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VISCOSITY APPROXIMATION METHODS
FOR MONOTONE MAPPINGS
AND A COUNTABLE FAMILY
OF NONEXPANSIVE MAPPINGS

Poom KuMaAM* — SomMyoT PLUBTIENG**
(Communicated by Lubica Hold)

ABSTRACT. We use viscosity approximation methods to obtain strong conver-
gence to common fixed points of monotone mappings and a countable family of
nonexpansive mappings. Let C be a nonempty closed convex subset of a Hilbert
space H and P¢ is a metric projection. We consider the iteration process {zy, }
of C defined by 1 = x € C' is arbitrary and

ITn4+1 = anf(xn) + (1 — an)SnPC(xn + )\nAxn)v

where f is a contraction on C, {S,} is a sequence of nonexpansive self-mappings
of a closed convex subset C of H, and A is an inverse-strongly-monotone mapping
of C into H. It is shown that {x,} converges strongly to a common element of the
set of common fixed points of a countable family of nonexpansive mappings and
the set of solutions of the variational inequality for an inverse-strongly-monotone
mapping which solves some variational inequality. Finally, the ideas of our results
are applied to find a common element of the set of equilibrium problems and
the set of solutions of the variational inequality problem, a zero of a maximal
monotone operator and a strictly pseudocontractive mapping in a real Hilbert
space. The results of this paper extend and improve the results of Chen, Zhang
and Fan.
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1. Introduction

Let C be a closed convex subset of a real Hilbert space H and let Po be
the metric projection of H onto C. A mapping S of C into itself is called
nonexpansive if

Sz — Syl < 1= -yl (L.1)
for all z,y € C. We denote by F(S) the set of fixed points of S. A mapping f
of C into H is called contraction if there exists a constant k € (0,1) such that

Ifz = fyll < Ellz —yl,
for all z,y € C. A mapping A of C into H is called monotone if
(Au — Av,u —v) >0,
for all u,v € C, The variational inequality problem is to find u € C with that
(Au,v —uy >0,

for all v € C. The set of solutions of variational inequality problem is denoted
by VI(C,A). A mapping A of C into H is called a-inverse-strongly-monotone
if there exists a positive real number « such that

(Au — Av,u —v) > o Au — Av|)?, (1.2)

for all u,v € C. It is obvious that any a-inverse-strongly-monotone mapping A
is monotone and Lipschitz continuous. For finding an element of F(S)NVI(C, A)
under the assumption that a set C' C H is closed and convex, a mapping S of C
into itself is nonexpansive and a mapping A of C into H is a-inverse-strongly-
monotone, Takahashi and Toyoda [17] introduced the following iterative scheme:

Tp41 = QpTp + (1 - O‘n)SPC(xn — A\ Axy,) (13)

for every n = 0,1,2,..., where g = z € C, {a,} is a sequence in (0,1) and
{A\n} is a sequence in (0,2a). They shown that, if F(S) N VI(C,A) # 0, then
such a sequence {z,} converges weakly to some z € Pp(s)nv(c, )T
On the other hand, Moudafi [9] introduced the viscosity approximation me-
thod for nonexpansive mappings (see [19] for further developments in Banach
spaces). Let f be a contraction on H, S is a nonexpansive self-mapping on a
Hilbert space H. Starting with an arbitrary xo € H, he defined a sequence {z,,}
generated by
Tnt1 = anf(zn) + (1 — an)Szy, n >0, (1.4)

where {«a,} is a sequence in (0,1). It is proved ([9, 19]) that under certain
appropriate condition imposed on {«,}, the sequence {x,} generated by (1.4)
converges strongly to the unique solution x* in C of the variational inequality

(I—=f)z", o —2") >0 forall zeC. (1.5)
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Recently, Plubtieng and Punpaeng [13] introduced a new viscosity iterative
scheme and proved some strong convergence theorems to a common element
of the set of common fixed points of nonexpansive semigroups and the set of
solutions of the variational inequality in Hilbert spaces.

In 2007, Chen, Zhang and Fan [4] introduced the following iterative scheme:
Tng1 = o f(zn) + (1 — o) SPo(x, — A\Azy,) (1.6)

for every n =0,1,2,..., where g = z € C, {«,} is a sequence in (0, 1), {\,} is
a sequence in (0, 2a), f is a contraction on C, S is a nonexpansive self-mapping
of a closed convex subset C of a Hilbert space H. They proved that such a
sequence {x,} converges strongly to a common element of the set of fixed points
of nonexpansive mapping and the set of solutions of the variational inequality for
an inverse-strongly-monotone mapping which solves some variational inequality.
Very recently, Aoyama et. al. [1] introduced an iterative sequence {z,} of C
defined by z1 =« € C and

Tpt1 = an@pn + (1 — @) Snan, neN, (1.7)
where {a,} is a sequence in [0, 1], C' is a closed convex subset of H and {S,,} is

oo

a sequence of nonexpansive mappings of C' into itself with () F(S,,) # (. They
n=1

also proved that such a sequence converges strongly to a common fixed point

of nonexpansive mappings. Plubtieng and Kumam [14] introduced an iterative
process for finding the common element of the set of common fixed points of
a countable family of nonexpansive mappings and the set of solutions of the
variational inequality problem for an inverse-strongly-monotone mapping. They
obtain a weak convergence theorem for a sequence generated by this process.

In this paper, we consider and analyze the following viscosity iterative method
for an inverse-strongly-monotone mapping and a countable family of nonexpan-
sive mappings. Let z; =z € C and

Tnt+1 = anf(zn) + (1 — an)Sp Po(xn — AnAxy,) (1.8)

for all n € N, where {«,} is a sequence in (0,1), Pc is a metric projection, f is
a contraction mapping on C, {S,} is a sequence of nonexpansive mappings of
a closed convex subset C of H, A is an « inverse-strongly-monotone mapping
of C into H and {\,} C (a,b) C (0,2«). We will prove in Section 3 that
if the sequences {a,,} and {\,} of parameters satisfy appropriate conditions,
then the sequence {z,} generated by (1.8) converges strongly to a common
element of the set of common fixed points of a countable family of nonexpansive
mappings and the set of solutions of the variational inequality for an inverse-
strongly-monotone mapping which solves some variational inequality. Moreover,
we apply our result to the problem for finding a common element of the set of
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equilibrium problems and the set solutions of the variational inequality problems
for a monotone mapping.

2. Preliminaries

Let H be a real Hilbert space. Then
lz =yl = l=lI* = [lylI* - 2{z — y.9) (2.1)
and
Az + (1= Nyl = M| + 1 = NllylI> = AL =Nz —y[*  (22)
for all z,y € H and X € [0, 1]. It is also known that H satisfies
(1) the Opial’s condition ([12]), that is, for any sequence {z,} with =, — z,
the inequality
liminf ||z, — | < liminf ||z, —y||
n—oo n—oo
holds for every y € H with y # x.

(2) the Kadec-Klee property ([7, 15]), that is, for any sequence {z,} with
Tn — z and ||x,| — ||z| together imply ||z, — z|| — 0.

Let C be a closed convex subset of H. For every point x € H, there exists a
unique nearest point in C', denoted by Pgox, such that

|z — Pox| < ||z —yl| forall yeC.

Pc is called the metric projection of H onto C. It is well known that Pg is a
nonexpansive mapping of H onto C' and satisfies

<.1‘ — vy, Pox — Poy> > ||PC£I3 — Pcy||2 (23)

for every x,y € H. Moreover, Pcx is characterized by the following properties:
Pox € C and
(x — Pox,y — Pcx) <0, (2.4)
lz = ylI* > |z — Pox || + |y — Pezlf? (2.5)
forallz € H, y € C.
In the context of the variational inequality problem, this implies that

ueVI(C,A) < (VA >0)(u=Pc(u— Nu)). (2.6)
We note that, for all u,v € C' and \ > 0,
I(Z = XA)u — (I = AA)v||* = || (u — v) — A(Au — Av)|®
= |lu—v|* = 2\ u — v, Au — Av) + \?|| Au — Av|]?
< lu —v||* + A\ = 2a) || Au — Av]|?. (2.7)
So, if A < 2q, then I — AA is a nonexpansive mapping from C to H.
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The following lemmas will be useful for proving the convergence result of this
paper.
LEMMA 2.1. ([18]) Assume {a,} is a sequences of nonnegative real numbers
such that
W1 < (1 =vn)an +0n,  n 20,
where {v,} is a sequence in (0,1) and {0,} is a sequence in R such that

(i f Y = 00;

(ii) imsup é, /v, > 0 or Z |0n] < 0.

n—oo

Then lim «,, exists.
n—oo

LEMMA 2.2. ([1, Lemma 3.2]) Let C' be a nonempty closed subset of a Banach
space and let {T } be a sequence of nonexpansive mappings of C into itself.

Suppose that Z sup{[|Ty+12 — Tnz| : 2z € C} < co. Then, for each y € C,

{Ty} com)erges strongly to some point of C. Moreover, let T be a mapping of
C into itself defined by

Ty = lim T,y forall yeC.
n—oo

Then lim sup{||T,z —Tz|: z€C} =0.
n—oo

3. Strong convergence theorems

In this section, we prove some strong convergence theorems for monotone
mappings and a countable family of nonexpansive mappings.

THEOREM 3.1. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let a > 0 and let A be an a-inverse-strongly monotone mapping of C into
H. Let {Sn} be a sequence of nonexpansive mappings from C' into itself such

that ﬂ F(S,)NVI(C,A) # 0, and f be a contraction of C into itself. Suppose

T =T E C and let {x,} be the iterative sequence defined by
Tnt1 = anf(zn) + (1 — an)SnPo(x, — A\ Axy,)

for all n = 0,1,2,..., where {a,} is a sequence in (0,1) and {\,} C [a,b] C
(0,20&) Satisfy Z p‘n-ﬁ-l - )\n‘ < 09,
n=1

o0 oo
lim o, =0, E a, =00 and E |11 — | < 00,
— -
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Suppose that Z sup{||Sn+12 — Snz|| : 2z € B} < oo for any bounded subset
B of C. Let S be a mapping of C into itself defined by Sz = hm Snz for all

z € C and suppose that F(S) = ﬂ F(S,). Then {x,} converges strongly to
z € F(S)NVI(C,A), where z = PF(S)QV](C A f(2).
Proof. Let Q = Pp(s)nvi(c,a)- Then Qf is a contraction of H into C. In fact,

there exists k € [0,1) such that ||f(x) — f(y)|| < k||z — y|| for all z,y € H. So,
we have that

1Qf (x) = QF W)l < [[f(x) = fFW)I < Kllz -yl

for all z,y € H. This implies that @ f is a contraction on H into C. Since H is
complete, there exists a unique element of z € H, such that z = Qf(z). Such a
z € H is an element of C.

Put y, = Po(xz, — A\ Azy,) for every n € NU{0}. Let u € F(S)NVI(C, A).
Since I — A, A is nonexpansive and u = Po(u — A, Au) from (2.6), we have

lyn — ull = | Pe (20 — Ao Azn) — Po(u — Ay Au)|
<[ (@n = AnAzn) — (u = Ay Au)|
< (I = AnA)zn — (I = Ay A)ul|

< |lzn = ull
for all n € NU {0}. From (2.7), we note that

[#nt1 = ull = llan(f(zn) = u) + (1 = an)(Snyn — )|l
< o[ f(@n) = ull + (1 = an)||Snyn — ul|
< an([lf(@n) = FW)l[ + [1f(w) = ul]) + (1 = an)llzn —
< ankllzn —ull + anllf(u) = ull + (1 = an)|zn — ull

1
— (1= (= Bl —ull+ (1= Ran (117w - ul)
1
< — _
< max{ e, —ull, | _ () —ull |
for all n € N. By induction, we get
[ | <max{flan —ll, L If@) —ul},  wz1 @)
Tpn+1 — || < maxy |21 u’l—k u ull ¢, n>1. .

Therefore {z,} is bounded. Hence, we also obtain that {y,}, {Sny,} and
{f(z,)} are bounded.

262



VISCOSITY APPROXIMATION METHODS FOR MONOTONE MAPPINGS

Since I — A\, A is nonexpansive, we have

lYn+1 = Ynll = [Po(Tnt1 — AnAxni1) — Po(an — AAzy)||
<N = A1) znsr — (I = AnA)zy|
<N = As1A)zng1 — (I = Anp1 A)znl| + [An — Anga ||| A2y |
< (st — 20l + e = Awsall Az (3.2)

for all n € N. So, we obtain

[Zn+1 — za|
= [llenf(zn) + (L = ) Snyn] = lon—1f(@n—1) + (1 = @n-1)Sn—1yn—1]|
= llan[f(zn) = fl@n-1)] + (an — an-1)f(@n-1)
+ (1 = an)(Snyn — Sn—1Yn-1) + (-1 — @) Sp-1yn—1||
< ankllzn — zp-all 4 [(an — an1|(Lf (@n-2) | + 1Sh-19n-1])
+ (1 = an)(1S0yn — Snyn—1ll + 1Snyn—1 = Sp—1yn—1ll)
< apkllzn — 2ol + lan — an_a (L f (@a—1)[l + [Sn-1ynl])
+ (1= an)lyn — yn—all + (1 — an) SUP{”SnZ — Sp1z|: z € {ynfl}}
< Qnblln — Tn-1 ]l + lan — an_1 (a1l + 1 Sa- 1)
£ (1= ) (20— 2ot + Pt — AallAzaa])  (by 3.2)
+ (1 — an) sup{||Snz — Sn—12| : 2z € {yn}}
<A =01 =kap)zn — Tn-1] + [A=1 — | M + |y — @p—1|L
+(1—an) sup{||Snz —Sn_1z]|: z € {yn}}

for every n € N, where
L:= sg;;{”fxn,lﬂ + |Sn-1yn-1l|} and M := sgp;{HAan}

Since
o0 o0 o0
Zan = o0, Z A — Ap—1| < o0, Z |y, — ap—1| < 00
n=1 n=1 n=1
and
oo
Z{Hsnz = Spta2l| 2 € {yn}} < 00,
n=1
it follows by Lemma 2.1 that

nhﬁngo |Znt1 — 2| = 0. (3.3)
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Then we also obtain lim ||yn+1 — yn|| = 0. Moreover, we note that
n—0o0

S ||xn - nflynflu + ||Sn71yn71 - Snynflu + ||Snynfl - Snyn”
<ap ||f(.’l)n,1> - Snflynfl || + Sup{”Snle - SnZH IS {ynfl}}

+ ||Yn—1 — ynll forall neN.
Thus, we have
From (2.7), we obtain
[@ng1 — ull®

< apllf(zn) = ull® + (1 = an)[|Snyn — ul|®

< apllf(zn) = ul? + (1 = an)llyn — ul®

= ap| f(zn) — u||2 + (1 = an)||[Po(zn — AnAzn) — u||2

< aplf(zn) = ul? + (1 = an)[[(I = XA)zn — (I = ApA)ul?

< apllf(zn) = ul? + (1 = an)([lzn — ul” + X0 (A = 20)[| Az, — Aul?)

< apllf(zn) —ull* + |zn — ul® + (1 — ay)a(b — 2a)|| Az, — Aul?
and hence

— (1 = ap)a(b - 20)| Az, — Aul)?
< onllf(@n) = ull® + llon — ul® = ents — ull?

< | f () = ul® + (lzn = ull + 2ner — wl)llns1 — 2nll.

Since a,, — 0 and ||xy,+1 — 2, || — 0, it follows that || Az, — Aul| — 0. Further
from (2.3), we obtain

[yn — ull® = | Pe(n = AnAz,) — Po(u — A, Au)|?
< <(xn — MAzxy) — (u— A Au), Yy, — u)
1/2){(@n = AnAzn) = (u = ApAu) | + |lyn — ul]?
— [(@n = AnAzy) = (u = XnAu)] = (yn — w)|?}
< (/2 {20 = ull® + llyn — ull® = (@ = yn) = An(Azy — Au)|?}
= (1/2){llzn — ull® + lyn — ull® = (@0 — ya)|1?
+ 22 (Tn — Y, Az — Au) — A2 || Az, — Aul?}.
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Thus, we have
yn = ull® < llzn —ull? = |20 — yal?
+ 22 (T — Yn, Ay — Au) — N2 || Az, — Aul|?
and hence
Znt1 = ull® = llan f(z) + (1 — an)Spyn — ull?
< anl| f(n) = ul® + (1 = an) |y — ul]?
< anl| f(zn) = ull® + [lzn —ull® = 20 — ya?
+ 22X (T — Yn, Az, — Au) — N2 || Az, — Aul)®.
Since oy, — 0, ||zp+1 — @] = 0 and || Az, — Au|| — 0, we have
[ = ynll = 0. (3.5)
From ||Shyn — Ynll < 1Sn¥n — xnll + ||Zn — ynl|, we obtain
1Snyn = ynll = 0. (3.6)

Next we show that
limsup(f(z) — z, Spyn — 2) <0,

n—oo

where z = Pp(s)nvi(c,a)f(2). To show it, choose a subsequence {yy,} of {yn}
such that

limsup(f(2) — 2z, Snyn — 2) = lUm (f(2) — 2, Snyn, — 2).

n—00 100

Since {yn,} is bounded, there exists a subsequence {yn, } of {yn,} converges
weakly to w. We may assume without loss of generality that y,, — w. Since
|Snyn — ynll — 0, we obtain S, y,, — w. We now show that w € F(S) N
VI(C,A).

First, it follows by the same argument as in the proof of [8, Theorem 3.1,
pp. 346-347] that z € VI(C, A). Let us show that w € F(S). Assume w ¢ F(S5).
From Opial’s condition, we have

liminf ||y, — w|| < liminf ||y,, — Sw||
n—00 i—»00
i—»00
< liminf ||Sy,, — Sw]
i—00

< lim inf [|y,, — w||
11— 00
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This is a contradiction. Thus, we obtain w € F(S). Therefore w € F(S) N
VI(C, A). Since z = Pp(s)nvi(c,a)f(2), we have

lim sup(f(2) = 2), Snyn — 2) = lim {f(2) = 2, Snym, = 2)
={(f(z)—z,w—2) <0
for all n > m. For all n > m, we have
[2n41 = 2]|* = llanf(@n) + (1 — an)Spyn — 2|
= llan(f(zn) = 2) + (1 = an)(Spyn — )|
< O‘i”(f(xn) - Z)||2 + 2an(1 - O‘n><f($n) — 2, SnYn — Z>
+ (1= an)?[|Snyn — 2|
< anll(f(zn) = 2)II° + (1 = an)?||zn — 2|
+ 200 (1 — an ) (f(20) — f(2), Snyn — 2)
+ 20, (1 — an){(f(2) — 2, Spyn — 2)
< anll(f(zn) = 2)II° + (1 = 200 + af) [y — 2|
+ 20, (1 — o) k||l zn — 2|12 4+ 200 (1 — ) (f(2) — 2, Suyn — 2)
= [1 =20y + aj, + 2kan (1 — an)]llzn — 2[|* + ol || f(zn) — 2|
+ 2a,(1 — an){(f(2) — 2, Spyn — 2)
= (1= an)llzn — 2|* + an by,
where
Qn = 20, + A2 + 2k, (1 — o),
5, = anllf(2n) = 2] +2(1 = an){f(2) = 2, Snyn — 2).
" 24 ay, + 2k(1 — ay)

oo —
It is easily to see that &, — 0, > &, = oo and limsup 3, < 0. Hence,

n=1 n—oo
by Lemma 2.1, we obtain x, — z = Pp(s)nvi(c,a)f(2). This completes the
proof. O

Putting f(y) = x € C for all y € H in Theorem 3.1, we have the following
result.

THEOREM 3.2. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let a > 0 and let A be an a-inverse-strongly monotone mapping of C into
H. Let {S,} be a sequence of nonexpansive mappings from C' into itself such

that (| F(S,)NVI(C,A) #0. Suppose x1 =x € C and {x,} is given by
n=1
Tnt1 = any + (1 — ay) Sy Po(x, — A Axy,)
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for alln =0,1,2,..., where {ay,} is a sequence in (0,1) and {\,} C [a,b] for
some a,b € (0,2a) with Y [Apt1 — A\n| < 00,

n=1

o0 oo
lim «, =0, Zan:oo and Z|an+1—an\<oo.

n—oo

Suppose that Z sup{|[|Snt12 — Snz|| : 2 € B} < oo for any bounded subset
B of C and S be a mapping of C into itself defined by Sz = hm S,z for all

z € C and suppose that F(S) = ﬂ F(S,). Then {x,} converges strongly to
z € F(S)NVI(C, A), where z = PF(S)QVI(C A)T1-
Proof. Tt follows by Theorem 3.1 that x,, — 2, where z = Pp(s)nvi(c,a)z1- U

Setting S;, = S in Theorem 3.1 and 3.2, we have the following results.

COROLLARY 3.3. (Chen, Zhang and Fan [4]) Let C' be a nonempty closed convex
subset of a real Hilbert space H. Let o > 0 and let A be an a-inverse-strongly
monotone mapping of C into H. Let S be a sequence of nonexpansive mappings
from C into itself such that F(S)NVI(C,A) # 0. Let f be a contraction of C
into itself. Suppose x1 =x € C and {x,} is given by

Tnt1 = anf(xn) + (1 — ap)SPo(x, — ApAxy,)
for alln =0,1,2,..., where {ay,} is a sequence in (0,1) and {\,} C [a,b] for
some a,b € (0,2a) with Y [Apt1 — A\n| < 00,
n=1

lim «, =0, Zan =00 and Z lan+1 — | < 0.
n—oo

Then {x,} converges strongly to z € F(S)NVI(C,A), where
z = Pys)nvic,a)f(z)-

By using the same argument in the proof of Theorem 3.1, we have the follow-
ing theorem.

THEOREM 3.4. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let {S,} be a sequence of nonexpansive mappings from C' into itself such
o0

that () F(Sn) # 0 and f be a contraction of C into itself. Suppose r1 =1z € C
n=1
and let {x,} be the iterative sequence defined by
Tn+1 = anf(zn) + (1 — ap)Spzy
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for every n € N, where {ay,} is a sequence in (0,1). Suppose that

Zsup{HSnHz —Spzl|: z€ B} <0

n=1

for any bounded subset B of C'. Let S be a mapping defined by Sz = lim S,z
n—o0

for all z € C' and suppose that F(S) = () F(S,). Then {x,} converges strongly
n=1
to z € F(S), where z = Pp(g) f(2).

Proof. Put @ = Pg(s) and y,, = x,, in the proof of Theorem 3.1. By using the
same argument as in the proof of Theorem 3.1, we can show that {z,,} converges
strongly to a point z € F(S), where z = Pp(g) f(2). d

4. Applications

4.1. Equilibrium problems

Let C' be a nonempty closed convex subset of a real Hilbert space H. Let
F' be a bifunction of C' x C' into R, where R is the set of real numbers. The
equilibrium problem for F': C' x C — R is to find = € C such that

F(z,y) >0 forall yeC. (4.1)

The set of solutions of (4.1) is denoted by EP(F'). Numerous problems in physics,
optimization, and economics reduce to find a solution of (4.1). Some methods
have been proposed to solve the equilibrium problem (see [2, 6, 10, 16]). In 2005,
Combettes and Hirstoaga [5] introduced an iterative scheme of finding the best
approximation to the initial data when EP(F) is nonempty and they also proved
a strong convergence theorem.

For solving the equilibrium problem, let us assume that the bifunction F
satisfies the following conditions (see [2]):

(Al) F(z,z) =0 for all z € C;
(A2) F is monotone, i.e., F(x,y) + F(y,z) <0 for any z,y € C,

(A3) F is upper-hemicontinuous, i.e., for each z,y,z € C,

limsup F(tz + (1 — t)z,y) < F(z,y);

t—0+
(A4) F(z,-)is convex and lower semicontinuous for each z € C.

By [2, Corollary 1], [5, Lemma 2.12] and [11, Theorem 16], we have the following
lemmas.

268



VISCOSITY APPROXIMATION METHODS FOR MONOTONE MAPPINGS

LEMMA 4.1. Let C be a nonempty closed convex subset of a real Hilbert space
H, let F be a bifunction from C' x C into R satisfying (A1)—(A4) and let r > 0
and x € H. Then there ezists unique x* € C such that
F(x*,y)—}—i(y—x*,x*—x}zo forall yeC.
Moreover, let T, be a mapping of H into C' defined by
T.(z) =z"

for all x € H. Then, the following hold:

(i) T is firmly nonexpansive, i.e., for any x,y € H,

1Tz = Toyl* < (Trx — Ty, @ — y);
(ii) F(T) = EP(F);
(iii) EP(F) is closed and conver.

LEMMA 4.2. Let C be a nonempty closed convexr subset of a real Hilbert space
H. Let F be a bifunction from C x C into R satisfying (A1)-(A4). Let {r,} be a
sequence of positive integers and T, be mapping defined as in Lemma 4.1. Let

{rn} be a sequence in (0,00) such thatinf{r, : n € N} >0 and Y |rpi1 — 70
n=1
< 00, then the following hold:

(i) > sup{||Ty,,,2 — Tr,z2| : z € B} < oo for any bounded subset B of C,

n=1
(ii) F(T) = () F(T,,) where T is a mapping defined by Tz = hm T, x for
n=1
allz € C.

Using Theorem 3.1 and Lemma 4.2, we have the following theorem.

THEOREM 4.3. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let F be a bifunction from C' x C into R satisfying (A1)-(A4). Let A be an
a-inverse-strongly monotone mapping of C into H such that VI(C,A) NEP(F)
# 0. Let f be a contraction of H into itself. Let {x,} and {u,} be sequences
generated by 1 € C and

Yn = PC(:En - )\nAxn)

1

F(unvy)+T <y_unvun_yn>20 forall yGCa
Tnt+1 = anf(zn) + (1 — ap)uy

for all m | € N, where {a,} is a sequence in |0, 1] and {\,} C [a b < (0,2a)

satisfy Z [Ant1 — An| < oo with hm a, =0, Z Q= 00, Z lan+1 — o

n=1 n=1 n=1
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o0
< oo and {r,} is a sequence in (0,00) with liminfr, > 0 and 3 |rn41 — 7y
n—00 =1

< 00. Then {x,} converges strongly to w € VI(C,A) N EP(F), moreover w =
Pep(mynvic,a)f(w).

Using Theorem 3.4 and Lemma 4.2, we have the following theorem.

THEOREM 4.4. Let C be a nonempty closed convexr subset of a real Hilbert
space H. Let F be a bifunction from C x C into R satisfying (A1)—(A4) with
EP(F) # 0 and let f be a contraction of C into itself. Let {x,} and {u,} be
sequences generated by r1 = x € C and

1
F(unay)+ r <y_unaun_xn> >0, forall y € C,

n

Tnt1 = anf(zn) + (1 — ap)uy

for all n € N, where {a,} is a sequence in [0,1] with > «, = oo and {r,} is
n=1

o0
a sequence in (0,00) with liminfr, > 0 and ). |rp41 — rn| < co. Then {z,}
n—00 ne1
converges strongly to w € EP(F), moreover w = Pgpp) f(w).

4.2. Accretive operator

In this section, we consider the problem of finding a zero of an accretive
operator. Let E be a real Banach space. Let p be a fixed real number with
p > 2. A Banach space F is said to be p-uniformly convex if there exists a
constant ¢ > 0 such that d(g) > ce? for all ¢ € [0,2]. Observe that every
p-uniform convex Banach space is uniformly convex. One should note that no
Banach space is p-uniform convex for 1 < p < 2. It is well known that a
Hilbert space is 2-uniformly convez, uniformly smooth. For each p > 1, the
generalized duality mapping J,: E — 2E" is defined by Jp(x) = {x* e BE*
(z,z*) = ||z||P, ||z*| = ||z[[P~*} for all z € E. In particular, J = J, is called
the normalized duality mapping. If E is a Hilbert space, then J = I, where
I is the identity mapping. An operator A C F x E is said to be accretive
if for each (z1,y1) and (z2,y2) € A, there exists j € J(x; — x3) such that
(y1 — y2,7) = 0. An accretive operator A is said to satisfy the range condition
of D(A) C R(I + AA) for all A > 0, where D(A) is the domain of A, R(I + \A)
is the range of I + AA, and D(A) is the closure of D(A). If A is an accretive
operator which satisfies the range condition, then we can define, for each A > 0,
a mapping Jy: R(I + AA) — D(A) by Jy = (I — MA)~!, which is called the
resolvent of A. We know that .J\ is nonexpansive and F(J,) = A~1(0) for all
A > 0. An accretive operator A is said to be m-accretive if R(I + AA) = E for
all A > 0 (see also [1]).
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LEMMA 4.5. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let T C H x H be an accretive operator such that T=1(0) # 0 and D(T) C

Cc () RU+rT), and {r,} be a sequence in (0,00). If inf{r, : n € N} >0,
r>0

and > |rn41 — | < 00, then the followings hold:
n=1

(i) Z sup{[|Jr,..,z — Jr, 2|l : 2 € B} < oo for any bounded subset B of C,

(ii) F(S) = ﬂ F(J,,), where S is a mapping defined by Sz = lim J, z for
n—oo
alzeC.

Using Theorem 3.1 and Lemma 4.5, we have the following theorem.

THEOREM 4.6. Let T C H x H be an m-accretive operator with T~(0) # 0 and

let C:= D(T). Let a > 0 and let A be an a-inverse-strongly monotone mapping
of C into H and let f be a contraction of C into itself. Let {x,} be a sequence
generated by v1 =z € C' and

Tnt1 = anf(zn) + (1 — an)dr, Po(x, — Ay Axy,)

for all n € N, where {a,,} is a sequence in [0,1], {r,} is a sequence in (0, 00)
o0

and {\,} C [a,b] C (0,2c) satisfy > |Ans1 — An| < 00. Suppose that S is a

n=1

mapping defined by Sx = hm Jr,x forallx € C. If hm a, =0, Z Qy = 00,

n=1
Z lap+1 — | < o0, inf{r, : n € N} >0, and Z |”nt1 — 1| < 00, then {z,}
n=1

converges strongly to z € T~H(0) N VI(C, A), where 2= Pr-oyavic,a)f(z).

Proof. Since H is Hilbert space, C'=D(T) is closed and convex. By Lemma 4.5,
we have the following

= N F(Jn) =TH0) £ 0.
n=1
Therefore, by Theorem 3.1, we obtain {x,} converges strongly to z =

Pr(synr-1(0)f(2)- U

Using Theorem 3.4 and Lemma 4.5, we have the following theorem.
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THEOREM 4.7. (Chen and Zhu [3, Theorem 3.2]) Let T C H x H be an m-ac-
cretive operator with T=1(0) # () and let C := D(T). Let f be a contraction of
C' into itself. Let {x,} be a sequence generated by 1 = x € C and

Tpt1 = anf(zn) + (1 — an)dy, Ty for all n €N,
where {ay,} is a sequence in [0,1], {r,} is a sequence in (0,00). If lim an =0,
Doy =00, Y. |apt1 — ay| < oo, inf{r, : n e N} >0, and Z |Tnt1 — Tl

n=1 n=1

< 00, then {x,} converges strongly to z € T~1(0), where z = PT 1(0)f( z).

4.3. Strictly pseudocontractive mapping

A mapping T: C — C is called strictly pseudocontractive on C if there exists
k with 0 < k < 1 such that

|72~ Tyl < lle — yl® + k(I ~ T)e + (I~ Thy|>  forall z,yeC.

If K =0, then T is nonexpansive. Put A =1 —T, where T: C — C' is a strictly

pseudocontractive mapping with k. We know that, A is 1Ek—inverse strongly

monotone and A~1(0) = F(T) (see [8]).
Now, using Theorem 3.1 we state a strong convergence theorem for a pair of
a nonexpansive mapping and strictly pseudocontractive mapping as follows.

THEOREM 4.8. Let C' be a closed convex subset of a real Hilbert space H. Let
{S,} be a sequence of nonexpansive mappings of C into itself. Let T be a strictly

pseudocontractive mapping with constant k of C into itself such that ﬂ F(S,)N
VI(C,A) # 0. Let {z,,} be a sequence generated by x1 =z € C and

Tnt1 = anf(zn) + (1 — an)SnPo((1 — )y + A T2y)
for all m € N, where {a,} is a sequence in [0,1], {r,} is a sequence in (0,00)
and {\,} C [a,b] C (0,2a) satisfy i [Ant1 — An| < 00. Suppose that S is a
mapping defined by Sz = hm Snz forall z € C. If hman =0, Z Qp = 00,

n=1

Z |41 — an| < oo, inf{r, : n €N} >0, and Z |1 — | < 00, then {z,}
n=1 n=1

converges strongly to z € F(S) NF(T'), where z = Py(s)nr (1) f(2).

Proof. Put A=1—T. Then A is 1;k—inverse—s‘crong.g:ly monotone. We have

that F(T') is the solution set of VI(A,C) i.e., F(T) = VI(A,C) and
Po(xy — AAzxy) = (1= Ap)xn + AnTxy,.

Therefore, by Theorem 3.1, the conclusion follows. O

Setting f(y) = z for all y € C in Theorem 4.8, we have the following corollary.
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COROLLARY 4.9. Let C be a closed convexr subset of a real Hilbert space H.
Let {S,,} be a sequence of nonexpansive mappings of C into itself and let T be
a strictly pseudocontractive mapping with constant k of C' into itself such that

N F(Sn,)NF(T) #0. Let {z,,} be a sequence generated by x1 = x € C' and
n=1

Tpt1 = an® + (1 — ap)Sp Po((1 — Ap)zy — AnTxy,)
for all m € N, where {a,} is a sequence in [0,1], {r,} is a sequence in (0,00)

and {\,} C [a,b] C (0,2c) satisfy > |Ans1 — An| < 00. Suppose that S is a
n=1
mapping defined by Sz = lim S,z for all z € C. If lima,, =0, > «a, = o0,
n—00 n n—1

o0 o0
3 lant1 — an| < oo, inf{r, : n € N} >0, and Y |rp41 —rn| < 0o, then {x,}
n=1 n=1

converges strongly to z € F(S) NF(T), where z :_PF(S)QF(T)xl.
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