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ABSTRACT. In this paper we define the sequence space �M(∆m
v , p, q, s) on a

seminormed complex linear space, by using a sequence of Orlicz functions. We
study some algebraic and topological properties. We prove some inclusion rela-
tions involving �M(∆m

v , p, q, s).
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1. Introduction

Let ω be the set of all sequences of real or complex numbers and �∞, c and
c0 be the linear spaces of bounded, convergent and null sequences x = (xk) with
complex terms, respectively, normed by ‖x‖∞ = sup

k
|xk| where k ∈ N, the set

of positive integers.

Kızmaz [5] defined the sequence spaces

Z(∆) =
{
x = (xk) : (∆xk) ∈ Z

}
where Z is any of the sets �∞, c or c0. The notion of difference sequence spaces
was generalized by Et and Çolak [2] as follows:

Z(∆m) =
{
x = (xk) : (∆mxk) ∈ Z

}
for Z = �∞, c or c0, where m ∈ N, (∆mxk) = (∆m−1xk − ∆m−1xk+1) and so
that

∆mxk =

m∑
i=0

(−1)i
(
m

i

)
xk+i.
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Let v = (vk) be any fixed sequence of non-zero complex numbers. Et and Esi
[3] generalized the above sequence spaces to the following sequence spaces

Z(∆m
v ) =

{
x = (xk) : (∆m

v xk) ∈ Z
}

where (∆m
v xk) = (∆m−1

v xk −∆m−1
v xk+1), ∆

m
v xk =

m∑
i=0

(−1)i
(
m
i

)
v
k+i

xk+i for all
k ∈ N.

The sequence spaces Z(∆m
v ) are Banach spaces normed by

‖x‖∆ =

m∑
i=1

|vixi|+ ‖∆m
v x‖∞ .

An Orlicz function is a function M : [0,∞) → [0,∞), which is continuous,
non-decreasing and convex with M (0) = 0, M (x) > 0 for x > 0 and M (x) → ∞
as x → ∞.

If M is a convex function and M (0) = 0, then M (λx) ≤ λM (x) for 0 ≤ λ ≤ 1.

Lindenstrauss and Tzafriri [6] used the idea of Orlicz function to construct
the sequence space

�M =

{
x ∈ ω :

∞∑
k=1

M
(

|xk|
ρ

)
< ∞ for some ρ > 0

}
.

The space �M becomes a Banach space, with the norm

‖x‖ = inf

{
ρ > 0 :

∞∑
k=1

M
(

|xk|
ρ

)
≤ 1

}

which is called an Orlicz sequence space. The space �M is closely related to the
space �p which is an Orlicz sequence space with M (x) = xp for 1 ≤ p < ∞.

Later on different types of sequence spaces were introduced by using an Orlicz
function by Bektaş and Altın [1], Tripathy [8], Tripathy et al [9], Tripathy et al
[10], Tripathy and Mahanta [11], [12] and many others.

Let X be a complex linear space with zero element θ and X = (X, q) be a
seminormed space with the seminorm q. By S(X) we denote the linear space of
all sequences x = (xk) with (xk) ∈ X and the usual coordinatewise operations:
αx = (αxk) and x + y = (xk + yk), for each α ∈ C where C denotes the set of
complex numbers. If λ = (λk) is a scalar sequence and x ∈ S(X) then we shall
write λx = (λkxk).

Let M = (Mk) be a sequence of Orlicz functions, X be a seminormed space
with seminorm q, p = (pk) be a sequence of positive real numbers and s ≥ 0 a
real number. Then we define

�M(∆m
v , p, q, s) =

{
x ∈ S(X) :

∞∑
k=1

k−s
[
Mk

(
q
(

∆m
v xk

ρ

))]pk

< ∞

for some ρ > 0

}
.
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We get the following sequence spaces from �M(∆m
v , p, q, s) giving particular

values to p and s. Taking pk = 1 for all k ∈ N we have

�M(∆m
v , q, s) =

{
x ∈ S(X) :

∞∑
k=1

k−s
[
Mk

(
q
(

∆m
v xk

ρ

))]
< ∞

for some ρ > 0

}
.

If we take s = 0, then we have

�M(∆m
v , p, q) =

{
x ∈ S(X) :

∞∑
k=1

[
Mk

(
q
(

∆m
v xk

ρ

))]pk

< ∞ for some ρ > 0

}
.

If we take pk = 1 for all k ∈ N and s = 0, then we have

�M(∆m
v , q) =

{
x ∈ S(X) :

∞∑
k=1

[
Mk

(
q
(

∆m
v xk

ρ

))]
< ∞ for some ρ > 0

}
.

In addition to the above sequence spaces, we have �M(∆m
v , p, q, s) = �M (p) due

to Parashar and Choudhary [7], taking m = 0, s = 0, q(x) = |x|, (Mk) = M for
all k ∈ N, vk = 1 for all k ∈ N and X = C.

���������� 1.1� ([4])

(i) A sequence space E is said to be symmetric if (xπ(k)) ∈ E whenever
(xk) ∈ E, where π is permutation of N.

(ii) A sequence space E is said to be convergence free if (yk) ∈ E whenever
(xk) ∈ E and yk = θ when xk = θ.

(iii) A sequence space E is said to be solid (or normal) if (αkxk) ∈ E whenever
(xk) ∈ E for all sequences (αk) of scalars with |αk| ≤ 1 for all k ∈ N.

(iv) A sequence space E is said to be monotone if it contains the canonical
preimages of all its step-spaces.

For a subsequence J of N and a sequence space λ, we define λJ by

λJ =
{
x = (xi) :

(∃(yi) ∈ λ
)
(∀j ∈ N)

(
(nj ∈ J) =⇒ (xj = ynj

)
)}

and call λJ the J-stepspace or J-sectional subspace of λ. If xJ ∈ λJ , then
the canonical preimage of xJ is the sequence xJ which agrees with xJ on the
indices in J and is zero elsewhere. The canonical preimage of λJ is the space λJ

containing the canonical preimages of the elements of λJ ([4]).

It is well known that a sequence space E is normal implies that E is monotone.

The following inequality and p = (pk) sequence will be used frequently
throughout this paper.

|ak + bk|pk ≤ D
{|ak|pk + |bk|pk

}
, (1)

where ak, bk ∈ C, 0 < pk ≤ sup
k

pk = G, D = max{1, 2G−1}.
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2. Main results

In this section we will prove the results of this article involving the sequence
space �M(∆m

v , p, q, s).

�	��
�� 2.1� The sequence space �M(∆m
v , p, q, s) is a linear space over the

field C of complex numbers.

P r o o f. Let x, y ∈ �M(∆m
v , p, q, s) and α, β ∈ C. Then there exist some positive

numbers ρ1 and ρ2 such that
∞∑
k=1

k−s

[
Mk

(
q

(
∆m

v xk

ρ1

))]pk

< ∞

and
∞∑
k=1

k−s

[
Mk

(
q

(
∆m

v yk
ρ2

))]pk

< ∞.

Define ρ3 = max
{
2|α|ρ1, 2|β|ρ2

}
. SinceMk are non-decreasing convex functions,

q is a seminorm and ∆m
v is linear

∞∑
k=1

k−s

[
Mk

(
q

(
∆m

v (αxk + βyk)

ρ3

))]pk

≤ D

∞∑
k=1

k−s

[
Mk

(
q

(
∆m

v xk

ρ1

))]pk

+D

∞∑
k=1

k−s

[
Mk

(
q

(
∆m

v yk
ρ2

))]pk

< ∞.

This proves that �M(∆m
v , p, q, s) is a linear space. �

�	��
�� 2.2� Let p = (pk) ∈ �∞ and s > 1. The sequence space �M(∆m
v , p, q, s)

is a paranormed (not necessarily totally paranormed) space, paranormed by

g∆(x) =

m∑
k=1

q(xk) + inf

{
ρpn/H : sup

k

[
Mk

(
q
(

∆m
v xk

ρ

))]
≤ 1, n ∈ N, ρ > 0

}

where H = max

{
1, sup

k
pk

}
.

P r o o f. Clearly g∆(x) = g∆(−x). Let x ∈ �M(∆m
v , p, q, s). Then there exist

ρ1 > 0, ρ2 > 0 such that

sup
k

[
Mk

(
q

(
∆m

v xk

ρ1

))]
≤ 1

and

sup
k

[
Mk

(
q

(
∆m

v yk
ρ2

))]
≤ 1.

230
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Let ρ = ρ1+ρ2. Then we get the triangle inequality from the following inequality

sup
k

[
Mk

(
q

(
∆m

v (xk + yk)

ρ

))]

≤ ρ1
ρ

sup
k

[
Mk

(
q

(
∆m

v xk

ρ1

))]
+

ρ2
ρ

sup
k

[
Mk

(
q

(
∆m

v yk
ρ2

))]
≤ 1.

Hence

g∆(x+ y)

=

m∑
k=1

q(xk + yk) + inf

{
ρpn/H : sup

k

[
Mk

(
q
(

∆m
v (xk+yk)

ρ

))]
≤ 1, n ∈ N

}

≤
m∑

k=1

q(xk) +

m∑
k=1

q(yk) + inf

{
(ρ1 + ρ2)

pn/H : sup
k

[
Mk

(
q
(

∆m
v xk

ρ
1

))]
≤ 1,

sup
k

[
Mk

(
q

(
∆m

v yk
ρ2

))]
≤ 1

}

≤ g∆(x) + g∆(y).

Since q(θ) = 0 and Mk(0) = 0 for all k ∈ N, we get inf
{
ρpn/H

}
= 0 for x = θ.

Finally, we prove that scalar multiplication is continuous. Let λ be any num-
ber. From the linearity of ∆m

v and the definition,

g∆(λx) =

m∑
k=1

q(λxk) + inf

{
ρpn/H : sup

k

[
Mk

(
q
(

λ∆m
v xk

ρ

))]
≤ 1, n ∈ N

}

= |λ|
m∑

k=1

q(xk) + inf

{
(|λ| r)pn/H : sup

k

[
Mk

(
q
(

∆m
v xk

r

))]
≤ 1, n ∈ N

}

= λg∆(x)

where r = ρ/ |λ|.
Now it can be easily verified that λ → 0 and x fixed implies g∆(λx) → 0;

λ fixed and x → θ implies g∆(λx) → 0 in �M(∆m
v , p, q, s); λ → 0 and x → θ

implies g∆(λx) → 0 in �M(∆m
v , p, q, s). �

�	��
�� 2.3� Let M = (Mk) and T = (Tk) be any two sequences of Orlicz
functions and s, s1, s2 be non-negative real numbers. Then we have

(i) �M(∆m
v , p, q, s) ∩ �T(∆

m
v , p, q, s) ⊆ �M+T(∆

m
v , p, q, s).

(ii) If s1 ≤ s2, then �M(∆m
v , p, q, s1) ⊆ �M(∆m

v , p, q, s2).
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P r o o f.

(i) From (1) we have

k−s

[
(Mk + Tk)

(
q

(
∆m

v xk

ρ

))]pk

= k−s

[
Mk

(
q

(
∆m

v xk

ρ

))
+ Tk

(
q

(
∆m

v xk

ρ

))]pk

≤ Dk−s

[
Mk

(
q

(
∆m

v xk

ρ

))]pk

+Dk−s

[
Tk

(
q

(
∆m

v xk

ρ

))]pk

.

Let x ∈ �M(∆m
v , p, q, s) ∩ �T(∆

m
v , p, q, s); when adding the above inequality

from k = 1 to ∞, we get x ∈ �M+T(∆
m
v , p, q, s).

(ii) Let s1 ≤ s2 and x ∈ �M(∆m
v , p, q, s1). Since k−s2 ≤ k−s1 , we have

x ∈ �M(∆m
v , p, q, s2). �

�	��
�� 2.4� Let m ≥ 1, then the inclusion �M(∆m−1
v , q, s) ⊂ �M(∆m

v , q, s) is
strict. In general �M(∆i

v, q, s) ⊂ �M(∆m
v , q, s) for all i = 0, 1, 2, . . . ,m − 1 and

the inclusion is strict.

P r o o f. Let x ∈ �M(∆m−1
v , q, s). Then we have

∞∑
k=1

k−s

[
Mk

(
q

(
∆m−1

v xk

ρ

))]
< ∞ (2)

for some ρ > 0. Since Mk are non-decreasing convex functions and q is a
seminorm, we have

∞∑
k=1

k−s

[
Mk

(
q

(
∆m

v xk

2ρ

))]

=

∞∑
k=1

k−s

[
Mk

(
q

(
∆m−1

v xk −∆m−1
v xk+1

2ρ

))]

≤
∞∑
k=1

k−s

[
Mk

(
q

(
∆m−1

v xk

ρ

))]
+

∞∑
k=1

k−s

[
Mk

(
q

(
∆m−1

v xk+1

ρ

))]

< ∞ by (2).

Thus �M(∆m−1
v , q, s) ⊂ �M(∆m

v , q, s). Proceeding in this way one will have
�M(∆i

v, q, s) ⊂ �M(∆m
v , q, s) for all i = 0, 1, 2, . . . ,m− 1. The inclusion is strict.

Indeed, let X = C, Mk(x) = xp for all k ∈ N, q(x) = |x|, s = 0 and vk = 1 for
all k ∈ N. Consider the sequence (xk) = (km−1). Then (xk) ∈ �M(∆m

v , q, s), but
(xk) /∈ �M(∆m−1

v , q, s) since ∆m
v xk = 0 and ∆m−1

v xk = (−1)m−1(m− 1)! for all
k ∈ N. �
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�	��
�� 2.5� The space �M(∆m
v , p, q, s) is not convergence free and symmetric.

P r o o f. It can be proved as in [9]. �

�	��
�� 2.6� Let 0 < pk ≤ tk < ∞ for each k ∈ N. Then �M(∆m
v , p, q) ⊆

�M(∆m
v , t, q).

P r o o f. Let x ∈ �M(∆m
v , p, q). Then there exists some ρ > 0 such that

∞∑
k=1

[
Mk

(
q

(
∆m

v xk

ρ

))]pk

< ∞.

This implies that Mk

(
q
(

∆m
v xk

ρ

))
≤ 1 for sufficiently large values of k, say

k ≥ k0 for some fixed k0 ∈ N. Since pk ≤ tk for each k ∈ N, we get[
Mk

(
q

(
∆m

v xk

ρ

))]tk
≤

[
Mk

(
q

(
∆m

v xk

ρ

))]pk

for all k ≥ k0 and therefore

∑
k≥k0

[
Mk

(
q

(
∆m

v xk

ρ

))]tk
≤

∑
k≥k0

[
Mk

(
q

(
∆m

v xk

ρ

))]pk

< ∞.

Hence x ∈ �M(∆m
v , t, q). �

The following result is a consequence of Theorem 2.6.

��
�

�
� 2.7�

(i) If 0 < pk ≤ 1 for each k ∈ N, then �M(∆m
v , p, q) ⊆ �M(∆m

v , q).

(ii) If pk ≥ 1 for all k ∈ N, then �M(∆m
v , q) ⊆ �M(∆m

v , p, q).

�	��
�� 2.8� The sequence space �M(p, q, s) is solid.

P r o o f. Let (xk) ∈ �M(p, q, s), i.e.

∞∑
k=1

k−s

[
Mk

(
q

(
xk

ρ

))]pk

< ∞.

Let (αk) be a sequence of scalars such that |αk| ≤ 1 for all k ∈ N. Then the
result follows from the following inequality

∞∑
k=1

k−s

[
Mk

(
q

(
αkxk

ρ

))]pk

≤
∞∑
k=1

k−s

[
Mk

(
q

(
xk

ρ

))]pk

.

�

��
�

�
� 2.9� The sequence space �M(p, q, s) is monotone.
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