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ABSTRACT. The classical Poincaré strong recurrence theorem states that for
any probability space (92,.7,P), any P-measure preserving transformation T,
and any A € ., almost all points of A return to A infinitely many times. In the
present paper the Poincaré theorem is proved when the o-algebra . is substituted
by an MV-algebra of a special type. Another approach is used in [RIECAN, B.:
Poincaré recurrence theorem in MV-algebras. In: Proc. IFSA-EUSFLAT 2009
(To appear)], where the weak variant of the theorem is proved, of course, for
arbitrary MV-algebras. Such generalizations were already done in the literature,
e.g. for quantum logic, see [DVURECENSKIJ, A.: On some properties of trans-
formations of a logic, Math. Slovaca 26 (1976), 131-137.
©2010
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0. Introduction

Let (,., P) be a probability space, i.e. Q # 0, . is a o-algebra of subsets
of Q(ie. e S Ay = Q\Ae S, and A, €Y (n=12,...) =
U A, € &), and P: .¥ — [0,1] is such that P(2) = 1, and P( U An) =
n=1 n=1

§ P(A,), whenever 4,, € ¥ (n=1,2,...) and A, N A, =0 (n # m). Let
n=1
T:Q — Q be such that A € .% implies T~!(A) € ., and

P(T™(4)) = P(4),
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whenever A € .%; such transformations 7" are called measure — preserving. The
Poincaré recurrence theorem states that almost every point € A will return to

A ie. _
P(A \ nL_Jl Tl(A)> =0,

whenever A € .. There holds also the stronger variant of the Poincaré theorem:
almost all points of A will return to A infinitely many times. It means that to
any © € A\ B (where P(B) = 0) and any k € N there exists n > k such that

T"(z) € A:
P(A\ Ny T"(A)) =0.
k=1n=k
The strong recurrence theorem has been proved in various connections (see [9]
for Boolean algebras, [4] for topological spaces, [2] for quantum logics). In the
paper the theorem is proved for a type of MV-algebras (o-complete weakly o-di-
stributive MV algebras with product).

1. MV-algebras

A prototype of an MV-algebra is the unit interval [0, 1] with two binary op-

erations @, ®: [0,1] x [0,1] — [0, 1],
a®b=min{a+b,1},
a®b=max{a+b—1,0},

one unary operation —: [0,1] — [0, 1]

—a=1-—a,

and two fixed elements 0,1 € [0, 1].

Recall that the operation & corresponds to the disjunction of two assertions
(a or b), ® corresponds to the conjunction of assertion (a and b), = corresponds
to the negation (not a), 1 corresponds to the true assertion, 0 corresponds to
the false assertion. From the point of view of set theory (denote by x4 the
characteristic function, x4(x) = 1, if x € A, xa(x) =0, if z ¢ A), ® corresponds
to the union of sets,

XA D XB = XAuB
® corresponds to the intersection of sets,
XA ©XB = XAnB,

- correspons to the complement

-xa=1-xa,
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1 coresponds to the basic space (2

1 =xo
and 0 to the empty set,
0= X0

MV-algebras play the same role in the multivalued logic as Booloean algebras
in two-valued logic. Generally, the notion of an MV-algebra has been intro-
duced by Chang [1]. By the Mundici theorem ([6]), any MV-algebra can be
represented as an interval [0,u] in an [-group G, similarly as the MV-algebra
([0,1],®,®.—,1,0) in the group (R, +, <). Recall that an [-group is an algebraic
system

(G, +,2),
where
(i) (G,+) is an Abelian group,
(ii) (G, <) is a lattice,
(iii) a<b = a+c<b+ec
By the Mundici theorem ([6]) any MV-algebra
(M,®,®,-,1,0)
corresponds to a unique unital [-group
(G, +, <)
where
M=[0,ul={zeG: 0<z<u},

u € G is a strong unit of G (i.e. to any x € G there exists n € N such that
r<nu=u+u+---+u (n-times)), 0 is the neutral element of (G, +), and

a®b=(a+0b)Au,
a®b=(a+b—u)VO0,
—a=u—a.

Analogously as in quantum structures (see [2], [3]), instead of a probability,
a state m: M — [0, 1] can be defined.

1.1. DEFINITION. A state on an MV-algebra (M,®,®,—,u,0) is a mapping
m: M — [0, 1] satisfying the following conditions:

(i) m(u) =1;

(ii) m is additive, i.e. a @b =0 = m(a ®b) = m(a) + m(b);

(iii) m is continuous, i.e. a,, /' a = m(a,) /S m(a).
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The second basic notion in the classical Kolmogorov theory is the notion of a
random variable £: €2 — R, i.e. such a mapping that

Ac BR) = 1A ey

(A(R) is the least o-algebra obtaining all intervals in R). Therefore in the
general theory (similarly as in Q-structures theory ([2])) we can consider a ho-
momorphism

r: BR) =M
satisfying some conditions. The mapping x: #(R) — M is called an observable.

1.2. DEFINITION. Let M be an MV-algebra. By an observable we understand
a mapping z: Z(R) — M satisfying the following conditions:

(i) z(R) = u;
(i) ANB=0 = z(A)©x(B) =0, 2(AUB) = z(A) ® z(B);
(i) Ay A A — 2(An) 2 2(A).

1.3. THEOREM. If M is an MV-algebra, m: M —[0,1] is a state, x: B(R) - M
is an observable, then the composite map m o x: B(R) — [0,1] is a probability
measure.

Proof. The proof is evident. (]

2. MV-algebras with product

Also from the point of view of applications there is useful to have something
similar to the notion of a random vector

T=(n): 02— RxR
Again it is a possibility to consider the inverse h: Z(R?) — M,
h(A) =T71(4),

particularly
h(C x D) =T YC x D) = ¢ HC)nn~ (D).

If we consider two observables x,y: 4 — M, we need something similar to an
operation M x M — M such that

h(C x D) =z(C) - y(D).

It was realized in [10], where the notion of an MV-algebra with product was
introduced. Independently, the notion was introduced in [5] (see also [12]).
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2.1. DEFINITION. An MV-algebra with product is an algebraic system (M, &, ®,
-, =, u,0), where (M, ®,®,—,u,0) is an MV-algebra, and -: M x M — M is a
binary operation satisfying the following identities:

(i) a-u=a,

(ii) a- (b®c)=(a-b) @ (a-0),

(ii) ap, /@ = an-b a-b.
2.2. DEFINITION. Let M be an MV-algebra with product, z,y: Z(R) — M

be two observables. By a joint observable of x, y we mean a mapping
h: B(R?*) — M satisfying the following conditions:

(i) h(R x R) = u;
(i) ANB=0 = h(A)®h(B) =0, h(AU B) = h(A) ® h(B);
(iii) An A = h(An) 7 h(B);
(iv) h(C x D) =z(C) -y(D) for any C, D € Z(R).
The main result stated in [10] ([12, Theorem 3.6]) implies the existence of

the joint observable. Of course, the corresponding theorem holds only under the
following additional condition. It corresponds to the classical e-technique:

ap, =0 < Ve >0 Ing Vn>ng: |ay| <e.

In the general I-group the technique is impossible, it was substituted by the
condition of weak regularity what is not only sufficient but also necessary con-
dition for a posibility of the extension of G-valued measure from an algebra to
the generated o-algebra.

2.3. DEFINITION. An [-group G is said to be a weakly o-distributive [-group, if
oo
aij O (j =00, i=1,23,...) = /\ \ aim =0
peNNi=1

The term o-distributive can be justified by the following change of operations:
/\\/aw(i) = \//\aij = /\0 = 0.
w ot i J

If G =R, then a;; \, 0 (j = oo) implies
Ve >0 3p(i) Vi > (i) aij <e,

hence also
Uip(i) < € for all ¢,

and therefore
SUp Qi) < € for all € > 0.
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It follows that
inf sup a;, ;) = 0
Y 4
what justifies the previous definition.

2.4. PROPOSITION. Let (M, m) be a probability MV-algebra, i.e. m: M — [0, 1]
is such a state that m(a) =0 = a=0.
Then M is weakly o-distributive.

Proof. See [12, Theorem 2.1.4]. O

2.5. THEOREM. Let M be a o-complete, weakly o-distributive MV-algebra,
z,y: B(R) — M be two observables. Then there exists a unique joint observable

of z,y.
Proof. See [10, Theorem 2]. O

2.6. COROLLARY. Let M be a o-complete probability MV-algebra, x,y: B(R)
— M be two observables. Then there exists the unique joint observable of x, .

3. Main result

3.1. DEFINITION. Let M be a o-complete MV-algebra, m: M — [0,1] be a
state. By an m-preserving transformation of M we understand a mapping
7: M — M satisfying the following conditions:

(i) 7(u) = u,7(0) = 0;

(ii) 7(a ®b) = 7(a) ® 7(b);

(iii) 7(a @ b) = 7(a) ® 7(b);

(iv) 7(a-b) =7(a) 7(b);

(v) 7(aVb)=r71(a)VT(D);

(vi) 7(a Ab) = 7(a) AT(D);
(vil) ap, SN a = 7(an) ~ 7(a);
(viii) m(7(a)) = m(a).

3.2. THEOREM. Let M be a o-complete, a weakly o-distributive MV-algebra with
product, x,y: B(R) — M be two observables. Then

(e -

for any a € M.
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Here .
[I®=ATI]"0).
n==k i=1n=k

where

HijbZ'bz+1'-'bm.
=l

4. Proof: Kolmogorov construction

Let a € M. First we consider an observable z: Z(R) — M by the following
prescription:
0, if 0¢B, 1¢B
a, if 0¢B, 1€B
~a, if 0€B, 1¢B
u, if 0€B, 1€ B.

It is not difficult to see that x is an observable. Moreover, also the mappings

x(B) =

Tox, 720ox, 73 ox, ... are observables. Applying the natural extension of
Theorem 2.5, there exists the joint observable h,: Z(R™) — M of observables
x,Tox, T2ox, ..., ™ Yoz, hence

m(hy(Co x Oy X -+ x Cp_1)) = m(x(Co) - 7(2(C1)) - - - 7" Hx(Cp_1))
for any Cy,C4,...,Cph_1 € B(R), n € N. Evidently
m 0 hpt1|z@n) =mo hy.
Denote by % the family of cylinders in RY,
¢={ACR": A=r,'(B), Be #R"), neN}

(here m,: RY — R" is the projection, 7((u;);) = (u1,...,uy)). Then by the
Kolmogorov consistency theorem there exists exactly one measure on the o-al-
gebra o(%) generated by €,

P:o(¢)—[0,1],
such that
POW;1:mohn, n=12...
Define the shift T: RY — RN by the formula
T((un)n=1) = (vn)n=1, Un = Uny1, n=1,2,...
We shall show that T is a P-measure preserving map, i.e.

P(T7Y(A) = P(4), A€ a(%). (4.1)
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Since p: A+ P(T71(A)) is a measure, it suffices to prove (4.1) for the sets
of the form

A=7,1CoxCy x -+ xCp_1)), n € N.
We have
P(A) = P(r; (Co x Oy x --- x Cy_1)
=m(h,(Co x Cp x -+ x Cpr_1))
=m(z(Co) - T(x(C1)) -+ -7 (2(Cn-1))).
On the other hand
P(T(4)) =

)

P(T HCoxCyx-+-xCpg xRxRx--))
=PRxCyxCy xCphog xRx--+)
(m 11 (R X Co x Cy X -+ x Cp_q))

Y

(hnt1(Rx Cop x Cp x -+ x Cp_1))
(@(R) - 7(2(Cop)) - 7(x(Ch)) - - 7 (2(C1)))
(1(2(Co)) - 7*(x(Ch)) - - - 7" (x(Cp-1)))

=m(z(Co) - 7(x(C1)) - 7" H(@(Cn-1)) = P(A).
By the Poincaré recurrence theorem we obtain:

0= P(A\ ﬁ G T”(A))

k=1n=k

k+1i
lim lim P( () ANT (A% ).
= Jin i () 4077 (1)

On the other hand (if £;: RN — R is the projection to the ith coordinate)

k+i
mla- || 7"(—a)
S
(a-u-u--u-1p(=a) - 7% (=a) - T (=a))
(hrgi ({1} x Rx -+ x R x {0} x {0} x -+ x {0}))

P(& {Hng ®) N ng ®) ng (o) NN gl ({0))
P(AQO NQNT YA N nT~ ) (49))

3

I
3

3

(4.2)
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Therefore

5. Example

Consider a probability space (Q,.%, 1) and the MV-algebra
M={f:Q—1[0,1]: f is .#-measurable},
where
f®g=min{f+g,1},
fo©g=max{f+g— 1,0},
_'f =1- f7
u=1q, 0=_0q. A is a weakly o-distributive MV-algebra, since an MV-algebra
has the property if and only if the corresponding I-group has the property, and

(R, +, <) is a weakly o-distributive [-group. Let T': Q — Q be an .-measurable
map. Moreover, define m: .# — [0,1] by the formula

m(f)= [ fdpu,
/
and
T(f)=foT.

By Theorem 3.2 we obtain that

/gﬁ(f- (ﬁ(l—foT")>>du:0,

n=k
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hence p-almost everywhere

(10]
11

(12]

,icgf1<f. < Ook(l—foT”)>> =0.

n=
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