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ON [-EXPANSIONS OF UNITY FOR RATIONAL
AND TRANSCENDENTAL NUMBERS g

ARTURAS DUBICKAS

(Communicated by Stanislav Jakubec)

ABSTRACT. We investigate the sequence of integers x1,z2,z3,... lying in
x .

{0,1,...,[8]} in a so-called Rényi -expansion of unity 1 = > x;877 for ra-
j=1

tional and transcendental numbers 8 > 1. In particular, we obtain an upper
bound for two strings of consecutive zeros in the S-expansion of unity for ratio-
nal 8. For transcendental numbers 3 which are badly approximable by algebraic
numbers of every large degree and bounded height, we obtain an upper bound
for the Diophantine exponent of the sequence X = (acj);?‘;l in terms of 3.
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1. Introduction

Given a real number § > 1, the S-transformation 7 is defined on [0,1] by
Tg: x — Pz (mod 1). For every integer j > 1 we define iteratively Té(:z;) =
TB(Tg_l(:ﬂ)), where T (2) = x. Suppose that § is not a rational integer. Then
the Rényi 5-expansion of a real number a € [0,1] is given by

0

—k

a = Zxkﬂ ;
k=1

where x, = [,BTg_l(a)}. (Throughout, [-] denotes the integral part of a number
and {-} denotes the fractional part of a number.) Clearly, the ‘digits’ z; of «
all lie in the set {0, 1,...,[f]}. This representation of a number in a non-integer
base  was introduced by Rényi in [11] and then studied by Parry [10]. The

2010 Mathematics Subject Classification: Primary 11A63; Secondary 11B05, 11J82.
Keywords: B-expansion, Diophantine exponent, transcendental numbers.



ARTURAS DUBICKAS

investigation of an important link between -expansions and symbolic dynamics
started with the papers of Bertrand-Mathis [2], [3] and Blanchard [4].

The Rényi expansion of a number in base (3 is obtained by the ‘greedy algo-
rithm’; i.e., each digit x; is a unique non-negative integer satisfying

T T Tp—1 _ Tp+1
lgkga_lg_'”_lgk—1< Bk
Equivalently,
ap = [Ba— B ey — By — o — Bapa].

Putting yx = T4 (a), we have yo = a and y, = {Byr—1}, T + yx = Byr—1 for
each k£ > 1. Hence

Y = BFa— B oy — BV Py — o — By — ap (1)
In this note, we address the problem of distribution of digits zx € {0,1,...,[8]}
S8 .
of the S-expansion of unity, i.e., 1 = > z;877. The importance of the Rényi
j=1

[-expansion of unity is explained in [10] (see also [13] and [1]). The complexity
of the corresponding sequence X = (x;)32; for some particular algebraic values
of 8 have been studied by Frougny, Masdkova and Pelantova in [7] and [8]. In
particular, we are interested in the gaps between non-zero digits of this expan-
sion, the number of non-zero digits, etc. Naturally, as in the case of an integer
base, one cannot expect to obtain some strong results in this direction, since
even simplest questions are out of reach.

Suppose that the expansion of unity in base 8 contains infinitely many zeros
and infinitely many non-zeros, namely, z; = 0 for infinitely many £ € N and
x; # 0 for infinitely many j € N. Following [13], we shall call such a S-expansion
gappy. Then there exist two sequences of positive integers by < by < b3 < ...
and e; < ey < ez < ... such that by <ep <bgy1 —1foreachk>1and z; #0
if and only if j € [by, €] for some k > 1. Clearly, z; = 0 if and only if j < b; or
J € lex + 1,bg1 — 1] for some k > 1. How large are the gaps between the end
of the nth block of non-zero digits e,, = e, () and the beginning of the n + 1st
block b,+1 = bp41(8)? An old result of Mahler ([9, Theorem 1]) implies that
then

bn+1 (ﬂ )

lim sup < o0

n—00 en(/B>

if > 1 is an algebraic number. Recently, Verger-Gaugry [13] showed that if
the expansion of unity in algebraic base § > 1 is gappy then

s 1 (8) 108 M(9)

mAP o8 S logB (2)
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d
where M () is the Mahler measure of 3. Recall that M (8) = b [[ max(1,|5;]),
j=1

where Q(2) = b(z— 1) ... (2 — Ba) € Z[z], b € N, is the minimal polynomial of 3
in Z[z]. The main ingredient in the proof of (2) is a Liouville-type argument [13].
A far reaching generalization of (2) with the same upper bound log M (3)/ log 8
for a so-called Diophantine exponent of the sequence (z1)32, was obtained by
Adamczewski and Bugeaud in [1]. Both in [1] and in the subsequent paper of
Bugeaud [5] the main ingredient is the Subspace Theorem.

In the next section, using the theorem of Ridout [12] we shall prove the bound

: ent2(B) _ logM(B) _ logp
lim sup < = 3
n—oo  bn(B) log  log(p/q) @
for rational numbers 3 = p/q satisfying 1 < 8 < 2 (Thm. 4). Evidently, (3) is at
least as strong as (2), because b, (8) < e,(8) and ey,+2(8) = ept1(8) = bny1(B).
Since, by Lemma 1 below, lim e,(p/q)/bn(p/q) = 1 for 1 < p/q < 2, the
n—oo
inequality of Verger-Gaugry (2) applied to the quotient

ent2(p/a0) _ ent2(p/q) but2(p/q) ent1(p/q) brt1(p/q)

bu(p/q)  bns2(p/q) ent1(p/q) buy1(p/q) en(p/q)
at 8 = p/q implies that

. ent2(p/q) logp 1\’
hffisolip bn(p/q) S (10g(p/q)> ’

which is weaker than (3).

In Section 3, we shall give an estimate for the Diophantine exponent of the
sequence (zx)5>, for most transcendental numbers 5 (Thm. 5). Furthermore,
we shall estimate the number of nonzero digits zj (among z1,...,2n) of the
Rényi expansion of unity in a transcendental base 8 for most 3 as

#{k: zr #0, 1 <k <n}>cologlog N
(Thm. 6).

2. Expansion of unity in a rational base
LEMMA 1. Let 8 be a real number satisfying 1 < 8 < 2. Then there is a positive
constant ¢ = ¢(f) such that e, () — b, (8) < ¢ for each n € N.

Proof. Fix n € N. Suppose that b, = k+1 and e,, = k+ ¢ for some k > 0 and
¢>1. Then xfy1 = -+ = xp4¢ = 1. Using (1) with o = 1, we obtain

g =BF =By — = By —

=231+ DB T BT
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1-p57*
B-1"
Since y, < 1, this yields 37¢ > 2 — 8. Thus ¢ < log(2 — 8)~!/log 3, which
implies the bound
en() = bn(B) =L —1<¢(8) = [log (2 - B)~!/log f] — 1

for the difference e,, — b,, for each n > 1. O

25*1_5_..._5_@*[:

LEMMA 2. Let p/q be a rational number (with relatively prime integers p,q)
satisfying 1 < p/q < 2. Then the Rényi p/q-expansion of unity is gappy.

Proof. Observe that the Rényi p/g-expansion of unity is infinite. Indeed, if
L
there is a positive integer L for which 1 = Y zx(q/p)¥, where x;, € {0,1} and

L—1

x7, = 1, then multiplying by p yields ¢© = pL' — x,q"pt~F. This equality
k=1

is impossible, because its right hand side is divisible by p whereas its left hand

side is not. The assertion of the lemma now follows from Lemma 1. O

LEMMA 3. Let p > q > 1 be two fized relatively prime integers and let by
be a fixed positive integer. Then for each € > 0 there is a positive integer
M = M(e,bo,p,q) such that

[p"a—q"b| > pe ™
for all positive integers n, m, a,b satisfying (a,q) =1, (b,p) =1, 1 < b< by and
m =M.

Proof. By the theorem of Ridout [12], for every positive € there are only finitely
many positive rational numbers P/Q, with P and @ of the form P = p"a,
Q = q™b, such that 0 < |1 — P/Q|p™"¢™™ < Q~27¢, or, equivalently,

0< ‘pna _ qmb| — ‘P _ Q‘ <pnqm(qmb)—1—e :pnb—l—eq—em.

Since b < bg, this implies that the inequality |p”a — ¢™b| > p™e ™ holds for
m = M provided that ¢ is so small and M is so large that

> (14+¢e)M'logby + cloggq.
(]

THEOREM 4. Letp > g > 1 be two relatively prime integers satisfying 1 <p/q <2,
and let

€n

1= "alg/p) =D (a/p)
k=1

n=1j=b,
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be the Rényi expansion of unity in base p/q. Then the sequence (z1)5>, of 0,1

is gappy and for the sequence (b)), we have

. brto logp
lim sup < .
n—oo  bn  log(p/q)

Proof. The first assertion of the theorem follows from Lemma 2. To prove the
second claim we select, in (1), « =1, 8 = p/q and k = e,41. Then x3,, =

= :Ue”JFl =1 and Te,+1 =" "= xb7,,+1—1 — O7 SO
ent1—bnt1
Fn 2 : f‘n j
y6n+1 - p/q + .’L‘] p/q +1—J _ E (p/q) ]
=0

Multiplying by ¢+, we obtain

€n en+l_bn,+1
€n —nEn+1—€En €n en—J J bn j ent1—bny1—J
Yeun @ H =p= ! (p - ap q)—q Y plgemn e
Jj=1 J=0
(4)

By Lemma 1, the difference e,,+1 — b,,+1 is bounded from above by a constant
¢ independent of n. Hence, by Lemma 3 applied to (4), for each fixed positive &
and each n > n(e) we have

yen+1q6n+l > pe71,+1_e71,e_5b71,+1‘
From (1) and =, , 41 =+ = 2p,,,—1 = 0 it follows that
Ybnin—1 = (p/@)" 27y,
thus
Yo a1 > (p/q)br+a—ent1—lgmentipenti—eng=ebuss — pbuta=en—lgl=bnizg=ebnis,
Since yp,,,,—1 < 1 and e, — b, < ¢, this yields
pontabng=bnts o yb,,+2—1pe”7b”+1q7165b”“ < pttlestnit < 2ebnin
for each sufficiently large n. Hence
bnt2log(p/q) — by logp < 2eby 1 < 2eby 12,

giving

b2 logp

< .
by log(p/q) — 2
This this proves the inequality lim sup b, 42 /b, < logp/log(p/q), because we can

n—oo

take € arbitrarily small. O
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Note that, by Lemma 1, e,,42 — bp42 < ¢, s0O

lim sup by, +2/b, = lim sup e,,+2/by,.
n—oo n—oo

Hence Theorem 4 implies (3).

3. Expansion of unity in a transcendental base [

Following [1], we say that an infinite sequence X = (xj)p2, over a finite
alphabet o7 satisfies Condition (%), if there exist two sequences of finite words
(Un)pey and (V)02 over o/ and a sequence of positive real numbers (7,,)72

n=1 n=1
such that
(i) for any n > 1 the word U, V,]" is a prefix of X,
(ii) U V,I"| = 0|U, V,| for every n > 1,

(i) |V,7»
Then the Diophantine exponent of X, Dio(X), is defined as the supremum of
the real numbers p for which X = ()2, satisfies Condition (x),.

— 00 as n — oQ.

In [1] it was shown that if o € [0, 1] and 3 > 1 are algebraic numbers and the
Rényi B-expansion of « is given by

o)
a=) wif
k=1

then either X = (x4)72, is eventually periodic (and so Dio(X) = o0) or

: log M (8)
Dio(X) < g

It was observed in [1] that (5) implies (2), by choosing
Up,=x122...2.,, V,=0 and 7,=bp11 —e,—1.
Given a complex number 8 and two positive integers H,n, let
dn (8, H) = max| P(8)| 7", (6)

where the maximum is taken over every monic polynomial P(z) € Z[z] of degree
n and height < H satisfying P(8) # 0. Set

D(B, H) = limsup d,, (8, H). (7)
n—oo
Assuming that D(8, H) < co we prove the following:
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THEOREM 5. Let > 1 be a real transcendental number or an algebraic number
which is not an algebraic integer. If the Rényi B-expansion of unity is given by

1= Y 2xB87% then for the sequence X = (x3)2, we have
k=1
log(BD(8, (6] +1))

i <
Dio(X) < log 3

Proof. Suppose U,,V,;m with some integer m is a prefix of X. Put k = |U,,|,
t = 1|Vil, s = |V,Im|. Write V,;, = &p41Zk42 ... 24+ and define, by periodicity,

it = Trpte for every integer j > 1 and every E € {1,...,t}. We shall estimate
the difference between

g =B = e — e = BT A 2B A (8)
and

00 t 00
Y=Y ap ;877 =) a8 87"

j=1 j=1 1=0 (9)
_ 1B+ g2 BT+ 4 T
g -1 |
Since zp4j,ar+; € {0,1,...,[B]}, we have |zy; — aryj| < [B] < B for every
S .
j = 1. Moreover, the first s terms of the series y, = ) xp4,;877 and YV}, =
=1
> ap4; 877 are equal. Hence
j=1
oo
lyp — Yi| = (Thyj — aryy) B
” (10)

1
- . 1
A_;H(xk+j — k)P ]’ < G151y

On the other hand, by (8) and (9),
(B = D(ye = Vi) = (B = 1)(B* = B85ty — - — ) = (w1 B 4+ 4 Tpr)

is a monic polynomial in 3 of degree t + k with integer coeflicients of moduli at
most [3] + 1. Furthermore, (3% — 1)(yx — Y%) is non-zero, because > 1 is not
an algebraic integer. Using (6) and (10), we obtain

Bt -1 ﬂtfs

dei (B, 18] + 1) 77 < (B' = Dy — Vil < B18-1) S 1-1/8
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It follows that log(1 —1/8) + (s — t)log 8 < (t + k) logdi+x (B, 8] + 1). Adding
(t + k) log B to both sides, we deduce that

log(1—1/8) + (k+ s)log B < (t + k) log(Bde+1 (B, [B] + 1)).
Dividing by (¢t + k) log § yields
UV | _ Ul + Vi | _ ks _ log(Bderr (B, [6] + 1)) _ log(1 —1/5)

UnVinl Ul +Vin| — k+t log 3 (k+1t)log
Since s = |V,7m| — oo as m — oo, we must have k +t = |Up,V,,| = o

as m — 00, because otherwise the left hand side (k + s)/(k + ¢) is unbounded
whereas the right hand side is bounded from above by a positive constant. Hence
log(1—1/8) _ log(1— 1/8)
(k+t)logB  |[UnVim|logf
as m — oo. We conclude that
| UV
Dio(X) =1 m
o) =limswp |
i up E(3de1(5,18] + 1)
k+t—o00 log 8
_ log(8D(8, 8] + 1))
log 8 ’
by (7), as claimed. O

Note that if 8 > 1 is an algebraic number with the leading coeflicient of its
minimal polynomial b and the conjugates 51 = 3,52, ..., B4, then for P(z) =
2"+ e 12" o+ g € Z[2] with H(P) <[] + 1 we have either P(3) = 0

or b" ﬁ |P(5;)| = 1. By estimating |P(3;)| < ([5] + 1)(n + 1) max(1, |3;])™ for
j=1

j=2,...,d and using b limax(l, 1B;1) = M(B)/|B], we obtain
PB)] = ((n+1)([81+ 1) (M (8)/I8) ™
So, by (6) and (7),

D(B, 8] +1) < M(B)/|8

for every algebraic number § # 0. By [1, Lemma 2], y;, # Y} for every k > 1.
(Indeed, in terms of the notation of [1, Lemma 2] we have a —a,, = (yx — Yz)B~*
with @ = 1, so a # «,, is equivalent to y; # Yi.) Hence Theorem 5 (combined
with [1, Lemma 2]) implies the upper bound (5) for « = 1 without any use of
the Subspace Theorem.
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Suppose that for a given transcendental number S there exists a function
f: N+— Ry and a real number s > 1 such that

[P(B)] > e D (11)

for each polynomial P(z) € Z[z] of degree n and height < H. The function
e~ /(H) (and, more generally, any positive function in two variables o(n, H)
on the right hand side of (11)) is called the transcendence measure of 8. The
situation with s = 1 is covered by Theorem 5. Unfortunately, for most explicit
transcendental numbers 3, like

« s

m, loga, €% loga/logy, a7, €”,

where a and ~ are algebraic numbers, the transcendence measure is known
to be of the form e ™ f(#) with s > 1 only. See, for instance, the paper of
Waldschmidt [14] which is based on classical methods of Mahler and Gelfond
(as is all subsequent work on the transcendence measure of these constants). For
those numbers we have the following:

THEOREM 6. Let B > 1 be a real transcendental number with transcendence

measure e~ fH) where 1 < s < oco. If the Rényi (-expansion of unity is
oo

given by 1 = > 87" then there is a constant co = co(B) > 0 such that at least
k=1

co loglog N numbers of the set {x1,xa,...,xN} are non-zero for each sufficiently

large N.

Proof. Let u(N) be the number of non-zero integers among 1, ..., zy. Clear-
o0

ly, the expansion 1 = Y. x;, 7% is infinite. If it is not gappy then u(N)/N — 1
k=1
as N — 00, so u(N) > (1 —¢)N for each ¢ > 0 and N > N(e).

Suppose it is gappy. Let us write this expansion in the form

€n

1= Zxk,é’_k = Z Z x]ﬂ_j.
k=1

n=1j=b,

Take m such that e, < N < empq1. Put By = by —1 and E; = bj11 —e; — 1,
Fj =e; —bj +1 for j € N. Then

u(N) =Y Fj +max(N,bpy1 — 1) = by + 1. (12)
j=1
Setting in (1) o = 1 and k = e,, we obtain

€n

n—k
Ye, = B = > By

k=1
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This expression is an integer polynomial in S of degree e, and height < [f],
so logy., > —efg(f) with some positive number g(5). On the other hand,
Yo, i1 = Bortr7n "ty <1, 50 logye, < —(bp+1 —en —1)log 8. Thus bypq —
en —1 < e?g1(B) with some positive number ¢;(3). Below, we shall write u < v
if u,v > 0 and the quotient u/v does not exceed a constant depending only on
B (and s). With this notation, we have

E,=byy1—e,—1<e; for every n > 1.
Hence
E,<e =(F,+b,—1)° < F; + (b, —1)°. (13)
Note that b1 = E; + Fj + b, so, by (13), we have
L=N—-—max(N,bypt1 —1)+bpt1 — 1

Sbpt1 —1=Ey+ Fy 4+ by — 1

L FES 4 (byy —1)° + Fpy + by — 1

L FS 4 (b, — 1)%.
On applying the bound b,, — 1 < F25 _; + (by,—1 — 1)®, we deduce that L <«
F5 +FS | 4 (b1 —1)* and so on, until we get

Lo (Fp - Fyy o B 4 (1))

with an absolute constant ¢; > 0. Thus, using (12), we deduce that for some
absolute positive constants c1,cg > 1

N < max(N,bpy1 —1) = by + 146" (FS+F5_ +-+ F" +¢3")
< (au(N) + 02)g
(14)
The required bound u(N) > ¢gloglog N is immediate if u(N) > log N. Sup-
pose that u(N) < log N. Taking logarithms in (14) (twice) we obtain
loglog N < mlogs + loglog(ci log N + c2).
Since, by (12), u(N) > m, this yields
- loglog N — loglog(ci log N + ¢2)

N) >
w(N) = m log s

> cologlog N
with some constant ¢y depending on 5 and s (which depends on f). O

We remark that for some transcendental numbers 3 the function u(N) de-

fined as the number of non-zeros among the first N digits z1,...,xn of the
B-expansion 1 = > 2,47 can be arbitrarily small. Indeed, let §(n) be a non-
k=1

decreasing sequence of real numbers satisfying 6(n) — oo as n — oo. Let us
construct a transcendental number 5 for which u(N) < §(N) for each N > Nj.
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Take a sequence of positive integers by = 1 < by < by < ... which is increasing
so fast that b,+1 > 2b, and §(b,) > n for each n > 2. Define § > 1 by the
equality

1= g (15)
j=1

Clearly, 1 < 8 < 2. By [6, Corollary 5], the number 3 is transcendental. Also,
it is easy to see that the (-expansion of unity is given by (15). The number
of non-zero elements among x1, ..., xy is equal to n, where n is chosen so that
b, < N <byy1. So

u(N) =u(b,) =n < d(b,) <I(N)

for N > by, as claimed.
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