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1. Introduction

Let ¥, denote the class of functions f(z) of the form:
f2) =274 a2 (peN={1,2,3,...}), (1.1)
k=1

which are analytic and p-valent in the punctured open unit disc U* = {z € C :
0 < |z] < 1}. If f(2) and g(z) are analytic in U = U* U {0}, we say that f(z)
is subordinate to g(z), written f < g or f(z) < g(z) (z € U), if there exists
a Schwarz function w(z) in U, with w(0) = 0 and |w(z)| < 1 (2 € U), such
that f(z) = g(w(z)), (z € U). Furthermore, if g(z) is univalent in U, then the
following equivalence relationship holds true (see [3] and [9]):

(V2 € U)(f(2) < g(2)) <= (f(0)=g(0) & f(U)C g(U)).
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For functions f(z) € £,, given by (1.1) and g(z) € £, defined by
) =z"+Y by (peN), (1.2)
the Hadamard product (or convolution) of f(z) and g(z) is given by

(f*9)(x) =277+ ar—pbi—ypz" " = (g% [)(2). (1.3)

k=1
Now, we define the function ¢, (a, ¢; z) by

_ = (a)k k—
opla,c2z) =277+
: ,; () (1.4)
(aeR; ceR\Zy; Zy ={0,-1,-2,...}; =zeU"),
where () is the Pochhammer symbol defined by

T'(z+k) if k=0,

() = -
ETr@) T a@+1)...(@tk—1) if keN.

Corresponding to the function ¢, (a, ¢; z), we define a linear operator Ly(a, c) on
¥, by the following Hadamard product (see [8]):

Ly(a,c)f(2) = ppla,c;2) * f(2)  (f € 5p). (1.5)
Corresponding to the function ¢, (a, ¢; z), defined by (1.4), we introduce a func-
tion cp;\(a,c; z) by

1

2P (1 — 2)p A (1.6)
(a,ceR\Zy; A>—-p; peN; zeU"),

ppla,ci2) * 90, 2) =

which leads us to the following family of linear operators L;\(a, ¢) analogous to
Ly(a,c):

Lp(a,0)f(2) = ¢pla,c;2) x f(z) = 277 + Z p . M g (L.7)

(a,ce R\Zy; A>—-p; peN; fEEp, zeU").
It is easily verified from (1.6) and (1.7) that
2 (Ly(@,0f(2) = A+ p) Ly a0 f(2) = (A +2p)Lp(a, ) f(z)  (1.8)

and
z (L;}(a +1, c)f(z)), = aL;}(a, c)f(z) — (a +p)L2(a +1,0)f(2). (1.9)
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For a function f(z) € £, and p > 0, the integral operator F}, ,: ¥, — ¥, is
defined by

R = J, [eringa= (- > L)1) (1.10)
J -

(L>0;, zeU).
It follows from (1.10) that
L@, D Fp (1)) = B0, f(2) — (1 + DL, 0) Fup(£)(). (111)
The operator F), ,(f)(z) was investigated by many authors (see for example [6]

and [13]).
We note that

(i) LO(p. 1)f(2) = L}
(i) L} (n+ L1)f(2

Yp+1,1)f(2) = f(2) and L(p, 1) f(2) = PO HIG),
) =1Ly f(2) (A>0;n>—1) (Yuan et al. [14]);
(i) L2(0:0) (29 - L ) (2) (Aghalary (1]
(iv) LY Y (a,c)f(z) = I(a,c)f(z) (A > 0) (Cho and Noor [4]);

(v) Ly(a,a)f(z) = D"*P71f(z) = Z,,(l_lz),,,ﬂ, * f(z) (n > —p) (Uralegaddi and

Somanatha [12] and Aouf [2]);

(i) LEP G+ 1,1)(2) = Fup(f)(2) (1> 0).

Let M be the class of functions h(z) which are analytic and univalent in U

and for which A(U) is convex with h(0) = 1 and Re{h(z)} >0, z € U.
Now, by using the linear operator L;}(a, ¢), we define a subclass of ¥, by

2Ly (a,0)f(2))

N b)) — df-
zp(a,c,h)—{f. fe¥, and — pL)(a,c)f(z)

<h(z) (heM; z¢€ U)}.

(1.12)
We also set

"1+ Bz
From (1.12) and (1.13) and by using the result of Silverman and Silvia [11], we
observe that a function f(z) is in Z;}(a, ¢; A, B) if and only if

z (L;}(a, c)f(z))/ N p(1 — AB)
L)(a,c)f(z) 1— B2

1+ A
ZA<a + Z)—E;‘(a,c;A,B) (-1<B<A<1; z€U). (1.13)

p(A—B)

1_ B2 (-1<B<A<1; ze€l).

(1.14)

In the present paper, we investigate some inclusion relationships and argu-

ment properties of certain meromorphically p-valent functions in the punctured
open unit disk in connection with the linear operator Lg(a, c).
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2. The main inclusion relationships

In order to show our main results, we need the following lemmas.

LeMMA 2.1. ([5]) Let B and v be complex constants and let h(z) be convex
(univalent) in U with h(0) = 1 and Re{fh(z) + v} > 0. Ifq(z) =1+ qz+...
1 analytic in U, then

2q'(2)
z) + < h(z zeU),
o)+ gl ) <h) (ev)
implies
q(z) < h(z) (ze€U).
LEMMA 2.2. ([9]) Let h(z) be convez (univalent) in U and (z) be analytic in
U with Re{y(2)} > 0. If q is analytic in U and q(0) = h(0), then
q9(2) +¥(2)2q'(2) < h(z) (2 €U)
implies
q(z) < h(2) (z€U).
LEMMA 2.3. ([10]) Let g(2) be analytic in U, with ¢(0) =1 and g(z) #0 (z € U).
If there exists a point zg € U, such that

T
arga(z) < ha for |2l <z (21)
and -
larg q(zo)| = o & 0<a<l). (2.2)
Then we have ,
204 (20) = ima, (2.3)
q(zo0)
where
>yt h () = " (2.4)
m_2 b when arg q(zg —2a, .
> Lt h (z0) = — (2.5)
m > 5 b when arg q(zg) = 2a, .
and )
q(z0)e = £idb (b>0). (2.6)

With the help of Lemma 2.1, we obtain the following results:
THEOREM 2.1. Let h(z) € M with

A+2
maXRe{h(z)}<min{ + p’a—l—p}
zeU P P

(a,c e R\Zy; A>-—-p; peN).
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Then
A+1 . A . A .
¥ (a, e h) C Ep(a,c;h) C Ej(a+ 1,65 h).
Proof. First of all, we show that Eg“(a, c;h) C E;(a, ¢ h).
Let f € )" (a,c; h) and set
2 (L (a,0)f(2))
q(z) = — zeU). 2.7
D= paore Y 20
Applying (1.8) in (2.7), we obtain
A
L @, 0)f(2)
L (a,c)f(2)
Differentiating (2.8) logarithmically with respect to z and multiplying by z, we

have
q(z) + pg(2) 4 A+ 2p =- LA (a,0) f(2) < h(z) (zeU), (29)

from Lemma 2.1, it follows that ¢(z) < h(z) in U, that is, that f € Zg(a, c; h).
To prove the second part of Theorem 2.1, let f € E;(a, ¢; h) and put
) z(Lg(a—ﬁ—l,c)f(z)),
s(z) = —
pLy(a+1,¢)f(2)

then, by using the arguments similar to those detailed above with (1.9), it fol-
lows that s(z) < h(z) in U, which implies f € Zg(a + 1,¢;h). The proof of
Theorem 2.1 is thus completed. O

pq(z) — (A +2p) = —(A +p) (2.8)

2q'(2) z (L;}—H(av c)f(z))/

Taking h(z) = iig‘z (-1 < B < A<1)in Theorem 2.1, we have:

COROLLARY 2.1. Let (1+A)/(1+B) < min{ A+pr’ “;p} and -1 < B< A<1.

Then
A+1 . A . A .
¥ (a,¢A,B) C ¥5(a,c;A,B) C ¥(a+ 1,6 A, B).

THEOREM 2.2. Let h(z) € M with Re{h(2)} < “;p, if f € S)(a,c;h), then
Fp(f) € E;\(aa c;h).

Proof. Let f € E;\(a, c; h) and set

_ 2 (Lp(a,0)Fup(f)(2)
)= @B (2.10)
By applying (1.11) to (2.10), we get
Ma,e)f(z

L;}(a, ) Fup(f)(2) .
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Differentiating (2.11) logarithmically with respect to z and multiplying by z, we
have

!
z2q' (2 2 Lyt (a,0) f(2)
q(z) (2) =— (ijl ) < h(z) (ze€U).
—pq(z) +p+p pLp™ (a,c)f(2)
Hence, by virtue of Lemma 2.1, we conclude that ¢(z) < h(z) in U, which implies
that F,, ,(f) € ) (a,c; h). O

Taking h(z) = iigi (-1 < B < A<1)in Theorem 2.2, we have

COROLLARY 2.2. Let (1+ A)/(1+ B) < “;fp and -1 < B< A<1,if f e
E;\(a, c; A, B), then Fy, ,(f) € E;\(a, c; A, B).

3. Argument properties

THEOREM 3.1. Let f(2) € X,,0<d<1,0<~vy<p and

A-B
Azp(HB)— (-1<B<A<1; peN).
If
2 (Ly a0 f(2)) ™
e (‘ L@ cglz) ”) <2
for some g(z) € Eg“(a, ¢; A, B), then
z (L/\(a,c)f(z))/ T
e (‘ Daogs) W) < 2%

where o (0 < o < 1) is the solution of the equation

2, acos Tt(A, B)
0=« an” ! 2 .
Tl ( MHPIA=BNPA=E) 4 o sin TH(A, B)) (3.1)
and
2 p(A— B)
t(A,B)—Wsm 1<(A+2p)(1—B2)—p(1—AB)> (3.2)
Proof. Let
1 K (Ll’}(a,c)f(z))/ B
q(z) p—7 ( L (a,¢)g(z) ’7) (3.3)
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Using the identity (1.8), we obtain

1 (_z (Ly (@, 0)f(2)) )

p—7 B aogz)
2L (@0 ()'] (L3 (@01 (=) (3.4)

_ 1 B L (a,c)g(2) + ()\ + 2p> Ly (a,c)g(z) _
S z(LX (a,c)g(z))’

S W e

By virtue of (3.3) and (3.4), we observe that
bo(@eare) N, )
p— L a,0g(z) () A+ 2p

where
2 (Ly(a,)g(2))
Ly(a,c)g(z)

Since g(z) € X3t (a,¢; A, B) C £)(a, ¢; A, B), by Corollary 2.1, then from (1.14)
we have

r(z)=—

1+ Az
r(z)-<p1+BZ

(ze€U).
we let
—r(2) + A+ 2p=pe'2? (z€U),
then it follows from (1.14) that
(4P +B)~p(A-B) __(\+p)(1-B)+p(A-B)
1+B P 1-B
and
—t(A,B) < ¢ < t(A, B),
where ¢t is defined by (3.2).

Let h be a function which maps U onto the angular domain {w D |argw] < 74 }
with h(0) = 1. Applying Lemma 2.2, for this h with ¢(z) = _T(z)i/\ﬁp, we see
that Re{q(z)} > 0 in U and hence ¢(z) # 0 in U. If there exists a point zg € U
such that the conditions (2.1) and (2.2) are satisfied, then by Lemma 2.3, we
have (2.3) under the restrictions (2.4)-(2.5).
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At first, we suppose that q(zo)}x =ib (b > 0). Then we obtain

A A a, C Z !
g l_ 1 ( o (LpT™(a,¢)f(20)) +7>]

p=7\ LyTa,c)g(z0)

. 204’ (20)
= arg (q(zo) * _r(z(?) + ; + 2p)

= ga+arg<1+ima(peig¢)_1)
masin § (1 —
= 7Toz—f—tanl< 2(,r ?) )
2 p+macos (1 —¢)

Vv

T 1 « COS gt(A, B) T
o + tan (A+p)(1—B)+p(A—B) =50
2 PR ET + asin Jt(A, B) 2

where ¢ and t(A, B) are given by (3.1) and (3.2), respectively. This contradicts
to the assumption of our theorem.

Next, we suppose that ¢(zo) o =—ib (b > 0). Applying the same method as
the above, we have

A A a, C Z !
g l_ 1 ( o (LpT(a,¢)f(20)) +W>

p=7\  Ly*(a,c)g(z0)
- ) acos 3t(A, B) i
2 ( AU BPA=E) 4 v sin TH(A, B) ?

where 0 and t(A, B) are given by (3.1) and (3.2),respectively, which contradicts
the assumption. Therefore we complete the proof of our theorem. O

Taking A\=p—p, p €N, a=p and ¢ =1 in Theorem 3.1, we have
COROLLARY 3.1. Let f(2) €X,,0<6<1,0<vy<p and
p(A—B)
1+ B

o [ FE @)+ (it p+ 1)) ™
e ( zg'(2) + (n+p)g(z W)‘ <9’
for some g(z) € ¥, satisfying the condition
2(29"(2) + (n+p+1)g'(2))
29'(2) + (n +p)g(2)

(4

where a (0 < « < 1) is the solution of equation (3.1) with A\ = p — p.

w> (-1<B<A<1; peN).

If

+p‘<p

then

T
<
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Taking A =n (n > —p) and a = ¢ in Theorem 3.1, we have:

COROLLARY 3.2. Let f(2)€%,,0<6<1,0<~vy<p and

p(A—B)
> — —1<B<A<LI; .
n2" g p (-1<B<A<1;, peN)
If
2 (D™ f(2)) ™
Mg<_ Drivg(zy 1)< 2°
for some g(z) € ¥, satisfying the condition
2 (D"trg(2))
+p| < zeU),
prtvg(s) TP <P ( )
then
z (D”*p’lf(z)), T

where o (0 < o < 1) is the solution of equation (3.1) with A =n (n > —p).
Taking d =1, A=0,a=p, A=c=1and B =0 in Theorem 3.1, we have:
COROLLARY 3.3. Let f(2) € ¥,. If
N AL
29'(2) + 2pg(2)
for some g(z) € X, satisfying the condition

2(29"(2) + (14 2p)g'(2))
zg'(2) + 2pg(2)

e )

Remark 3.1. The results of Corollaries 3.2 and 3.3 were also obtained by
Lashin [7].

}>7 0<y<p)

+p‘<p

then

THEOREM 3.2. Let f(2) € X,,0<0<1,v>p and

)\Zp(f+—BB)_ (-1<B<A<1; peN).
If
2 (L)Y (a, 00 f(2)) w
e ( L3 (@, 0)g(2) ”) <2’
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for some g(z) € E;\“(a, ¢; A, B), then
L\(a, ’
arg<z( 30,01(2) ﬂ> e

L)(a,c)g(2) 2

where a (0 < o < 1) is the solution of equation (3.1).

The proof of the above theorem is much akin to that of Theorem 3.1. The
details may be omitted.

THEOREM 3.3. Let f(2) € X,,0<0<1,0<v<p and

A—-B
a2p2+B) (-1<B<A<1, peN.
If
z (L)(a, c)f(z)), v
e (‘ Dwds) ”) <2’
for some g(z) € E;(a,c; A, B), then
Z(L’\(a—}—l,c)f(z)), T
arg <_ LS(a—I— 1,¢)g(2) _7> S

where o (0 < av < 1) is the solution of equation (3.1) with A = a — p.

The proof of the Theorem 3.3 is much akin to that of Theorem 3.1 and so the
details involved may be omitted.

Taking A\=pu—p, p €N, a=p and ¢ =1 in Theorem 3.3, we have:
COROLLARY 3.4. Let f(2)€%,,0<6<1,0<~vy<p and
p(A— B)

1+ B

(781 )| <

for some g(z) € ¥, satisfying the condition

> (-1<B<A<1; peN).

If

29'(2)
g(z) TP|SP
" (Fup(1)(2)
e (‘ Fyn(9)(2) ‘”>‘<20"

where a (0 < « < 1) is the solution of equation (3.1) with A\ = p — p.
Remark 3.2. The above result was also obtained by Lashin [7].
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From Corollaries 2.1, 3.1 and 3.4, we have the following remark:
Remark 3.3. Let f(2)€%,,0<d<1,0<+vy<pand

. p(A=B)

= LB (-1<B<A<1;, peN).

If

" !
g (LD G DIy

29'(2) + (n+p)g(2) 2
for some g(z) € ¥, satisfying the condition

2(2g"(2) + (u+p + g (2))
20/(2) + (1 + p)a(2) “” =P
then (Fun(H)())
2(Fup(f)(2) L
e <‘ Fiup(9)(2) ”) =97

where 0(0 < o < 1) is the solution of the equation
L 2 tan—1 ocos S t(A, B)
a=0 an
i wA=BIEPA=E) | 5sin TH(A, B)
and a (0 < a < 1) is the solution of the equation

) + 2 tan—! acos 3t(A, B)
= an ’
7r u(l—Bl)ir%(A_B) + asin Jt(A, B)

where

2 p(A— B)
HA, B) =  sin 1<<M+p><l—B2>—p<l—AB>)'

Taking =1, A=0,a=p, A=c=1and B =0 in Theorem 3.3, we have:
COROLLARY 3.5. Let f(z) € ¥,. If

—Re{zf/(z)} >y (0<vy<p)
9(2)

for some g(z) € X, satisfying the condition

29’ ()
9(2)

~fe { Z(ff::,ﬁg;g))y } =

From Corollaries 2.1, 3.3 and 3.5, we have the following remark:

+p‘<p

then
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Remark 3.4. Let f(z) € £,. If
_RE{Z@fT@+%1+QMfT@)
z9'(2) + 2py(2)
for some g(z) € ¥, satisfying the condition
2(29"(2) + (1 +2p)g'(2))
z9'(2) + 2pg(2)

~ e { Z(%,fg;(%))/ } -

Letting g(z) = 21 in Remark 3.4, we have:

P

Remark 3.5. Let f(z) € £,. If
—Re {2 (zf"(2) + A+ 20)f' (=)} >py (07 <p),

}>7 0<y<p)

+p‘<p

then

then
—Re {Zp+1(Fp,p(f)(Z))/} > 7.

Remark 3.6. By taking 6 = A=1, py =p, p € Nand B = 0 in Remark 3.3,
we obtain the result of Remark 3.4.

THEOREM 3.4. Let f(2) € £,,0<0<1,v>p and
p(A—B)

> —1<B<A<LI1; .
“z" B (-1<B<A<1; peN)

z (L;}(a, c)f(z)),
arg( L) (a.c)g(2) ”)

for some g(z) € E;(a,c; A, B), then

2 (L (a+1,0)f(2))
e ( L) (a+1,0)g(2) ”)

If

s
< 0
2

™
<

where a (0 < « < 1) is the solution of equation (3.1) with A\ = a — p.
THEOREM 3.5. Let f(2) € X,,0<0<1,0<v<p and

unggf) (-1<B<A<1; peN).
If
z (L;\(a, c)f(z))/ T
are <_ L)(a,c)g(2) ) s 25
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for some g(z) € E;\(a,c; A, B), then

arg [ =2 Ep(@ B (D)
L;}(av ) Fup(9)(2)

where a (0 < o < 1) is the solution of equation (3.1) with A = p — p.

Proof. Let
1 z (L a, ¢)F, 2))
p—7 L (a,c)Fup(9)(2)
Using the identity (1.11), we obtain
1 z (Lg(a,c)f(z))/
- -7
P L)(a,c)g(2)
2[2(£3(a,0) P (N(2)) ] 2(L3(a,0) Fup (1)(2))' (3.6)
1 BeoRaee TEEP) o @e
o p— 2(L)(a,¢)Fu,p(9)(2))

LY@ Fup(9)z) THTP
By virtue of (3.5) and (3.6), we observe that
1 [ z2(Lp(a,0f() i)+ 2q'(2)
p—7 Ly(a,c)g(z) —p(2) +p+p’
where )
p(z) = _F (L;‘(a, C)Fu,p(g)(z))
Ly (a,c)Fup(9)(2)

The remaining part of the proof of Theorem 3.5 is similar to that of Theo-
rem 3.1 and so we omit the details involved. (]
THEOREM 3.6. Let f(2) € £,,0<0<1,v>p and
p(A—B)

1+ B

z ACLC z '
arg( (L (@ €)f(2) +,y>

w> (-1<B<A<1; peN).

If

<75
L)(a,c)g(2) 2

for some g(z) € E;}(a,c; A, B), then
- ( (L@ O Fup(NE) 7)

LA(a,¢)Fp(9)(2) S %

where a (0 < a < 1) is the solution of equation (3.1) with A\ = p — p.
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