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ABSTRACT. We consider compact Riemann surfaces Σg with genus at least 2.

We explain the relation between the Reidemeister torsion of Σg and its period

matrix.
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1. Introduction

Reidemeister torsion is a topological invariant and was first introduced by Rei-

demeister [13] in 1935. He classified 3-dimensional lens spaces by using this com-

binatorial invariant of CW-complexes. Later, Franz [6] generalized Reidemeister

torsion and classified the higher dimensional lens spaces; namely, S2n+1/Γ where

Γ is a cyclic group acting freely and isometrically on the sphere S2n+1.

In 1964, de Rham [5] extended the results of Reidemeister and Franz to the

spaces of constant curvature 1. To be more precise, two isometries of Sn are

diffeomorphic if and only if they are conjugate of each other by an isometry.

The topological invariance of the torsion for manifold was proved in 1969 by

Kirby and Siebenmann [8]. For arbitrary simplicial complex it was proved by

Chapman [3, 4]. Thus, the classification of lens spaces of Reidemeister and Franz

was actually topological (i.e. up to homeomorphism).

In 1961, by using the torsion, Milnor disproved Hauptvermutung. He con-

structed two homeomorphic but combinatorially distinct finite simplicial com-

plexes. Later in 1962, Milnor [9] identified the Reidemeister torsion with Alexan-

der polynomial. Since then, as a topological invariant, torsion has a very useful

application in knot theory and links.
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We ([14]) presented an explanation of the claim mentioned ([15, pp. 187])
about the relation between a symplectic chain complex with ω-compatible bases

and Reidemeister torsion of it (Theorem 2.2). We also ([14]) applied Theorem 2.2

to the chain-complex

0 → C2(Σg; Ad�)
∂2⊗id−→ C1(Σg; Ad�)

∂1⊗id−→ C0(Σg; Ad�) → 0

where Σg is a compact Riemann surface of genus g > 1, � : π1(Σg) → PSL2(R)

is discrete and faithful representation of the fundamental group π1(Σg) of Σg,

where PSL2(R) = SL2(R)/{±I}, SL2(R) is the 2 × 2 real matrices with deter-

minant 1, where Cp(Σg; Ad�) is (locally) Cp(Σg;R) ⊗ sl2(R), and where sl2(R)
denote the 2× 2 trace-zero matrices with real entries.

In the present article, compact Riemann surfaces Σg of genus at least 1 are

considered and the relation between the Reidemeister torsion and its period

matrix is proved. The main result is:

������� 1.1� Let h1 = {ωi}2gi=1 be a basis for H1(Σg). Let K be a cell de-

composition of the compact Riemann surface Σg with genus g ≥ 1, and let for p =
0, 1, 2, cp be the geometric bases of Cp(K;Z). Then, T

(
C∗, {cp}2p=0, {[c0], h1, [c2]}

)
=

∣∣det℘(h1,Γ)∣∣−1
, where ℘(h1,Γ) =

[ ∫
Γi

ωj

]
is the period matrix of h1 with re-

spect to the canonical basis Γ = {Γi}2gi=1 of H1(Σg), and h1 = {Ωj}2gj=1 is the

basis of H1(Σg) corresponding to h1.

Our result can also be obtained as a special case of [2, Theorem 5.40] (taking

s = 0 therein).

The organization of the paper is as follows. In §2, we explain Reidemeister
torsion of a general chain complex and provide the basic facts about it. The

symplectic chain complex associated to even dimensional manifolds M2m with

m odd is explained in §3. As an application, we also provide the proof of

Theorem 1.1.

2. Reidemeister torsion of a chain complex

We give the necessary definitions and explain the basic facts about the Rei-

demeister torsion in this section. For more information, we refer the reader

[12, 14, 15] and the references therein.

We reserve k to denote the field R or C.

Let (C∗, ∂∗) = (Cn
∂n→ Cn−1 → · · · → C1

∂1→ C0 → 0) be a chain complex

of finite dimensional vector spaces over k, where Bp = Im{∂p+1 : Cp+1 → Cp},
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Zp = ker{∂p : Cp → Cp−1}, respectively. If Hp(C∗) = Zp(C∗)/Bp(C∗) denotes
the pth homology of the chain complex, then clearly we have the following short-

exact sequences: 0 → Zp ↪→ Cp � Bp−1 → 0 and 0 → Bp ↪→ Zp � Hp → 0.

Let bp be a basis for Bp, hp be a basis for Hp, and �p : Hp → Zp and

sp : Bp−1 → Cp be sections. Then, a new basis for Cp, namely, bp ⊕ �p(hp) ⊕
sp(bp−1) is obtained.

For p = 0, . . . , n, let cp, bp, and hp be bases for Cp, Bp and Hp, respec-

tively. The Reidemeister torsion T(C∗, {cp}np=0, {hp}np=0) of the chain complex C∗

with respect to bases {cp}np=0, {hp}np=0 is
n∏

p=0
[bp ⊕ �p(hp)⊕ sp(bp−1), cp]

(−1)(p+1)

,

where [ep, fp] denotes the determinant of the change-base-matrix from the basis

fp to ep of Cp.

In [10], Milnor proved that torsion is independent of the bases bp, the sections

sp, �p. If c′p, h
′
p are some other bases for Cp and Hp respectively, then an easy

computation gives the following change-base-formula:

T
(
C∗, {c′p}np=0, {h′p}np=0

)
=

n∏
p=0

(
[c′p, cp]
[h′p, hp]

)(−1)p

T
(
C∗, {cp}np=0, {hp}np=0

)
. (2.1)

Formula (2.1) easily follows from the independence of torsion from bp and
sections sp, �p. Note that if, for instance, [c′p, cp] = 1 and [h′p, hp] = 1, then we

have the same torsion.

By the Zig-Zag Lemma, for the short-exact sequence of chain complexes

0 → A∗
ı
↪→ B∗

π� D∗ → 0, (2.2)

there is also the long-exact sequence of vector space C∗ of length 3n+ 2. More

precisely,

C∗ : · · · → Hp(A∗)
ı∗→ Hp(B∗)

π∗→ Hp(D∗)
∆→ Hp−1(A∗) → · · · , (2.3)

where C3p = Hp(D∗), C3p+1 = Hp(A∗) and C3p+2 = Hp(B∗). Clearly, the bases

hp(D∗), hp(A∗), and hp(B∗) serve as bases for C3p,C3p+1, and C3p+2, respectively.

The following theorem is due to Milnor and states that the alternating product

of the torsions of the chain complexes in (2.2) is equal to the torsion of (2.3).
Namely:

������� 2.1� ([10]) Let cAp , cBp , cDp be bases respectively for Ap, Bp, Dp,

and let hAp , h
B
p , h

D
p be bases for Hp(A∗), Hp(B∗), Hp(D∗). Furthermore, sup-

pose cAp , cBp , cDp are compatible in the sense that [cBp , c
A
p ⊕ c̃Dp ] = ±1, where

π
(
c̃Dp

)
= cDp . Then, T

(
B∗, {cBp }np=0, {hBp }np=0

)
= T

(
A∗, {cAp }np=0, {hAp }np=0

) ×
T
(
D∗, {cDp }np=0, {hDp }np=0

)× T
(
C∗, {c3p}3n+2

p=0 , {0}3n+2
p=0

)
.

31
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In [1], [14], it is independently explained that a general chain complex can
(unnaturally) be splitted as a direct sum of two chain complexes, one of which

is exact and the other is ∂-zero. Moreover, it is proved independently in [1,

Proposition 1.5] and [14, Theorem 2.0.4] that torsion T(C∗) of a general complex

can be interpreted as element of
n⊗

p=0

(
det(Hp(C∗))

)(−1)p+1

. For the details, we

refer the reader to [1], [14].

The chain-complex C∗ : 0 → Cq
∂q→ Cq−1 → · · · → Cq/2 → · · · → C1

∂1→ C0 → 0

is called a symplectic chain complex, if the following two conditions are satisfied:

(1) q ≡ 2 (mod 4),

(2) There are non-degenerate anti-symmetric ∂-compatible bilinear maps

ωp,q−p : Cp × Cq−p → R. To be more precisely,

ωp,q−p(a, b) = (−1)p(q−p)ωq−p,p(b, a) and

ωp,q−p(∂p+1a, b) = (−1)p+1ωp+1,q−(p+1)(a, ∂q−pb).

Clearly, it follows from q ≡ 2 (mod 4) that ωp,q−p(a, b) = (−1)pωq−p,p(b, a).

Using the ∂-compatibility of the non-degenerate anti-symmetric bilinear maps

ωp,q−p : Cp × Cq−p → R, one can easily extend these to homologies ([14]).

Let C∗ be a symplectic chain complex. The bases cp, cq−p of Cp, Cq−p are
said to be ω-compatible if the matrix of ωp,q−p in bases cp, cq−p is Ik×k when

p �= q/2 and

⎡
⎣ 0l×l Il×l

−Il×l 0l×l

⎤
⎦ when p = q/2, where k is dimCp = dimCq−p and

2l = dimCq/2.

In a similar manner, considering [ωp,q−p] : Hp(C∗) × Hq−p(C∗) → R, the

[ωp,q−p]-compatibility of bases hp, hq−p of Hp(C∗), Hq−p(C∗) is defined.
By using ω-compatible bases cp, we showed in [14] that a general symplectic

chain complex C∗ can be splitted ω-orthogonally as a direct sum of an exact
and ∂-zero symplectic complexes. We also proved Theorem 2.2, one of the main

results of [14]. More precisely:

������� 2.2� ([14]) Let C∗ be a general symplectic chain complex. Let cp, hp
be bases for Cp, Hp(C∗). Then,

T
(
C∗, {cp}qp=0, {hp}qp=0

)
=

(q/2)−1∏
p=0

(det[ωp,q−p])
(−1)p

√
det[ω

q/2,q/2
]
(−1)q/2

,

where det[ωp,q−p] denotes the determinant of the matrix of the non-degenerate

pairing [ωp,q−p] : Hp(C∗)×Hq−p(C∗) → R in bases hp, hq−p.

For detailed proof, we may refer the reader to [14].
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3. Application

In this section, we apply the results of §2 to compact Riemann surfaces Σg

of genus g ≥ 1 and explain the relation between the Reidemeister torsion and

the intersection number pairing of Σg. We refer the reader to [7, 14, 15] for

unexplained subjects.

3.1. The torsion of a manifold

If Mn is an n-manifold, K is a cell-decomposition of Mn with the geometric

basis cp = {cp1, . . . , cpmp
} for the p-cells Cp(K;Z), p = 0, . . . , n, then we have the

following chain-complex associated to Mn

0 → Cn(K)
∂n→ Cn−1(K) → · · · → C1(K)

∂1→ C0(K) → 0,

where ∂p denotes the boundary operator.

T
(
C∗(K), {cp}np=0, {hp}np=0

)
is called the Reidemeister torsion of Mn, where

hp is a k-basis for Hp(K; k).

Following similar arguments as in [14, Lemma 2.0.5], one can prove:

����� 3.1� T
(
C∗(K)

)
does not depend on the cell-decomposition K of the ma-

nifold Mn.

Therefore, for an n-manifold Mn, if K is a cell-decomposition of Mn and for
each p = 0, . . . , n, cp = {cp1, . . . , cpmp

} is a basis for the p-cells Cp(K;Z), then

Reidemeister torsion T
(
C∗(K), {cp}np=0, {hp}np=0

)
of Mn is well-defined, where

hp is a k-basis for Hp(K; k).

Note also that from [1, Proposition 1.5] and [14, Theorem 2.0.4] it follows
that T(C∗(K)) is an element of the dual of the one dimensional vector space
n⊗

p=0
(det(Hp(M ))(−1)p .

3.2. Symplectic chain complex for a manifold

In this subsection, symplectic chain complex associated to a compact even

dimensional manifold M is explained.

Let M2m with m odd be a compact oriented 2m-manifold. If K is a cell

decomposition ofM2m, then letK′ be the corresponding dual cell-decomposition

of M2m associated to K. The dual cell-decomposition K′ can be obtained as

follows. Let K = {σk
α}α,k and let {τkα}α,k be the first barycentric subdivision

of K. Then, for each vertex σ0
α ∈ K, let (σ0

α)
′ =

⋃
σ0
α∈τ2m

β

τ2mβ be the 2m-cell given

as the union of all 2m-simplices τ2mβ in the subdivision with σ0
α as a vertex. For
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each k-simplex in the cell-decomposition K, we let (σk
α)

′ =
⋂

σ0
β∈σk

α

(σ0
β)

′ be the

intersection of the 2m-cells (σ0
β)

′ associated to the k + 1 vertices of σk
α.

In this way, one can associate the dual cell-decomposition K′ =
{
∆2m−k

α =

(σk
α)

′} of M2m corresponding to K. Note that ∆2m−k
α = (σk

α)
′ and σk

α meet

transversely. Given an orientation on σk
α, we can take the dual orientation on

∆2m−k
α to be the one such that at P ∈ σk

α ∩ (σk
α)

′, ıP (σk
α, (σ

k
α)

′) = 1, where ıP
denotes the intersection number index at P .

Clearly, the intersection pairings (·, ·)k,2m−k : Ck(K;Z) × C2m−k(K
′;Z) → R

satisfies the following: for all α ∈ Ck(K;Z), β ∈ C2m−k(K
′;Z)

(1) (α, β)k,2m−k = (−1)k(2m−k)(β, α)2m−k,k,

(2) (α, ∂2m−kβ)(k+1),2m−(k+1) = (−1)2m−k+1(∂k+1α, β)k,2m−k,

where ∂ denotes the boundary operator.

In the above, (1) follows from the similar property of the intersection index,

and (2) follows from ∂2m−k(∆
2m−k
α ) = (−1)2m−k+1(∂k(α

k
α))

′ (see, for example,

[7, p. 55]) for details.

This, in particular, means that intersection number pairings (·, ·)k,2m−k are

∂-compatible, anti-symmetric bilinear maps.

If we set Dk = Ck(K;Z)⊕Ck(K
′;Z) and define (·, ·)k,2m−k as 0 on Ck(K;Z)×

C2m−k(K;Z) and Ck(K
′;Z)×C2m−k(K

′;Z), then the chain-complex 0 → D2m →
D2m−1 → · · · → Dm → · · · → D1 → D0 → 0 becomes a symplectic chain-

complex.

One can easily extend the intersection number pairings to homologies

(·, ·)k,2m−k : Hk(M )×H2m−k(M ) → R.

Poincaré duality gives the following commutative diagram

Hk(M ) × H2m−k(M )
∧k,2m−k−→ H2m(M )�⏐PD

�⏐PD �
�⏐

Hk(M ) × H2m−k(M )
(·,·)k,2m−k−→ R,

where ∧k,2m−k denotes the wedge product.

3.3. Proof of main theorem

In this subsection, we apply the above to compact Riemann surfaces Σg of

genus g ≥ 1 and prove our main result.
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������� 3.2� Let h1 = {ωi}2gi=1 be a basis for H1(Σg). Let K be a cell decom-
position of the compact Riemann surface Σg with genus g ≥ 1, and let for p =

0, 1, 2, cp be the geometric bases of Cp(K;Z). Then, T
(
C∗, {cp}2p=0, {[c0], h1, [c2]}

)
=

∣∣det℘(h1,Γ)∣∣−1
, where ℘(h1,Γ) =

[ ∫
Γi

ωj

]
is the period matrix of h1 with re-

spect to the canonical basis Γ = {Γi}2gi=1 of H1(Σg), and h1 = {Ωj}2gj=1 is the

basis of H1(Σg) corresponding to h1.

P r o o f. Considering the Poincaré dual isomorphism H1(Σg)
PD→ H1(Σg), let

h1 = {Ωi}2gi=1 be the basis for H1(Σg) corresponding to the basis h1 = {ωi}2gi=1

of H1(Σg).

Let K′ be the dual cell-decomposition of Σg corresponding to the cell-decom-

position K of Σg, let c
′
p be the basis for Cp(K

′;Z) corresponding to the basis cp
of Cp(K;Z).

As explained in Section §3.2, the intersection number pairings (·, ·)p,2n−p en-

able us to consider D∗ = C∗(K;Z) ⊕ C∗(K′;Z) as a symplectic chain complex.

Moreover, the geometric basis cp ⊕ c′p is ω-compatible basis for the symplectic

chain-complex D∗.
Thus, by Theorem 2.2, we obtain

T
(
D∗, {cp ⊕ c′p}2p=0, {[c0]⊕ [c0], h1 ⊕ h1, [c2]⊕ [c2]}

)
=

(
Pfaf([ω1,1])

)−1
(3.1)

where [ω1,1] : H1(D∗)×H1(D∗) → R is

⎡
⎣ 0 (·, ·)1,1

−(·, ·)1,1 0

⎤
⎦,

and (·, ·)1,1 : H1(Σg) × H1(Σg) → R is the extension of the intersection form

(·, ·)1,1 : C1(K;Z)× C1(K
′;Z) → R,

and where Pfaf
(
[ω1,1]

)
=

√
det

⎡
⎣ [ω1,1]

in basis h1 ⊕ h1

⎤
⎦.

For (·, ·)1,1 : H1(Σg) × H1(Σg) → R being non-degenerate anti-symmetric,

then determinant of (·, ·)1,1 in basis h1 is positive. More precisely, it equals to

Pfaf((·, ·)1,1)2 and hence positive. Therefore, Pfaf([ω1,1]) = det

⎡
⎣ (·, ·)1,1

in basis h1

⎤
⎦.

Let us now consider the chain complex

0 → D2 = C2(K;Z)⊕ C2(K
′;Z) → D1 → D0 → 0.

Clearly, using the inclusion Cp(K;Z) ↪→ Dp and the projection Dp → Cp(K
′;Z),

we have the following short-exact sequence of chain complexes

0 → C∗(K;Z) ↪→ D∗ � C∗(K′;Z) → 0.
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YAŞAR SÖZEN

If we consider the inclusion sp : Cp(K
′;Z) → Dp as a section, then the bases cp

of Cp(K;Z), cp⊕sp(c
′
p) of Dp, and c′p of Cp(K

′;Z) are compatible bases. Namely,

the determinant of the change-base-matrix from cp ⊕ sp(c
′
p) to cp ⊕ c′p is 1.

Hence, by Theorem 2.1, we have

T
(
D∗, {cp ⊕ c′p}2p=0, {hp ⊕ hp}2p=0

)
= T

(
C∗(K;Z), {cp}2p=0, {hp}2p=0

)× T
(
C∗(K′;Z), {c′p}2p=0, {hp}2p=0

)× T(H∗),

where H∗ denotes the long-exact sequence 0 → H2(C∗(K)) → H2(D∗) →
H2(C∗(K′)) → H1(C∗(K)) → H1(D∗) → H1(C∗(K′)) → H0(C∗(K)) → H0(D∗)
→ H0(C∗(K′)) → 0, where H2(D∗) = Hp(C∗(K))⊕Hp(C∗(K′)).

Considering the inclusion Hp(C∗(K′);Z) → Hp(D∗) and the projection

Hp(D∗) → Hp(C∗(K);Z) as sections, we get T(H∗) = 1 and hence we have

T
(
D∗, {cp ⊕ c′p}2p=0, {[c0]⊕ [c0], h1 ⊕ h1, [c2]⊕ [c2]}

)
=

[
T
(
C∗, {cp}2p=0, {[c0], h1, [c2]}

)]2
. (3.2)

Combining (3.1) and (3.2), we have

T
(
C∗, {cp}2p=0, {[c0], h1, [c2]}

)
= ±

√
det

[
(·, ·)1,1
in basis h1

](−1)

.

By Theorem 2.2 and the existence of ω-compatible bases obtained from the

natural bases ([14]), we actually obtain

T
(
C∗, {cp}2p=0, {[c0], h1, [c2]}

)
=

√
det

[
(·, ·)1,1
in basis h1

](−1)

.

Let H = [hij ] be the 2g × 2g-square matrix with hij = (Ωi,Ωj)1,1. Note also

that from the commutative diagram

H1(Σg) × H1(Σg)
∧1,1−→ H2(Σg)�⏐PD

�⏐PD �
�⏐

H1(Σg) × H1(Σg)
(·,·)1,1−→ R,

the non-degenerate skew-symmetric matrix H satisfies hij =
∫
Σg

ωi ∧ ωj .

Let {Γ1, . . . ,Γg,Γ1+g, . . . ,Γ2g} be a canonical basis for H1(Σg), namely, Γi

intersects Γi+g once positively and does not intersect others. Then, we clearly

obtain T
(
C∗, {cp}2p=0, {[c0], h1, [c2]}

)
=

√
det(H)

(−1)
= |det [(Ωj,Γi)1,1]|−1

.

From the Poincaré duality it follows that (Ωj ,Γj)1,1 =
∫
Σg

ωj ∧ γi =
∫
Γi

ωj ,

where γi ∈ H1(Σg) is corresponding to Γi ∈ H1(Σg).
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Therefore, we prove:

T
(
C∗, {cp}2p=0, {[c0], h1, [c2]}

)
=

∣∣det℘(h1,Γ)∣∣−1
,

where ℘(h1,Γ) =
[ ∫
Γi

ωj

]
is the period matrix of h1 with respect to the canonical

basis Γ = {Γi}2gi=1 of H1(Σg). �
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[1] BISMUT, J. M.—GILLET, H.—SOULÉ, C.: Analytic torsion and holomorphic determi-

nant bundles I. Bott-Chern forms and analytic torsion, Comm. Math. Phys. 115 (1988),

49–78.

[2] BISMUT, J. M.—LABOURIE, F.: Symplectic geometry and the Verlinde formulas. In:

Differential Geometry Inspired by String Theory (S. T. Yau, ed.). Surv. Differ. Geom.,

Suppl. J. Differential Geom. 5, International Press, Boston, MA, 1999, pp. 97–311.

[3] CHAPMAN, T. A.: Hilbert cube manifolds and the invariance of Whitehead torsion, Bull.

Amer. Math. Soc. (N.S.) 79 (1973), 52–56.

[4] CHAPMAN, T. A.: Topological invariance of Whitehead torsion, Amer. J. Math. 96

(1974), 488–497.

[5] DE RHAM, G.: Reidemeister’s torsion invariant and rotation of Sn. In: Differential

Analysis. Bombay Colloquium 1964, Tata Institute and Oxford Univ. Press, London,

1964, pp. 27–36.
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