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ABSTRACT. This paper provides a Korovkin type approximation theorem for a
class of positive linear operators including Bleimann-Butzer and Hahn operators
via #-convergence.
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1. Introduction

The idea of statistical convergence was introduced by Fast (see [12]) and
has been studied by several authors (see [15], [21]). The concept of statistical
convergence is based on the natural density of subsets of N, the set of natural
numbers. If ' C N then § (F), the natural density of F' is defined as ¢ (F) =
lim n='[{n <j: n € F}| provided that the limit exist. The symbol |E| de-

j—o0

notes the cardinality of the set E. The number sequence = := (x,,) is said to be

statistically convergent to L if for every e > 0, 6 ({n e N: |z, — L| > ¢}) = 0.

Statistical convergence of x to L is denoted by st-limz; = L. It is well known
J

that convergence implies statistical convergence but statistical convergence does
not imply convergence.

Now we recall that, for an infinite nonnegative regular summability matrix
A = (ajp), the A-density of a subset F' of N is given by,

64 (F) :njmzajn =0

neFr
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whenever limit exists. A sequence x is called A-statistically convergent to a
number L if, for every e > 0, a({n €N: |z, — L| > €}) = 0. This limit
is denoted by sta-limz = L ([10], see also [19]). In the case A = C}, the
Cesaro matrix, C1-statistical convergence coincides with statistical convergence
(see [12], [13]). Moreover if A = I, the identity matrix, then it reduces to
the ordinary convergence. Similar to statistical convergence, every convergent
sequence is A-statistical convergent, but its converse is not always true.

The notions of .#-convergence and .#*-convergence of sequences of real num-
bers has been initiated by the school of late professor Salat [17] [18]. The concept
of #-convergence is based on the ideal of subsets of N. A collection .# of subsets
of N satisfying the conditions

i) 0 e s,
i) ABe Yy = AUBe ./,
ili) Ae # &« BCA = BeJ,

is called an ideal in N. An ideal .# with N ¢ .# is called a nontrivial ideal. .%
is called admissible if {n} € .# for all n € N. Let .# be a nontrivial ideal in N,
then a sequence x := (z,,) is said to be .#-convergent to L if for every ¢ > 0,
{n: |z, —L| >} e s.

Note that, if .# is the family of all finite subsets of N, then .#-convergence
reduces to ordinary convergence. Also choosing & = {F CN: 64 (F) =0}
then .#-convergence coincides with A-statistical convergence where A = (a;,,) is
a nonnegative regular summability matrix.

A sequence z := (x,) is said to be .#*-convergent to L if and only if there
exists a set M = {m; <mgo <---<my <...} with N\M € .# such that
lilgn Tm, = L. It is known that for an admissible ideal .#, .#*-convergence

implies .#-convergence. However inverse implication is not always true. An ad-
missible ideal .# is said to satisfy additive property (AP) if for every countable
family of mutually disjoint sets {A;, As, ...} C & there exists a countable fam-
ily of sets {By, B, ...} C .# such that A;AB; = A;\B; U B;\A; is a finite set

oo

forall j =1,2,... and B = |J B; € #. For an admissible ideal .# which has
j=1

AP property, .#-convergence implies .#*-convergence.

Recently, A-statistical extensions of Korovkin theorems and their applications
has been studied in [5], [6], [7], [8], [9], [14], [20]. Also Duman gave a Korovkin
type approximation theorem via .#-convergence by using the usual test functions

fily) =yt i=0,1,2 (see [4]).
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The goal of this paper is to prove a Korovkin type theorem via .#-convergence
for a class of linear positive operators in several variables including BBH opera-
tors by using different test functions and, defining a generalization of BBH oper-
ators, to investigate the approximation properties of these operators in .#-con-
vergence sense.

2. Construction of the operators

The aim of this section is to introduce a generalization of BBH operators in
several variables. Let Cp (K") be the space of all real valued continuous and

bounded functions defined on the set K" = [0,00)" endowed with the usual
supremum norm
Il =" sup  [f(z1,..na)l, felp(KT).
LlyeeyLp =

Let H,, (K") denote the space of all real-valued functions defined on K" such

that
|flur, .. ur) = flz,. . zr)]
U1 X1 Uy Ly
< : — —
_wr<f’ 14w 14z 7 {14+u, 1+xr)
where w,.(f;d1,...,0,) is the modulus of continuity given by
wyr(f;01,...,0,) =sup |f(ur,...,u.) — flx1,...,2z)]|.
Here, the supremum is taken over (ui,...,u,),(x1,...,2,) € K" satisfying

|u; —x;| < 0; (i =1,...,7). Then, observe that any function f € H,, (K")
implies f € C'(K").
Now we consider the following BBH type operators in several variables.

Lo(f;z1,...,2.)
— - kl kr
" H(l"'aznxz Z Zf<n_k +1’ ..7n_kr+1) (2.1)

i=1 k1=0 k=0
o (n
Em
X H (k: )(am’nxm)
m=1 m

where
(r1,...,z,) € K", feH, (K"), b,>0,
ain >0 forall i=1,...,r, n€N
and
- lim b, =1, S-lim a;, =1 for i=1,. (2.2)
n—oo n—oo
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It should be remarked that letting » = 1, b, = 1 and a1, = 1 for all n € N,

in (2.1) we get the well known BBH operators (see [2]) defined on the space
Cl0,00) by;

it = Ly 207 () ()2

3. Approximation properties

Korovkin was the first to notice the idea of approximating to a function by
means of linear positive operators ([16], see also [1]). The aim of this section
is to prove a Korovkin type theorem via .#-convergence according to the test
functions

folur, ... u.) =1
Uy
fv(u17~-~7ur):1+Uy (’[):1727...,7")
r r u 2
_ 2 — v
fraa(ur, . uy) *;fu(ula-“vur) *; <1+uv> :

Our main result is stated in the following theorem.

THEOREM 3.1. Let & be an admisible ideal in N and let {L,} be a sequence
of positive linear operators from H,, (K") into Cg(K"). If, for each v =
0,1,...,r+1,

rﬂ'h}LnHLn(fv)_va =0 (31)
holds, then for all f € H,, (K") we have

F-lim [ Lo (f) = f] = 0. (3.2)
Proof. Assume that (3.1) holds and f € H,, (K"). By the definition of
H,, (K"), for every ¢ > 0, there exists §, > 0, v =1,...,r, such that

|f(ur, ..., up) — fz1, ... 20)| < €

forall (u1,...,u.), (x1,...,2,.) € K" satisfying | 1i§; —1f; <b,(v=1,...,7).
Now setting
Kgl,‘..,é‘,. = {(ula s 7uT) e K": |1‘1|J:17)14v - 111;:1) S 5@, v = 1, Ce ,’I"}’
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one can write that

’f(ul,...,ur)—f(xl,...,xr)‘
< \f(ul,...,ur)—f(xl,...,xr)|XKgl o (un, )

..... r

+ [ f(ur, ... up) — f(x17~-~7$r)|XKr\Kgl 5 (Ui, ur),

.....

which yields

|f(ur,...,up) = flz1,...,20)] < e+ 2Mxgn\ky, 5 (WU, (3.3)

where xs denotes the characteristic function of the set S and M := ||f||. Let
§:=min{d; : i=1,...,7}. Since

it follows from (3.3) that
2IM Uy Ty 2
lf(ur, .. up) — fzg, . z0) | <e+ - . (34)

By linearity and positivity of the operators we get

|Ly(f;21, ..., 20) — f(21,. .0 20)]
< Ln(|f(u1,...,ur) —f(xl,...,xr)\;xl,...,xr)
+ M |L,(fo;x1,- - xr) — fo(z1,. .., 2,)]
<e+(e+ M)|L,(fo;x1,--sxr) — folz1,. .., 2)]

2M Uy Ty 2
L — ; e, Xy
+ 62 —~ n<<1+uU 1+xv> sy L1, , L

<e+4+ (e+ M)|L,(fo;21,...,2r) — fo(z1,...,2)]

v=1
IM T 2
! Ln 5 r
+ 52 ; 1+xv> (vaxlv 7]:)
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and hence
|Ln(fr21, ..y x) — f(1, ...y 20|

2IM < Ty 2
§s+{e+M+ 52 ;(1+xv> }|Ln(f0;x17~-~7xr)_fO(x17~-~7xr)|

+4M - Ty
02 — 1+ 2,

2M
t o5 |Ln (fre13 21,5 2p) = frya (@, 2]

) |Ln (fv§$1;-~-7xr) —fv(ilil,...,xr)‘

(
Since (z1,...,x,) € K", we obtain that
(

|Ln f;xlv"'vxT)_f(xlv"'vxrﬂ

2rM
§€+{5+M—|— 7(;2 }|Ln(f0;x1,...,xr)—fo(;z:h...,xr)

AM
+ 62 Z‘Ln(fv;xlv"‘axr)_fv(xlv"‘axr”
v=1

2M
+ 62 ‘Ln (fr+1;xla s 7xr) - fr+1(x1w . .,.’IZT)| .

Now setting
2M
Ci=ec+ M+ 52 {r+2}

we conclude that
’Ln(fvxlv .. '7xT) - f(xlv .. .,ZUT)‘

r+1
<e+CY |Ln(fosa1,. . z) = fol@r,. . 2p)]
v=0
By taking supremum over (z1,...,2,) € K" we have the following
r+1
v=0

Now for a given s > 0 choose € > 0 such that ¢ < s. Then define the following
sets:

D= {n: [ La(f) = £l = s}, (3.6)
Dyi={n: ILalfo) = Foll 2 ¢iisyy ) (=01, m 4 1),
It follows from (3.6) that
r+1
Dc |JD..
v=0
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By (3.1), D, € . for v =0,1,2,...,7 +1 . Therefore by the definition of .7,
we have D € .#.
Whence the result. O

We now turn to our operators defined by (2.1). To get a Korovkin type result
for these operators we first need the following auxiliary results.

LEMMA 3.2. For alln €N, (z1,...,2,) € K" and v =1,2,...,r, we have,
(i) Ln(fo;z1,...,20) = by,
(11) Ln(fv;,fvl, Ce 7,’1,‘T) = bnnil 111;:3;;:”,

111 = -1 v,nev 2 v,nYv
(lll) Ln(fr+1; Tiyeeey xr) = UZI bn {?7511)2) <1ia’v:/mu> + (n_;”_ll)Q 1—7—(17,,13:]0,, .

Proof.
(i) It immediately follows from the definition of the operators.
(ii) For v = 1,...,r, observe that
by, "k, (n k
Ly, vi&Llye-oy Tp) = n vinTy) "
(foin zr) (14 aynxy) kz::1 n+1 (kl,> (@vnv)
Ay - n (n-—1 Ey—1
:bn ’ n vnTy) "
(1+aynx,) kzzln+1< 2 )(a )
n Ay X s -1
:bn v,ndy oy k.
n+114aynz,)" k2=20< 2 )(a )
n AynTy
= b”l ’
n+1(14aynxy)
which gives (ii).
11) Now we first compute the value L, ;%1,...,2p) foreach v =1,... 7.
iii) N fi he value L, (f? f h 1
b " k, \? [n X
L, 2; gy dbr) = " n g vnTy)
e = ot 22 (250) (5) enno
B by ~ k& n! (ay )
1+ apnz,)" = (n+ 1)2 (ky, — D (n — k)"
B by “\n(n—1)  (n—2)! (ay )
(14 aynzy) =, n+1)° (k,—2)! (n—k,)! vnLy
" n (n—1)! k.
+ Ay nTy)™"
2o 17 G =t gt 0
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n(n—1) l,n x2 — (n—2 5
:bn vndy :
(7’L+ 1)2 (1 + ay, nxu Z_ < ) ont )

n Ay nTy — (n—1 k,
+b Ay nZy) "’
n(n+1) (1+aunxu Z: ( > " )

n(n—1) Ay nTy 2 n Ay ny
=b, 5 + b, 9 .
(7’L =+ 1) 1+ Ay nTy (n + 1) 1+ Ay nTy

™
Since fr41 =Y. f2 and L,(f;z1,...,7,) is a linear operator, we obtain that
v=1

L (fT+1;x1a"'7xT)

Z (n—1) ( Ay Ty >2 N n Ay Ty
f—t n + 1) 1+ Ay nTy (7’L + 1)2 1+ Ay nTy )

Whence the result. O

LEMMA 3.3. For alln € N, we have,

(i) ”Ln(fO») _fOH < Ibn - 1|;
(ii) ”Ln(fv; ) - fv” < by ‘(1 - au,n)‘ + |bnau,n - 1’ (7) =1,... 77");

(i) |Ln(frt1;) = freall

b nb.
—Z{2"|1—al,’n|+’1—a37n"bnain—ll—{— " 2}.
v=1

(n+1)
Proof.
(i) It is obvious.
(ii) By Lemma 3.2.(ii), one can get, for each v = 1,...,7 and (z1,...,2,)
€ K", that
| Ly (fo; 21,y ) — fo(x1, .0y 20)]
n Ay Ty Ty
S n ' -
n+1ll+a,,z, 14z,
al/ nxl/ al/ nxU al/ nxl/ xl/
< |b ’ — by by, -
- "1—4—@”7,1351, "1+:1:l,+ "1+, 1+ x,
1 1 Ty
< | bpay nxy - bpay, —1
= | Onund <1+al,’nxl, 1+xy>‘+‘1+xl,(na’n )‘
Ty Ay nTy Ty
<|b,(1—a, ’ bpay, — 1
Jntmo ) (5 T e
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Now taking supremum over (z1,...,z,) € K" on the both sides of the above
inequality, the proof of (ii) is completed.
(iii) Let (z1,...,2,) € K". Then it follows from Lemma 3.2.(iii) that

|Ln(fr+1;x1a"'yxr)_fr+1(x1;"'7xr)|
zT: 5 n(n—l)( Ay Ty )2
" (7’L+ 1)2 1+a'v,nxu

v=1
+b n Gy nTy Ty ?
"n+ 12 \1+a,nz, 1+2z,

IN

IN
i~
—

n Gy T
b v,ndv
+’ " (n+1)2 <1+ay,nxy)‘}
Ay 2 aynty >
bn < v,nly ) . bn < v,n u)
14+ aynxy 1+z,
Ay nty > T 2 n Ay T
b v,nly . v b v,ndy
+n<1—|—x,, 1+ a2, + "(n+1)2 \1+a,,,
1 1
by (ay, :zcl,)2 —
" " (1+ av’n$y)2 (1+ af,‘l,)2

2
Ty 9 n Ay nTy
b -1 b
+‘<1+.’£V> (nau,n ) +‘ n(n+ 1)2 <1+a]/7nxy>’}

IN
i[™]-
—N

INA
B
—N

r 2
2.%‘,, 2 Ty
< by, (1 —ay, bn (1 —
_Z{ n ( a’n)(1+x)2 + [ oo (1 - ay) (1—4—:@)
v=1 v
2
Ty, 9 n Ay Ty
b -1
+‘<1+xl,> (bncn = 1) +(n+1)2 n‘l“’au,nxu }
so the proof is completed if we take supremum over (z1,...,z,) € K" on the
both sides of the above inequality. O

THEOREM 3.4. Let .Z be an admissible ideal of N. Assume that, b, and a;
satisfies (2.2), for each i =1,2,...,r. Then, for a f € H,, (K"), we have

S -tim|| Ly (f:7) — £ = 0.
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Proof. By Lemma 3.3.i)) and the assumption that, .#-limb, = 1, we have
- liin |1 Ln(fo,) — foll = 0.

Now given € > 0, define the following sets;

Uy ={neN: |Lu(fii) - ll 2 ¢},

> }
=2

Uf:{neN 82 —|bnay,n—1|2;}.

By Lemma 3.3.ii) it is obvious that, U, C U} UUZ2, v =1,2,...,r. Since

ng{neN: B = by |1 — ayp

F-lm Y =0,  i=1,2, v=1,2,...r
m Py,

we have, UL, U2 € .4, v = 1,2,...,r. By using the definition of ideal and
#-convergence we get

j-li7£n||Ln(fy,-)—fl,||:0, v=1,2,...,r
Finally, given € > 0, define the following sets;
Vig1 = {” EN: |[Ln(frtrse) = fraall 2 5}7
Vi, ={neN:all=1-a,|> "}

2 .2 2 €
VTH’,/:{nGN. a,(j’%—’bnay’n—ll > 4r}’

b €
3 . 3) _ n
VrH’y:{neN. aff) = - z4r},
b,n €
Vi :{ eEN: o = " > }7
r+1,v n au,n (n+1>2 = 4y

v=12,...,r. Lemma 3.3.iii) yields,

7‘+1CU r+1l/ 7‘+1VUV+1VUVT+1V)‘

Using,
J—nlgrroloa,/% =0, i=1,2,3,4, v=1,2,...,7;
we have
Sl || L (fri1,7) = fraall = 0,
which completes the proof. O
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4. Concluding remarks

It is known that, if .#] is the class of all finite subsets of N then .#-convergence
coincides with the classical convergence (see [4], [17]). Therefore Theorem 3.1
reduces to the result obtained by Cakar and Gadjiev (see [3]). On the other
hand choosing #={E C N: 04 (F) =0} where A is a non-negative, regular
summability matrix, Theorem 3.1 coincides with [8, Theorem 2.2, p. 503]. The-
orem 3.1 can be restated for statistical convergence by choosing A = (4, the
Cesaro matrix of order one. Similar remarks are also valid for Theorem 3.4.

It should be noted that .#; and %, both have AP property and for these
type of ideals .#-convergence and .#*-convergence coincides. Therefore for such
ideals, proofs of Theorem 3.1 and Theorem 3.4 can be given on .#*-convergence,
which is more simpler. But in this paper we prefer to give these proofs in more
general case.

Acknowledgement. Authors would like to thank to the referees for their valu-
able suggestions.
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