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ON SOME NEW
GENERALIZED DIFFERENCE SEQUENCE SPACES
ON SEMINORMED SPACES DEFINED
BY A SEQUENCE OF ORLICZ FUNCTIONS
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ABSTRACT. In this paper we define the sequence space {p (A, p,q,s) on a
seminormed complex linear space, by using a sequence of Orlicz functions. We
study some algebraic and topological properties. We prove some inclusion rela-
tions involving ¢n (A, p, g, s).
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1. Introduction

Let w be the set of all sequences of real or complex numbers and /., ¢ and
¢o be the linear spaces of bounded, convergent and null sequences © = (zy,) with
complex terms, respectively, normed by ||z||,, = sup |zi| where k € N, the set
of positive integers. k

Kizmaz [5] defined the sequence spaces

Z(A) ={x = (a) : (Azy) € Z}

where Z is any of the sets £, ¢ or ¢g. The notion of difference sequence spaces
was generalized by Et and Colak [2] as follows:

Z(A™) = {z = (z1): (A™xy) € Z}

for Z = ly, c or cg, where m € N, (A™zy) = (A™ tay — A™ 1zp.1) and so
that .
m if ™M
A T = ;(—1) (’L >$k+i~
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Let v = (vg) be any fixed sequence of non-zero complex numbers. Et and Esi

[3] generalized the above sequence spaces to the following sequence spaces
Z(A) ={z = (z1): (AJwy) € Z}
where (ATz) = (A" Loy — Ay ), AMay = Z(—l)i(’?)vkﬂka for all

k e N. =0
The sequence spaces Z(AJ") are Banach spaces normed by

Izl s = Jviil + AT 2] -
i=1

An Orlicz function is a function M: [0,00) — [0, 00), which is continuous,
non-decreasing and convex with M (0) =0, M(x) > 0 for x > 0 and M (x) — oo
as r — 00.

If M is a convex function and M (0) = 0, then M (Ax) < AM (z) for 0 < A < 1.

Lindenstrauss and Tzafriri [6] used the idea of Orlicz function to construct
the sequence space

KM—{:L‘Ew: ZM("Z“') < oo for some p>0}.
k=1

The space ¢»; becomes a Banach space, with the norm
||| = inf {p >0: Y M ('x”) < 1}
k=1 r

which is called an Orlicz sequence space. The space £, is closely related to the
space ¢, which is an Orlicz sequence space with M (z) = 2P for 1 < p < 0.

Later on different types of sequence spaces were introduced by using an Orlicz
function by Bektag and Altmn [1], Tripathy [8], Tripathy et al [9], Tripathy et al
[10], Tripathy and Mahanta [11], [12] and many others.

Let X be a complex linear space with zero element 6 and X = (X, q) be a
seminormed space with the seminorm ¢. By S(X) we denote the linear space of
all sequences x = (x) with (xx) € X and the usual coordinatewise operations:
ar = (axy) and z +y = (z + yx), for each o € C where C denotes the set of
complex numbers. If A = (\;) is a scalar sequence and z € S(X) then we shall
write Az = (Apzk).

Let M = (M) be a sequence of Orlicz functions, X be a seminormed space
with seminorm ¢, p = (pi) be a sequence of positive real numbers and s > 0 a
real number. Then we define

(A p,q,s) = {:z: € S(X): kil k= [Mk (q (A“mp“>>}pk < 0

for some p > 0}.
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We get the following sequence spaces from fng(AL',p,q,s) giving particular
values to p and s. Taking px = 1 for all k¥ € N we have

ta(a%0.0) =z e 500 Tk i (a(47))] < o0

for some p > 0}.

If we take s = 0, then we have
00 m Dk

m(AY,p,q) = {x eS(X): > [Mk (q (A“pxk>)} " < oo for some p > O}.
k=1

If we take pp = 1 for all £ € N and s = 0, then we have

oo

(A q) = {x € S(X): k§1 [Mk (q (A“mpxk>>} < oo for some p > O}.

In addition to the above sequence spaces, we have ¢ (ALY, p,q, s) = {a(p) due
to Parashar and Choudhary [7], taking m =0, s =0, ¢(z) = |z|, (M}) = M for
all ke Ny vy, =1forall k€ Nand X =C.

DEFINITION 1.1. ([4])

(i) A sequence space E is said to be symmetric if (v,(;)) € E whenever
(zx) € E, where 7 is permutation of N.

(ii) A sequence space E is said to be convergence free if (y;) € F whenever
(zx) € E and yi, = 0 when xj, = 0.

(iii) A sequence space E is said to be solid (or normal) if (axxy) € E whenever
(z1) € E for all sequences (ay) of scalars with |ag| < 1 for all k € N.

(iv) A sequence space F is said to be monotone if it contains the canonical
preimages of all its step-spaces.

For a subsequence J of N and a sequence space A, we define \; by
A= {o=(@): (B3w) €NV €N)((ny € J) = (25=1,)) }

and call A\; the J-stepspace or J-sectional subspace of A\. If z; € A;, then
the canonical preimage of x; is the sequence x; which agrees with x; on the
indices in J and is zero elsewhere. The canonical preimage of A is the space A;
containing the canonical preimages of the elements of A; ([4]).

It is well known that a sequence space E is normal implies that F is monotone.
The following inequality and p = (px) sequence will be used frequently
throughout this paper.

|lag + b [P* < D{|ag[P* + |bg[P* }, (1)
where ag, by € C, 0 < pp <suppr = G, D = max{1,2¢71}.
k
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2. Main results

In this section we will prove the results of this article involving the sequence
space pm (AL, p,q, s).

THEOREM 2.1. The sequence space Ini(ALY,p,q,s) is a linear space over the
field C of complex numbers.

Proof. Let z,y € {m(A), p,q,s) and o, § € C. Then there exist some positive
numbers p; and ps such that

e (o (50))] <

U AE

Define p3 = max{2|a|p1,2|8|p2}. Since M, are non-decreasing convex functions,
q is a seminorm and A" is linear

e (L))

and

P3
o) A Pk o0 A™ Pk
<oy (o (57))] o e (o ()] <
pt P1 1 P2
This proves that {n (A, p, g, s) is a linear space. d

THEOREM 2.2. Letp = (pi) € loo and s > 1. The sequence space by (A, p, q, s)
is a paranormed (not necessarily totally paranormed) space, paranormed by

m

ga(x) q(xy) + inf {an/H : SI;p [Mk (q (A;;m’“))} <1, neN, p> O}

k=1
where H = max {1,suppk}.
k

Proof. Clearly ga(z) = ga(—x). Let x € {pm(A}',p,q,s). Then there exist
p1 >0, p2 > 0 such that

i o (57)))
i (5]

and
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Let p = p1+p2. Then we get the triangle inequality from the following inequality
Am
e e (o (5, 7))
k p
A A
<o (o (55 )]+ e e (o (55))) =2
Pk Pr Pk P2

ga(z +y)

= Zq(xk + yx) + inf {pp"/H : sup [Mk (q (A:’"(I;W’“))) <1, ne N}
k
1

Hence

=~
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< ga(w) +ga(y).

Since ¢(#) = 0 and M (0) = 0 for all k € N, we get inf{pP»/# } =0 for z = 6.
Finally, we prove that scalar multiplication is continuous. Let A be any num-
ber. From the linearity of A]* and the definition,

m

A(Ax) :Zq (Azk) +1nf{pp o/H . sup [Mk< (AAELM))} <1, nEN}

=1

\)\|Z q(zy, +1nf{ (|A| r)pn/H sup [Mk (q (AT”>>} <1, ne N}
= AQA( )

where 7 = p/ ||

Now it can be easily verified that A — 0 and z fixed implies ga(Ax) — 0;
A fixed and x — 6 implies ga(Az) — 0 in M (A, p,q,s); A — 0 and x — 6
implies ga(Az) — 0 in I (A, p, g, S). d

THEOREM 2.3. Let M = (M) and T = (Ty) be any two sequences of Orlicz
functions and s, s1, so be non-negative real numbers. Then we have

(1) KM(ATJ?, q, 5) N £T(AT7P7 q, S) g £M+T(A:}nap7q7 S)'
(11) Ifsl S 52, then EM(A?,p,q,Sl) g 6M<Aymap7Qa 52)-
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Proof.
(i) From (1) we have

o o)
_ {Mk <q (A;;xk» T <q (Azxk»rk
cor s (T o ()]

Let = € tm(AL, p,q,s) N lr (A, p,q,s); when adding the above inequality
from k =1 to oo, we get x € Ipm4T (AL, p,q,$).

(ii) Let 81 < s and = € (AL, p,q,s1). Since k%2 < k=1, we have
x € m(AY,p,q, s2). d

THEOREM 2.4. Let m > 1, then the inclusion (AT g, 8) C v (AT, g, 8) is
strict. In general In(AY, q,s) C bm(AL, q,s) for alli =0,1,2,...,m —1 and
the inclusion is strict.

Proof. Let z € {p(A™ 1 g, 5). Then we have

oo o (%,7)) < @

for some p > 0. Since M} are non-decreasing convex functions and ¢ is a
seminorm, we have

S o (o5

k=1 - 2p
< (o (%, ) e b (o (5,)
< 00 by (2).

Thus I (A™71 g, s) C (AT, q,s). Proceeding in this way one will have
(AL q,s) C hv(A™, g, s) for all i =0,1,2,...,m — 1. The inclusion is strict.
Indeed, let X = C, My(z) = 2P for all k € N, ¢(z) = |z|, s = 0 and v, = 1 for
all k € N. Consider the sequence (xy) = (k™~1). Then (x}) € {m(A™, g, s), but
(zx) & b (AT g, s) since ATz, =0 and A"z, = (=1)™ " (m — 1)! for all
ke N. O
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THEOREM 2.5. The space {pm (ALY, p, q, s) is not convergence free and symmetric.

Proof. It can be proved as in [9]. O

THEOREM 2.6. Let 0 < pp < tj, < oo for each k € N. Then Iy (AT, p,q) C
KM(AZ)nvta(])

Proof. Let z € {pm(Al", p,q). Then there exists some p > 0 such that

o (o (5] <

m
ALy,

This implies that My (q
k > kg for some fixed kg € N. Since py < t; for each k € N, we get

e (o (5] < [ (o (25))]

for all £ > ko and therefore

S ) D)

Hence x € {pm (A, ¢, q). d

) < 1 for sufficiently large values of k, say

The following result is a consequence of Theorem 2.6.

COROLLARY 2.7.
(i) If 0 < px <1 for each k € N, then Iani(A), p,q) C bm(A, q).
(ii) If pxr > 1 for all k € N, then by (AT, q) C lm (AT, p, q).

THEOREM 2.8. The sequence space In(p, q, s) is solid.

Proof. Let (z) € tnm(p, ¢, s), i.e.

()] <

Let () be a sequence of scalars such that |ay| < 1 for all £ € N. Then the
result follows from the following inequality

S () S b

COROLLARY 2.9. The sequence space {n(p, q,s) is monotone.
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