp.q (T3(2, ) + Ta(z,y)).
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Using the Holder inequality, (2.1), (2.10) and (2.14)-(2.16), we deduce that
1/2
Ty (z,y) < <U2p,2q(xvy)Sm,n;p,q(l/”2p,2q3xay)sm;p (‘Pi(t)ax))

< (1Smip 1/ v2lapl a1 /v20) g S (22005)) '

and analogously

TQ(CL’,y) = HSn;q(l/vq)Hq(Sm;P (‘Pi(t);x))lﬂ < (Sm;p<tpi(t);$>>1/2a

and
) 1/2
Ty(z,y) < (Sn;q ((py(z);y)> for m,n eN.

Combining the above and using the inequality (2.12), we obtain the desired
estimation (3.2). O

THEOREM 2. Let p,q > 0 and r,s € N be fired and let Ry, ,,(f) be defined by
(3.1). Then there exists Ms = Ms(p,q,r,s) = const. > 0 such that if f € Cp 4,
then

24z
Vp,g (2, Y) [Renin (f32,9)| < Maw | f;Cp.q m+p\ n + q ) (3.3)

for (z,y) € R and m,n € N, where w(f; Cp.q)is the modulus of continuity of f
defined by (2.3).

Proof. The inequality (3.3) for (z,y) = (0,0) is obvious by (3.1), (2.9) and
(2.3). Let now z,y > 0. For f € C,, 4 we consider the Stieklov function

s
1
fns(z,y) hd/du/f(x+u,y+w)dw, (z,y) €RZ, h,6 >0,
0 0

for which the partial derivatives are given by the formulas:
)
T A A d
(fh,s(l‘,y))m =15 /( nwl(@y) — o,wf(%}y)) w
0

h
(fh,&(:l),y)>; = h15 /(Au,af(l‘,y) — Aw’of(x,y)> du.

0
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From this we deduce that fs s € Cp , and by (2.3) and (2.4),

1fho = fllpg < w(f;Cpgih,6), (3.4)
I(Fro)zllpg < 207 w(f; Cpgih, d)
and
1(fr.s)yllpag < 207w (f; Cpgsh,8)  for h,d>0. (3.6)
Now, by (2.6), (2.7) and (3.1), we can write

|Rm,n(f§xay)|
< |kl (f(t2) = frs(t 2);2,9)| + | R (fss 2, 9) + [ frs(@, ) — fz,y)|

3
= Z Wi(x,y) for m,neN, h,6>0. (3.7)
k=1

Next, by (2.20), we have
Upq(2,y)Wilz,y) < Mi(r, s)|f — frollpa (3.8)
and, by Theorem 1,
Up,q(,y)Wa(z, y)

? 2 3.9
§M2(P’qv’“78>{Il(fh,s)éllp,q\/ fn”+||<fh,5>;||p,q\/ s } 39

+p n+q
Applying (3.8), (3.9) and (3.4)-(3.6), we get from (3.7):
IR e A Ve )
""p,q(%yHRm,n(f;xyy)\ §M4w(f§cp,q;ha6){1+h 1\/m+p+5 1\/n+q )

(My = My(p,q,r,s) = const. > 0) which for given m,n € N and z,y > 0

and choosed h = /(22 +z)/(m +p) and § = \/(y2 +y)/(n + q) implies the
estimation (3.3).

The proof of (3.3) at the points (x,0) and (0,y) is similar. d
Theorem 2 and the property (2.5) imply the following

COROLLARY 1. For fizred p,q > 0 and r,s € N and every f € C, 4 there holds

lim Skl (fiz,y) = f(z,y)  at every (z,y) € RE.

m,n;
m,n— o0 P-4

This convergence is uniform on every rectangle [x1,x2] X [y1,y2] with z1,y1 > 0.

3.2. The purpose of this section is to prove the Voronovskaya-type theorem
for the operatos S,[lr,’;:];p,q.
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THEOREM 3. Let p, q, r and s satisfy the assumptions of Theorem 2. If
fe C’z then

»q’

tim 7 {8, (f0) — F(o,0))

n—oo

(3.10)
= —prfy(z,y) — qufy(z,y) + ;f;% (z,9) + gf;’z (z,y)

at every (x,y) € RE.

Proof. The statement (3.10) is obvious for (x,y) = (0,0) by (2.9).
Choose [ € C'z’q and (x,y) € R3. By the Taylor formula we have

[t 2) = f(z,y) + folz,y)(t — ) + fy(z,y)(z —y)
1 " 2
+ { £ (@)t = 2)* + 2f7, (2, y)(t — 2) (2 — y) (3.11)
" 2
L) =)+ ey () {( - o)+ (2 )}
for (t,z) € RZ, where 1, , is a function belonging to the space C,, and
( )hH(l )wxyy(t,z) = 1y y(z,y) = 0. Hence the formulas (2.6), (3.11), (2.7),
t,z)—(x,y
(2.10), (2.11) and (1.3) imply that
St o(f(t2); 2, y)
= f(a,y) + fo(z. ) S (pa(t);2) + £ (2, 9) S (0y ()5 )

o L)L (@20: ) + 272, e, u)SE (0 (1: ) ST, (4 (2): )

2
+ [ @S (ERE50) } + Zalw,y), neN, (3.12)
where
Zn(w,y) = ST (Ve (t 2/ (0) + 93202, (3.13)
Using now Lemma 3, we get from (3.12)
Tim n {8, (i) = fy) ) (3.14)

x y ,
= —pefory) —ayfyle,y) + ) foa (e, y) + o (@ y) + lim nZy(z,y).
Obviously the formula (3.14) yields (3.10) provided that

lim nZ,(z,y) = 0. (3.15)
n—oo
By the Holder inequality, (2.6), (2.10) and (2.16) we get from (3.13):

n|Z,(z,y)]

1/2 1/2
< (Sl g (2t 20im,0) ) {n2SEL (041 @) +n2SEL (eh()50) |
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and, by Corollary 1 and propreties of ¢ ,
hm Snr;?p q( ; (t,z);x,y) = 1/’3;,y(177y) =0.

From this and (2.18) and (2.13) immediately follows (3.15). Thus the proof of
(3.10) is completed. O

4. Remarks

4.1 In the paper [14] certain class of positive linear operators L., ,, was inves-
tigated in the polynomial weight space C = of functions of two variables. Now
C,.4 1s dependent on p,q € Ng = NU {0} and the weight function wp oz, y) =
wy(2)wy(y) for (z,y) € R3, where wo(x) =1 and wy(z) = (1 +2P)"if p € N.
C . is the set of all functions f: R — R such that w, 4 f is uniformly continuous
and bounded on Rf and the norm | f[|* = sup wpq(x,y)|f(z,y)|. In [14]

(z,y)€ERZ
was proved that Ly, ,: Cp , — Cp . and the some z;pproximation theorems for
these operators were given. In [14] was showed also that the class of operators
L,, , contains the Szdsz-Mirakyan operators .Sy, , defined by (1.7) and other
well known operators of functions of two variables.

4.2. It is obvious that for f € C} , p,q € No, and r,s € N, the generalized
Szasz-Mirakyan operators

(rs] (. ': (ma)™( ny rj sk
Sm,n(f"r?y)' A ZZ f m7 n )

] 0 k=0
(z,y) € R2 and m,n € N, can be examlned (A, is given by (1.4)).

We can verify that the above SWZ belong to the class of operators L,, ,

considered in [14]. Hence, the approximation properties of S%fl] can be obtain

from the paper [14].
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