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ON SOME NEW GENERALIZED
DIFFERENCE SEQUENCE SPACES
DEFINED BY A SEQUENCE OF MODULI
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ABSTRACT. In this paper, we define the new generalized difference sequence
spaces [V, A\, F,p,qlo(AD), [V, A\, F,p,q]1 (A7) and [V, A, F, p, qloc (AT"). We also
study some inclusion relations between these spaces.
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1. Introduction

Let w be the set of all sequences of real or complex numbers and /., ¢ and
¢o be the linear spaces of bounded, convergent and null sequences © = (xy) with
complex terms, respectively, normed by

1zlloc = sup [

where k € N = {1,2,...}, the set of positive integers.

Throughout this paper, let A = (\,) be a non-decreasing sequence of positive
numbers tending to oo such that A\,11 < A, +1, Ay = 1. The generalized
de la Vallée-Pousin mean is defined by

t, () = )\1 Z Tk,

n

where I, = [n— X\, + 1,n] forn=1,2,....
The difference sequence spaces was first introduced by Kizmaz [9] and then
the concept was generalized by Et and Colak [7].
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A function f: [0,00) — [0,00) is called a modulus function if
(i) f(t)=0iff t =0,
(i) f(t+u) < f(t) + f(u), for all t,u >0,
(iii) f is increasing,
(iv) f is continuous from the right at 0.
Since |f(z) — f(y)| < f (Jz — yl), it follows from condition (iv) that f is contin-
uous on [0,00). A modulus may be unbounded or bounded.

Ruckle [13] used the idea of a modulus function to construct some spaces of
complex sequences. Maddox [11] investigated and discussed some properties of
the three sequence spaces defined using a modulus function f. After, Malkowsky
and Savag [12] defined some A-sequence spaces by using a modulus function.
Later on Et [6] defined some sequence spaces by using a modulus function.
Recently, Bektas and Colak [1] introduced some new sequence spaces by using
a sequence of moduli F' = (fy).

Let X,Y C w. Then we shall write ([10])

MX,Y)= (o '*Y={acw: ar €Y forall z€X}.
rzeX

The set X* = M (X, /¢) is called Kéthe-Toeplitz dual or the a-dual of X. If
X CY, then Y™ C X% Tt is clear that X C (X*)® = X2 If X = X% then
X is called an a-space. In particular, an a-space is called a Koéthe space or a
perfect sequence space.

DEFINITION 1.1. Let X be a sequence space. Then X is called:

(i) Solid (or normal), if (axxy) € X whenever (zy) € X for all sequences (o)
of scalar with |ag| < 1.

(ii) Monotone, provided X contains the canonical preimages of all its step-
spaces.

(iii) Perfect, if X = X,

(iv) Symmetric, if (zx) € X implies (2.()) € X, where 7 (k) is a permutation
of N.

(v) A sequence algebra, if (x), (yx) € X implies (zryx) € X.

It is well known that if X is perfect, then X is normal [8].
We use the following inequality throughout this paper ([10])

Jar + be™ < D{lax|™ + [be[™ } (1)

where a; and by are complex numbers, D = max (1, 2G’1) and G = sup pg < 0.
k
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2. Main results

In this section we introduce some new sequence spaces defined by a sequence
of modulus functions.

DEFINITION 2.1. Let F = (f) be a sequence of moduli, X be a locally convex
Haussdorff topological linear spaces whose topology is determined by a set @
of continuous seminorms ¢ and p = (pi) be a sequence of strictly positive real
numbers. By w (X) we shall denote the space of all sequences defined over X.
Let v = (vg) be any fixed sequence of nonzero complex numbers. Now we define
the following sequence spaces. Let m € N be fixed, then

VoA Fop, i (AY) = {:z: €w(X): lim ' > [fe(q(ATz), — L)) =0,

" kel,
for some L},

[V, A, Fyp,qlo(AY") = {:1; cw(X): li£n /\171 k; [fx (Q(ATxk))}p’“ _ O},

[V.A, Fyp,qleo(AT) = {:z: € w(X): sup /\1 > [fk(q(ATxk))}pk < oo},

n " kel,
where
A2z = (vpy),

(Avzk) = (kTk — Vkt1Th11) 5

(ATwg) = (A7 oy — AT e g),

m .
and so that ATz = > (=1)" (7) VkgiThps-

i=0

The above sequence spaces contain some unbounded sequences for m > 1.
For example, let X = C, fi(z) = z for all k € N, ¢(z) = |z|, A\, = n for all
neN, v=(1,1,...) and py = 1 for all k € N, then (k™) € [V, \, F,p, ¢loc (AT")
but (k™) ¢ .

In the case fr(z) = z for every k and p; = 1 for all k& € N, we shall
write [V, A\, p,qlz (A7) and [V, A\, F, q]z (Al") instead of [V, \, F,p, q|z (A"), re-
spectively. If we choose fr(x) = z and py = 1 for all & € N, we have

Throughout the paper Z will denote any one of the notation 0, 1 or co.

THEOREM 2.2. Let the sequence (py) be bounded. Then [V, \, F,p,q]z (AL") are
linear spaces over the complex field C.

The proof is easy and thus omitted.
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THEOREM 2.3. [V, \, F,p,qlo (A}") is a paranormed (need not to be totally para-
normed) space with

n

Ga (z) = sup (Aln Z [fx (q(%”zm))}“)

where M = max(l, suppk).
k

Proof. From Theorem 2.2, for each z € [V, A, F,p,qlo (A}"), Ga (z) exists.
Clearly Ga (z) = Ga (—z). Tt is trivial that A’z = 0 for z = 6. Hence, we
get Ga (#) = 0. By Minkowski’s inequality, we have Ga (z +y) < Ga (x) +
Ga (y). Now we show that the scalar multiplication is continuous. Let 1 be
any fixed complex numbers. By definition of fi for all k, we have x — 6 implies
Ga (nz) — 0. Similarly we have x fixed and  — 0 implies Ga (nz) — 0. Finally
x — 0 and n — 0 implies Ga (nz) — 0.

This completes the proof. O

THEOREM 2.4. Let F' = (f) and G = (gi) be two sequences of moduli. For any
two sequences p = (p) and t = (ty) of strictly positive real numbers and any
two seminorms q1, qo we have

1) VoA Fip,qlz (AT) N[V, NG, p,qlz (A7) C
(i) VoA EFip,qilz (A7) N VoA Fop,ga]z (AT)
|z
|z
v #

) V. F +G,p,alz (AT),
)
(iil) if g1 is stronger than qa, then [V, \, F, p, 1
)
)

C VN Fp,q1 + q2)z (A]),
( ) [V7 AvFapqu]Z (AT);
(iv) if @1 is equivalent to gz, then [V, A, F,p, 1]z (A7) = [V, A, F,p, 2]z (AT'),

(V [VvAvFapvql]Z (AQT) U/ﬂ )‘7 FﬂﬁQﬂ ( @

Proof is omitted.

THEOREM 2.5. Let X stands for [V, A\, F,qlz and m > 1. Then X (Avm_l) -
X (A") and inclusions are strict. In general X (AL) C X (A") for all i =
1,2,...,m — 1 and the inclusions are strict.

Proof. We give the proof for [V, ), F, ¢|o only. In a similar way we proceed
for [V, A\, F,q]1 and [V, A\, F,qlo. Let z € [V, \, F, ¢ (Avm_l). Then we have

1 _
awp Y [ (o (A7) < o

noM kel
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Since fi is a modulus for each k and so non-decreasing, we have

LS e (a(ara)]
" kel,
= 3 e (AT - AT )]
" kel,
< U @)+ S [ (A )] < o
" keI, " keI,

Thus [V, A, F, qles (A1) C [V, A, F, oo (A"). Proceeding in this way one will
have [V, A\, F, q] o (A;) C [V, F,qloo (AY) fori =1,2,...,m—1. The sequence
x = (k™), for example, belongs to [V, A, F, qloo (A?), but does not belong to
[V, F,qloo (A1) for fi (u) = u (for all k € N). Therefore the inclusions are
strict. ]

THEOREM 2.6. Let 0 < pi < ti and (t;/pr) be bounded. Then
(1) [‘/v )‘7 Fa ta q]O (A:}n) C U/J )\a pr’ q]O (A;n)’
(ii) VoA, Fit, gl (AF) C [VoA Fop,qli (AT,

(ili) [V, A, Fit, gl (AT') C [V, A, Fp, gl (AT').

Proof. We shall prove only (i). The other inclusions can be proved similarly.
Let = € [V, \, F,t,qlo (A7"). Write wy, = [fx (¢ (A721))]"™ and py, = 7F, so that
0 < p < pg <1 for each k.

We define the sequences (ux) and (si) as follows:

Let up, = wi and s = 0 if wy, > 1, and let uy = 0 and s = wy if wi < 1.
Then it is clear that for all k € N, we have wy, = uy, + sp, wh* = ui* + si*. Now
it follows that u}* < uj < wy and s* < s Therefore

m
P Z wit < A1 Z wg, + ()\nl Z sk> .

kel, kely ke,

Hence z € [V, A\, F,p,qlo (A"). U
THEOREM 2.7. For a sequence of moduli F' = (fi),
[V7 >\7F7P7(ﬂ1 (A:;n) C [‘/7 )‘7 F7p7 q]OO (A'T)

assuming
Sl}ip [fr (O)]"* < o0, for all t> 0. (2)
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Proof. Let x € [V,\, F,p,q]1 (A]"). By using the definition of modulus func-
tion, we have

1

A, [fr (g (A zy)) 7"

kel

< D)\l > e (g (A — L)) +D)\1 > [fea @)™,

" kel, " kel,

where D = max (1, 2G71). Hence

LS [ (g (A7)

" keI
< D > [Fe (@ (AT = D)]™ + Dsup[fic (¢ (1))
" kel, k
Since x € [V, A, F,p,q]1 (A"), we get the result by (2). O

THEOREM 2.8. Let 0 < infpr < suppr < co. Then for a sequence of moduli
F = (fi) the following statements are equivalent:

(ii) [V7 A, P, Q]O (AT) - [V, )‘7Fap7‘ﬂoo (AT),
(iii) sup ,\ > [fx ()] < oo forallt > 0.
n kel,,

Proof. It is trivial that (i) implies (ii). Let (ii) hold and suppose that (iii) does
not hold. Then for some ¢ > 0

NP IIACI RS
kel,
and therefore there exists an increasing sequence (n;) of positive integers such
that .
._1\1P . .
N Z[fk(Z )]k>z, 1=1,2,.... (3)
" kel

Define x = (xy,) such that

il kel,, i=1,2....
m _ ) nis ) &y
Ak = { 0, otherwise.

Then = € [V, A, p,qlo (A}"), but by (3), = & [V, A, F,p,qle (A7
dicts (ii). Hence (iii) must hold. Therefore (ii) implies (iii).

Let (iii) hold and z € [V, A, p, ¢loo (AL"). Suppose that x & [V, A, F, p, qloo (AL").
Then we have

) which contra-

sup 37 [ (AT = . @)

noOM kel
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Let q (Al'azy,) =t for each k. Then by (4)
1
Pr
sup S () = oo,

"N kel
which contradicts (iii). Hence (i) must hold. Thus (iii) implies (i). This com-
pletes the proof. O

THEOREM 2.9. Let 1 < pi < suppr < co. Then for a sequence F = (f) of
moduli, the following statements are equivalent:
(1) [Vy )‘7 F7p7 q}O (Avm) g U/J )\apy Q}O (Avm)’
(iii) inf ' 37 [fr (0))7F >0 for all t > 0.
no" kel
Proof.
(i) implies (ii) is obvious.
(ii) implies (iii). Let (ii) hold and suppose that (iii) does not hold. Then for
some t > 0 1
: Pr _
inf S @ =0
kel,

and therefore there exists an increasing sequence (n;) of positive integers such

that

1 1

Sl < ., i=12,.. (5)

kel !
Define the sequence x = () such that

m[i, kel,, i=12, ...
Ay xk_{O, otherwise.

Thus by (5), x € [V, A, F, p,qlo (A7) but 2 ¢ [V, \, p, ¢loc (AL") which contradicts
(ii). Hence (iii) must hold.
Let (iii) hold and suppose that x € [V, A, F, p, qJo(A7") but & [V, A, p, qlo(AL").

Then 1 :
Uk @@Fz))™ =0, as n— oo (6)

" kel,
For given € > 0 there exist n* such that g (Al'zy) > € and k € I,,». Therefore

[fe ()P < [fie (g (AT zx))]™*
and consequently by (6), we have

lim Aln > @ =0,

keI,
which contradicts (iii). Hence (i) must hold. Whence (iii) implies (i). O
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THEOREM 2.10. Let 1 < pi < suppi < 0o. Then the inclusion

holds iff

.1 P

lim N Z [fx ()] = o0 forall t>0. (7)

n
" kel,

Proof. For the necessity let [V, A, F,p, qloo (A7) C [V, A\, p,q]o (A}") and sup-
pose that (7) does not hold. Then there exist an increasing sequence (n;) of
positive integers and a number ¢, > 0 such that

1
D) <K <oo, i=1,2,.... (8)
" kel,,

Define x = (xj) such that
o fte, kel,, i=1.2,...
ATk = {O, otherwise.

Thus by (8), x € [V, \, F,p, qloc (AT") but x ¢ [V, A, p, qlo (AL"). Hence (7) must
hold.

For the sufficiency suppose that (7) hold and let = € [V, A, F,p, qloo (AL").
Then for each n

S [ (g (A7) < K < oo (9)

" ker,
for some K > 0. Suppose that = ¢ [V, A, p,qlo (A}"). Then for given g9 > 0
there exist an integer n* such that ¢ (Al'zy) > g¢ for k € I,,«. Therefore

[f (20)]™" < [f (q (A7ax))]™"
and hence for each k we get, by (9), that
1
> [fe(e0)]™ < K < o0
" kel,
for some K > 0. This contradicts (7) and hence

O
THEOREM 2.11. Let 1 < p < suppi < 0o. Then the inclusion
holds iff
. 1 p
hrrln N Z [fe @] =0 forall t>0. (10)

" kel,
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Proof. For the necessity let [V, A\, p, ¢loo (ATY) C [V, A, F,p,qlo (A}") and sup-
pose that (10) does not hold. Then for some ty > 0, we have

lim Aln S [fe(to)l* =L #0. (11)

n
kel,

k—m
Define z = (zy) by zp =to >, (m+,f:;‘_1) fork=1,2,...,s0 A"z}, = to. Thus
u=0

x & [V, A F,p,qlo (A7) by (11), but € [V, A\, p, ¢oo (Al") which contradicts the
inclusion. Hence (10) must hold.

For the sufficiency suppose that (10) hold and z € [V, A, p, ¢loc (AL"). Then
for every k
q(AV'zy) < K < o0
for some K > 0. Therefore

[fr (g (AT )™ < [fi (K™
and hence, by (10),
. 1 m Pk . 1 Pk __
lim A, D k(g (A7) < lim A, > [ (K =0.
kel, kel,
Thus = € [V, A, F,p,qlo (A7), Le., [V, A pdloo (AT) C VoA Fyp,qlo (AT). O
THEOREM 2.12. The sequence spaces [V, \, F,p, q|z(AI") are not solid for m > 1.
Proof Let X =C, fy(z) =x and pp = 1 forall k € N, ¢q(z) = |z|, v =
(1,1,...) and A, = n for all n € N. Then (zx) = (k™) € [V, \, F,p, qoo (A}")
but (agzr) ¢ [V, F,p,qle (A™) when oy = (—1)" for all & € N. Hence

[V, A, F,D,q)oo (A") is not solid. The other cases can be proved on considering
similar examples. O

From the above theorem we may give the following corollary.

COROLLARY 2.13. The sequence spaces [V, \, F,p,q|z (AL") are not perfect for
m > 1.

THEOREM 2.14. The sequence spaces [V, \, F, p, qJ1(AM) and [V, A\, F, p, qloc (AT")
are not symmetric for m > 1.

Proof. Under the restrictions on X, p, fx, ¢, v and A as given in the proof of
Theorem 2.12, consider the sequence x = (k™), then = € [V, \, F,p, ¢looc (A}).
Let (yr) be a rearrangement of (z), which is defined as follows:

(yr) = {w1, T2, 24, 73, Tg, T35, T16, T, T25, L7, L36, T8, L49, T10, - - - } -
Then (yr) & [V. X, F.p, qloo (ATY). s

Remark 1. The space [V, \, F,p, qlo (Al") is not symmetric for m > 2.

v
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THEOREM 2.15. The sequence spaces [V, X, F,p,qlz (Al") are not sequence al-
gebras.

Proof. Under the restrictions on X, p, fr, ¢, v and A as given in the proof
of Theorem 2.12, consider the sequence x = (km’Q) and y = (km’Q), then

T,y

(14]

€ [V.A F,p,qlz (A7) but 2.y & [V, A, F.p, q]z (AT). O
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