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1. Introduction

The idea of statistical convergence was introduced by Fast (see [12]) and
has been studied by several authors (see [15], [21]). The concept of statistical
convergence is based on the natural density of subsets of N, the set of natural
numbers. If F ⊂ N then δ (F ), the natural density of F is defined as δ (F ) =
lim
j→∞

n−1 |{n ≤ j : n ∈ F}| provided that the limit exist. The symbol |E| de-
notes the cardinality of the set E. The number sequence x := (xn) is said to be
statistically convergent to L if for every ε > 0, δ ({n ∈ N : |xn − L| ≥ ε}) = 0.
Statistical convergence of x to L is denoted by st- lim

j
xj = L. It is well known

that convergence implies statistical convergence but statistical convergence does
not imply convergence.

Now we recall that, for an infinite nonnegative regular summability matrix
A = (ajn), the A-density of a subset F of N is given by,

δA (F ) = lim
j

∑
n∈F

ajn = 0
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whenever limit exists. A sequence x is called A-statistically convergent to a
number L if, for every ε > 0, δA

({n ∈ N : |xn − L| ≥ ε}) = 0. This limit
is denoted by stA- lim x = L ([10], see also [19]). In the case A = C1, the
Cesáro matrix, C1-statistical convergence coincides with statistical convergence
(see [12], [13]). Moreover if A = I, the identity matrix, then it reduces to
the ordinary convergence. Similar to statistical convergence, every convergent
sequence is A-statistical convergent, but its converse is not always true.

The notions of I -convergence and I ∗-convergence of sequences of real num-
bers has been initiated by the school of late professor Šalát [17] [18]. The concept
of I -convergence is based on the ideal of subsets of N. A collection I of subsets
of N satisfying the conditions

i) ∅ ∈ I ,

ii) A,B ∈ I =⇒ A ∪B ∈ I ,

iii) A ∈ I & B ⊂ A =⇒ B ∈ I ,

is called an ideal in N. An ideal I with N /∈ I is called a nontrivial ideal. I
is called admissible if {n} ∈ I for all n ∈ N. Let I be a nontrivial ideal in N,
then a sequence x := (xn) is said to be I -convergent to L if for every ε > 0,
{n : |xn − L| ≥ ε} ∈ I .

Note that, if I is the family of all finite subsets of N, then I -convergence
reduces to ordinary convergence. Also choosing I = {F ⊂ N : δA (F ) = 0}
then I -convergence coincides with A-statistical convergence where A = (ajn) is
a nonnegative regular summability matrix.

A sequence x := (xn) is said to be I ∗-convergent to L if and only if there
exists a set M = {m1 < m2 < · · · < mk < . . . } with N\M ∈ I such that
lim
k

xmk
= L. It is known that for an admissible ideal I , I ∗-convergence

implies I -convergence. However inverse implication is not always true. An ad-
missible ideal I is said to satisfy additive property (AP) if for every countable
family of mutually disjoint sets {A1, A2, . . . } ⊂ I there exists a countable fam-
ily of sets {B1, B2, . . . } ⊂ I such that Aj∆Bj = Aj\Bj ∪ Bj\Aj is a finite set

for all j = 1, 2, . . . and B =
∞⋃
j=1

Bj ∈ I . For an admissible ideal I which has

AP property, I -convergence implies I ∗-convergence.

Recently, A-statistical extensions of Korovkin theorems and their applications
has been studied in [5], [6], [7], [8], [9], [14], [20]. Also Duman gave a Korovkin
type approximation theorem via I -convergence by using the usual test functions
fi (y) = yi, i = 0, 1, 2 (see [4]).
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The goal of this paper is to prove a Korovkin type theorem via I -convergence
for a class of linear positive operators in several variables including BBH opera-
tors by using different test functions and, defining a generalization of BBH oper-
ators, to investigate the approximation properties of these operators in I -con-
vergence sense.

2. Construction of the operators

The aim of this section is to introduce a generalization of BBH operators in
several variables. Let CB (Kr) be the space of all real valued continuous and
bounded functions defined on the set Kr = [0,∞)r endowed with the usual
supremum norm

‖f‖ := sup
x1,...,xr≥0

|f(x1, . . . , xr)| , f ∈ CB (Kr) .

Let Hwr
(Kr) denote the space of all real-valued functions defined on Kr such

that
|f(u1, . . . , ur)− f(x1, . . . , xr)|

≤ wr

(
f ;

∣∣∣∣ u1

1 + u1
− x1

1 + x1

∣∣∣∣ , . . . ,
∣∣∣∣ ur

1 + ur
− xr

1 + xr

∣∣∣∣
)

where wr(f ; δ1, . . . , δr) is the modulus of continuity given by

wr(f ; δ1, . . . , δr) = sup |f(u1, . . . , ur)− f(x1, . . . , xr)| .
Here, the supremum is taken over (u1, . . . , ur), (x1, . . . , xr) ∈ Kr satisfying
|ui − xi| ≤ δi (i = 1, . . . , r). Then, observe that any function f ∈ Hwr

(Kr)
implies f ∈ C (Kr).

Now we consider the following BBH type operators in several variables.

Ln(f ;x1, . . . , xr)

= bn

{
r∏

i=1

1

(1 + ai,nxi)
n

}
n∑

k1=0

. . .

n∑
kr=0

f

(
k1

n− k1 + 1
, . . . ,

kr
n− kr + 1

)

×
r∏

m=1

(
n

km

)
(am,nxm)

km

(2.1)

where
(x1, . . . , xr) ∈ Kr, f ∈ Hwr

(Kr), bn ≥ 0,

ai,n ≥ 0 for all i = 1, . . . , r, n ∈ N

and

I - lim
n→∞ bn = 1, I - lim

n→∞ ai,n = 1 for i = 1, . . . , r (2.2)
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It should be remarked that letting r = 1, bn = 1 and a1,n = 1 for all n ∈ N,
in (2.1) we get the well known BBH operators (see [2]) defined on the space
C[0,∞) by;

Ln(f ;x) =
1

(1 + x)n

n∑
k=0

f

(
k

n− k + 1

)(
n

k

)
xk.

3. Approximation properties

Korovkin was the first to notice the idea of approximating to a function by
means of linear positive operators ([16], see also [1]). The aim of this section
is to prove a Korovkin type theorem via I -convergence according to the test
functions

f0(u1, . . . , ur) = 1

fv(u1, . . . , ur) =
uν

1 + uν
(v = 1, 2, . . . , r)

fr+1(u1, . . . , ur) =

r∑
v=1

f2
υ(u1, . . . , ur) =

r∑
v=1

(
uv

1 + uv

)2

.

Our main result is stated in the following theorem.

������� 3.1� Let I be an admisible ideal in N and let {Ln} be a sequence
of positive linear operators from Hwr

(Kr) into CB(K
r). If, for each v =

0, 1, . . . , r + 1,

I - lim
n

‖Ln(fv )− fv‖ = 0 (3.1)

holds, then for all f ∈ Hwr
(Kr) we have

I - lim
n

‖Ln(f )− f‖ = 0. (3.2)

P r o o f. Assume that (3.1) holds and f ∈ Hwr
(Kr). By the definition of

Hwr
(Kr), for every ε > 0, there exists δv > 0, v = 1, . . . , r, such that

|f(u1, . . . , ur)− f(x1, . . . , xr)| < ε

for all (u1, . . . , ur), (x1, . . . , xr) ∈ Kr satisfying
∣∣ uv

1+uv
− xv

1+xv

∣∣ ≤ δv (v = 1, . . . , r).
Now setting

Kr
δ1,...,δr

=
{
(u1, . . . , ur) ∈ Kr :

∣∣ uv

1+uv
− xv

1+xv

∣∣ ≤ δv, v = 1, . . . , r
}
,
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one can write that∣∣f(u1, . . . , ur)− f(x1, . . . , xr)
∣∣

≤ |f(u1, . . . , ur)− f(x1, . . . , xr)|χKr
δ1,...,δr

(u1, . . . , ur)

+ |f(u1, . . . , ur)− f(x1, . . . , xr)|χKr\Kr
δ1,...,δr

(u1, . . . , ur),

which yields

|f(u1, . . . , ur)− f(x1, . . . , xr)| ≤ ε+ 2MχKr\Kr
δ1,...,δr

(u1, . . . , ur), (3.3)

where χS denotes the characteristic function of the set S and M := ‖f‖. Let
δ := min{δi : i = 1, . . . , r}. Since

χKr\Kr
δ1,...,δr

(u1, . . . , ur) ≤ 1

δ2

r∑
v=1

(
uv

1 + uv
− xv

1 + xv

)2

,

it follows from (3.3) that

|f(u1, . . . , ur)− f(x1, . . . , xr)| ≤ ε+
2M

δ2

r∑
v=1

(
uv

1 + uv
− xv

1 + xv

)2

. (3.4)

By linearity and positivity of the operators we get

|Ln(f ;x1, . . . , xr)− f(x1, . . . , xr)|
≤ Ln

(|f(u1, . . . , ur)− f(x1, . . . , xr)|;x1, . . . , xr

)
+M |Ln(f0;x1, . . . , xr)− f0(x1, . . . , xr)|

≤ ε+ (ε+M ) |Ln(f0;x1, . . . , xr)− f0(x1, . . . , xr)|

+
2M

δ2

r∑
v=1

Ln

((
uv

1 + uv
− xv

1 + xv

)2

; x1, . . . , xr

)

≤ ε+ (ε+M ) |Ln(f0;x1, . . . , xr)− f0(x1, . . . , xr)|

+
2M

δ2
Ln

(
r∑

v=1

(
uv

1 + uv

)2

; x1, . . . , xr

)

− 4M

δ2

r∑
v=1

(
xv

1 + xv

)
Ln

(
uv

1 + uv
; x1, . . . , xr

)

+
2M

δ2

r∑
i=1

(
xv

1 + xv

)2

Ln(f0;x1, . . . , xr).
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and hence

|Ln(f ;x1, . . . , xr)− f(x1, . . . , xr)|

≤ ε+

{
ε+M +

2M

δ2

r∑
v=1

(
xv

1 + xv

)2
}
|Ln(f0;x1, . . . , xr)− f0(x1, . . . , xr)|

+
4M

δ2

r∑
v=1

(
xv

1 + xv

)
|Ln (fv;x1, . . . , xr)− fv(x1, . . . , xr)|

+
2M

δ2
|Ln (fr+1;x1, . . . , xr)− fr+1(x1, . . . , xr)| .

Since (x1, . . . , xr) ∈ Kr, we obtain that

|Ln(f ;x1, . . . , xr)− f(x1, . . . , xr)|

≤ ε+

{
ε+M +

2rM

δ2

}
|Ln(f0;x1, . . . , xr)− f0(x1, . . . , xr)|

+
4M

δ2

r∑
v=1

|Ln (fv;x1, . . . , xr)− fv(x1, . . . , xr)|

+
2M

δ2
|Ln (fr+1;x1, . . . , xr)− fr+1(x1, . . . , xr)| .

Now setting

C := ε+M +
2M

δ2
{r + 2}

we conclude that∣∣Ln(f ;x1, . . . , xr)− f(x1, . . . , xr)
∣∣

≤ ε+ C
r+1∑
v=0

|Ln (fv;x1, . . . , xr)− fv(x1, . . . , xr)| .

By taking supremum over (x1, . . . , xr) ∈ Kr we have the following

‖Ln(f)− f‖ ≤ ε + C

r+1∑
v=0

‖Ln(fv)− fv‖ . (3.5)

Now for a given s > 0 choose ε > 0 such that ε < s. Then define the following
sets:

D :=
{
n : ‖Ln(f)− f‖ ≥ s

}
, (3.6)

Dv :=
{
n : ‖Ln(fv)− fv‖ ≥ s−ε

C(r+2)

}
(v = 0, 1, . . . , r + 1).

It follows from (3.6) that

D ⊂
r+1⋃
v=0

Dv.
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By (3.1), Dυ ∈ I for υ = 0, 1, 2, . . . , r + 1 . Therefore by the definition of I ,
we have D ∈ I .

Whence the result. �

We now turn to our operators defined by (2.1). To get a Korovkin type result
for these operators we first need the following auxiliary results.

����� 3.2� For all n ∈ N, (x1, . . . , xr) ∈ Kr and ν = 1, 2, . . . , r, we have,

(i) Ln(f0;x1, . . . , xr) = bn,

(ii) Ln(fv;x1, . . . , xr) = bn
n

n+1
aν,nxν

1+aν,nxν
,

(iii) Ln(fr+1;x1, . . . , xr) =
r∑

v=1
bn

{
n(n−1)

(n+1)2

(
aν,nxν

1+aυ,nxν

)2
+ n

(n+1)2
aυ,nxν

1+aν,nxν

}
.

P r o o f.

(i) It immediately follows from the definition of the operators.

(ii) For v = 1, . . . , r, observe that

Ln(fν ;x1, . . . , xr) =
bn

(1 + aν,nxν)
n

n∑
kν=1

kν
n+ 1

(
n

kν

)
(aν,nxν)

kν

= bn
aν,n

(1 + aν,nxν)
n

n∑
kν=1

n

n+ 1

(
n− 1

2

)
(aν,nxν)

kν−1

= bn
n

n+ 1

aν,nxν

(1 + aν,nxν)
n

n−1∑
kν=0

(
n− 1

2

)
(aν,nxν)

kν

= bn
n

n+ 1

aν,nxν

(1 + aν,nxν)

which gives (ii).

(iii) Now we first compute the value Ln(f
2
v ;x1, . . . , xr) for each v = 1, . . . , r.

Ln(f
2
v ;x1, . . . , xr) =

bn
(1 + aν,nxν)

n

n∑
kν=1

(
kν

n+ 1

)2 (
n

2

)
(aν,nxν)

kν

=
bn

(1 + aν,nxν)
n

n∑
kν=1

kν

(n+ 1)2
n!

(kν − 1)! (n− kν)!
(aν,nxν)

kν

=
bn

(1 + av,nxν)
n

{
n∑

kν=2

n (n−1)

(n+1)
2

(n−2)!

(kν−2)! (n−kν)!
(aν,nxν)

kv

+

n∑
kν=1

n

(n+ 1)
2

(n− 1)!

(kν − 1)! (n− kν)!
(aν,nxν)

kv

}
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= bn
n (n− 1)

(n+ 1)
2

a2ν,nx
2
ν

(1 + av,nxν)
n

n−2∑
kν=0

(
n− 2

2

)
(aν,nxν)

kv

+ bn
n

(n+ 1)
2

aν,nxν

(1 + aν,nxν)
n

n−1∑
kν=0

(
n− 1

2

)
(aν,nxν)

kv

= bn
n (n− 1)

(n+ 1)
2

(
aν,nxν

1 + av,nxν

)2

+ bn
n

(n+ 1)
2

(
aν,nxν

1 + av,nxν

)
.

Since fr+1 =
r∑

v=1
f2
v and Ln(f ;x1, . . . , xr) is a linear operator, we obtain that

Ln(fr+1;x1, . . . , xr)

=
r∑

v=1

bn

{
n (n− 1)

(n+ 1)
2

(
av,nxν

1 + av,nxν

)2

+
n

(n+ 1)2
av,nxν

1 + av,nxν

}
.

Whence the result. �

����� 3.3� For all n ∈ N, we have,

(i) ‖Ln(f0; ·)− f0‖ ≤ |bn − 1|,
(ii) ‖Ln(fv; ·)− fv‖ ≤ bn |(1− aν,n)|+ |bnaν,n − 1| (v = 1, . . . , r),

(iii) ‖Ln(fr+1; ·)− fr+1‖

=

r∑
v=1

{
bn
2

|1− aν,n|+
∣∣1− a2ν,n

∣∣ ∣∣bna2ν,n − 1
∣∣+ nbn

(n+ 1)
2

}
.

P r o o f.

(i) It is obvious.

(ii) By Lemma 3.2.(ii), one can get, for each v = 1, . . . , r and (x1, . . . , xr)
∈ Kr, that

|Ln(fv;x1, . . . , xr)− fv(x1, . . . , xr)|

≤
∣∣∣∣ bn n

n+ 1

aν,nxν

1 + aν,nxν
− xν

1 + xν

∣∣∣∣
≤
∣∣∣∣ bn aν,nxν

1 + aν,nxν
− bn

aν,nxν

1 + xν
+ bn

aν,nxν

1 + xν
− xν

1 + xν

∣∣∣∣
≤
∣∣∣∣ bnaν,nxν

(
1

1 + aν,nxν
− 1

1 + xν

)∣∣∣∣+
∣∣∣∣ xν

1 + xν
(bnaν,n − 1)

∣∣∣∣
≤
∣∣∣∣ bn (1− aν,n)

(
xν

1 + xν

)(
aν,nxν

1 + aν,nxν

)∣∣∣∣+
∣∣∣∣ xν

1 + xν
(bnaν,n − 1)

∣∣∣∣
872
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Now taking supremum over (x1, . . . , xr) ∈ Kr on the both sides of the above
inequality, the proof of (ii) is completed.

(iii) Let (x1, . . . , xr) ∈ Kr. Then it follows from Lemma 3.2.(iii) that

|Ln(fr+1;x1, . . . , xr)− fr+1(x1, . . . , xr)|

≤
r∑

v=1

∣∣∣∣∣ bnn (n− 1)

(n+ 1)
2

(
aν,nxν

1 + aυ,nxν

)2

+ bn
n

(n+ 1)2

(
aυ,nxν

1 + aν,nxν

)
−
(

xν

1 + xν

)2
∣∣∣∣∣

≤
r∑

v=1

{∣∣∣∣∣ bn
(

aν,nxν

1 + aυ,nxν

)2

−
(

xν

1 + xν

)2
∣∣∣∣∣

+

∣∣∣∣ bn n

(n+ 1)2

(
aυ,nxν

1 + aν,nxν

)∣∣∣∣
}

≤
r∑

v=1

{∣∣∣∣∣ bn
(

aν,nxν

1 + aυ,nxν

)2

− bn

(
aν,nxν

1 + xν

)2

+bn

(
aν,nxν

1 + xν

)2

−
(

xν

1 + xν

)2
∣∣∣∣∣+
∣∣∣∣ bn n

(n+ 1)2

(
aυ,nxν

1 + aν,nxν

)∣∣∣∣
}

≤
r∑

v=1

{∣∣∣∣∣ bn (aν,nxν)
2

(
1

(1 + aυ,nxν)
2 − 1

(1 + xν)
2

)∣∣∣∣∣
+

∣∣∣∣∣
(

xν

1 + xν

)2 (
bna

2
ν,n − 1

)∣∣∣∣∣ +
∣∣∣∣ bn n

(n+ 1)2

(
aυ,nxν

1 + aν,nxν

)∣∣∣∣
}

≤
r∑

v=1

{∣∣∣∣∣ bn (1− aν,n)
2xν

(1 + xν)
2

∣∣∣∣∣+
∣∣∣∣∣ bn (1− a2ν,n

)( xν

1 + xν

)2
∣∣∣∣∣

+

∣∣∣∣∣
(

xν

1 + xν

)2 (
bna

2
ν,n − 1

)∣∣∣∣∣+ n

(n+ 1)
2 bn

∣∣∣∣ aυ,nxν

1 + aν,nxν

∣∣∣∣
}

so the proof is completed if we take supremum over (x1, . . . , xr) ∈ Kr on the
both sides of the above inequality. �

������� 3.4� Let I be an admissible ideal of N. Assume that, bn and ai,n
satisfies (2.2), for each i = 1, 2, . . . , r. Then, for a f ∈ Hwr

(Kr), we have

I - lim
n

‖Ln(f ; ·)− f‖ = 0.
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P r o o f. By Lemma 3.3.i) and the assumption that, I - lim
n

bn = 1, we have

I - lim
n

‖Ln(f0, ·)− f0‖ = 0.

Now given ε > 0, define the following sets;

Uν =
{
n ∈ N : ‖Ln(fν ; ·)− fν‖ ≥ ε

}
,

U 1
ν =

{
n ∈ N : β(1)

n,ν = bn |1− aν,n| ≥ ε

2

}
,

U 2
ν =

{
n ∈ N : β(2)

n,ν = | bnaν,n − 1| ≥ ε

2

}
.

By Lemma 3.3.ii) it is obvious that, Uν ⊂ U 1
ν ∪ U 2

ν , ν = 1, 2, . . . , r. Since

I - lim
n

β(i)
n,ν = 0, i = 1, 2, ν = 1, 2, . . . , r,

we have, U 1
ν , U

2
ν ∈ I , ν = 1, 2, . . . , r. By using the definition of ideal and

I -convergence we get

I - lim
n

‖Ln(fν , ·)− fν‖ = 0, ν = 1, 2, . . . , r.

Finally, given ε > 0, define the following sets;

Vr+1 =
{
n ∈ N : ‖Ln(fr+1; ·)− fr+1‖ ≥ ε

}
,

V 1
r+1,ν =

{
n ∈ N : α(1)

ν,n =
∣∣1− a2ν,n

∣∣ ≥ ε

4r

}
,

V 2
r+1,ν =

{
n ∈ N : α(2)

ν,n =
∣∣bna2ν,n − 1

∣∣ ≥ ε

4r

}
,

V 3
r+1,ν =

{
n ∈ N : α(3)

ν,n =
bn
2

|1− aν,n| ≥ ε

4r

}
,

V 4
r+1,ν =

{
n ∈ N : α(4)

ν,n =
bnn

(n+ 1)2
≥ ε

4r

}
,

ν = 1, 2, . . . , r. Lemma 3.3.iii) yields,

Vr+1 ⊂
r⋃

ν=1

(
V 1
r+1,ν ∪ V 2

r+1,ν ∪ V 3
r+1,ν ∪ V 4

r+1,ν

)
.

Using,

I - lim
n→∞α(i)

ν,n = 0, i = 1, 2, 3, 4, ν = 1, 2, . . . , r;

we have

I - lim
n

‖Ln(fr+1, ·)− fr+1‖ = 0,

which completes the proof. �
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4. Concluding remarks

It is known that, if I1 is the class of all finite subsets of N then I -convergence
coincides with the classical convergence (see [4], [17]). Therefore Theorem 3.1
reduces to the result obtained by Çakar and Gadjiev (see [3]). On the other
hand choosing I2= {E ⊂ N : δA (E) = 0} where A is a non-negative, regular
summability matrix, Theorem 3.1 coincides with [8, Theorem 2.2, p. 503]. The-
orem 3.1 can be restated for statistical convergence by choosing A = C1, the
Cesaro matrix of order one. Similar remarks are also valid for Theorem 3.4.

It should be noted that I1 and I2 both have AP property and for these
type of ideals I -convergence and I ∗-convergence coincides. Therefore for such
ideals, proofs of Theorem 3.1 and Theorem 3.4 can be given on I ∗-convergence,
which is more simpler. But in this paper we prefer to give these proofs in more
general case.

Acknowledgement� Authors would like to thank to the referees for their valu-
able suggestions.
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[17] KOSTYRKO, P.—WILCZYŃSKI, W.—ŠALÁT, T.: I -convergence, Real Anal. Ex-
change 26 (2000), 669–685.

[18] KOSTYRKO, P.—MAČAJ, M.—ŠALÁT, T.—SLEZIAK, M.: I -convergence and ex-
tremal I -limit points, Math. Slovaca 55 (2005), 443–464.

[19] MILLER, H. I.: A measure theoretical subsequence characterization of statistical conver-
gence, Trans. Amer. Math. Soc. 347 (1995), 1811–1819.
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[21] ŠALÁT, T.: On statistically convergent sequences of real numbers, Math. Slovaca 30
(1980), 139–150.

Received 21. 10. 2008
Accepted 8. 7. 2009

*Department of Mathematics
Faculty of Arts and Sciences
Eastern Mediterranean University
Gazi Magusa, Mersin 10
TURKEY

E-mail : huseyin.aktuglu@emu.edu.tr
mehmetali.ozarslan@emu.edu.tr

876



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts false
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings true
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldMT
    /ArialMT
    /Times
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
    /CZE ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [498.898 708.661]
>> setpagedevice




