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ON ABSOLUTE SUMMABILITY
FOR DOUBLE TRIANGLE MATRICES

EKREM SAVAS — HAMDULLAH SEVLI

(Communicated by Michal Zajac)

ABSTRACT. A lower triangular infinite matrix is called a triangle if there are no
zeros on the principal diagonal. The main result of this paper gives a minimal set
of sufficient conditions for a double triangle T to be a bounded operator on .o72;
ie, T €B (gflf) for the sequence space ;2%,? defined below. As special summability
methods T' we consider weighted mean and double Cesaro, (C,1,1), methods. As
a corollary we obtain necessary and sufficient conditions for a double triangle
T to be a bounded operator on the space A% of double sequences of bounded
variation.
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1. Introduction

Let Y a, denote a series with partial sums s,. For an infinite matrix T, ¢,
the nth term of the T-transform of {s,} is denoted by

o0
ty, = Z t1rwSu-
v=0

A series ) a, is said to be absolutely T-summable if )| |At,_1| < oo, where

A is the forward difference operator defined by At¢, 1 = t,_1 — t,. Papers
dealing with absolute summability date back at least as far as Fekete [3].

A sequence {s,} is said to be of bounded variation (bv) if > |As,| < oco.

Thus, to say that a series is absolutely summable by a matrix T is equivalent to
saying that the T-transform of the sequence of its partial sums is in bv. Necessary
and sufficient conditions for a matrix T': bv — bv are known. (See, e.g. Stieglitz
and Tietz [13].)
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Keywords: bounded operator, double sequence space, triangular matrices, </ spaces,
weighted mean methods.
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Let 0% denote the nth terms of the transform of a Cesidro matrix (C,«) of
a sequence {s,}. In 1957 Flett [4] introduced the following definition. A series
> an, with partial sums s, is said to be absolutely (C,«) summable of order
k> 1, written ) a, is summable |C, «,, if

- k
an_l ‘02‘71 — Jfl" < 0. (1)
n=1

He then proved the following inclusion theorem. If a series ) a, is summable
|C, o, then it is summable |C, 3|, foreachr > k> 1, a > -1, 8 > a+1/k—1/r.
It then follows that, if one chooses © = k, then a series ) a, which is |C, o],
summable is also |C, 8|, summable for £k > 1, 8 > o > —1.

There are many papers in the literature which establish sufficient conditions
for a series ) a, summable |A|, to imply that it is summable |B|,, where A
and B are particular lower triangular matrices. Two such papers are [7] and [9].

Let Y a,, be a series with partial sums s,,. Denote by 7, the sequence space
defined by

0o
”(yk = {{Sn} : Z nk_l |an|,C <00, Qp = Sp — 3n—1}~

n=1

If one sets a = 0 in the inclusion statement involving (C, ) and (C, ), then
one obtains the fact that (C, 5) € B (<) for each § > 0, where B (¢%,) denotes
the algebra of all matrices that map @7, to <.

Let A be a sequence to sequence transformation mapping the sequence (s;,)
into (t,). If, whenever (s,) converges absolutely, (¢,) converges absolutely, A
is called absolutely conservative. If the absolute convergence of (s,) implies
absolute convergence of (¢,) to the same limit, A is called absolutely regular.

In 1970, using the same definition as Flett, Das [2] defined such a matrix to
be absolutely kth power conservative for k > 1, if T € B (a,); i.e., if {s,} is a
sequence satisfying

o0
an_l | $n — sn_1]" < 00, (2)
n=1

then

oo
anfl |ty — tn_l\k < 0.

n=1
For k = 1 condition (2) guarantees the convergence of (s,). Note that when
k > 1, (2) does not necessarily imply the convergence of (s,,). For example, take

- 1
on _Zvlog(v—!—l)‘

v=1

Then (2) holds but (s,,) does not converge. Thus, since the limit of (s,,) need not
exist, we cannot introduce the concept of absolute kth power regularity when
k> 1.
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In that same paper Das proved that every conservative Hausdorff matrix
H € B(4;), which contains as a special case the fact that (C, ) € B (2;) for
B > 0. In [10] it was shown that (C,«) € B («7) for each a > —1. Also in [14]
a further extension of absolute Cesaro summability was obtained.

Given a matrix T one can find a matrix B such that the statement T' € B ()
is equivalent to B € B (Ek) Since necessary and sufficient conditions are not
known for an arbitrary B € B (Zk) for k > 1, it is not reasonable to expect to
find necessary and sufficient conditions for T' € B (7).

A lower triangular matrix with nonzero principal diagonal entries is called a
triangle. Recently, in [11], a minimal set of sufficient conditions was established
for a triangle T' € B (<) as follows.

THEOREM 1. T = (t,,) be a triangle satisfying
(1) [tan| =0 (1),

n—1 R
(ii) Z—:O ‘tvv‘ |tnv| =0 (|tnn|)7
(i) 3 (1 tn ) ] = O (v ltunl)* .

n=v+1
Then, T € B (4;), k > 1.

As corollaries, other A € B (47;) results were obtained, including that of [8].

2. The main result

It is the purpose of this work to extend Theorem 1 to doubly infinite matrices.
o0 o0
Let > > amn be an infinite double series with real or complex numbers, and

m=0n=0
with partial sums

m n
Smn — E E aij.
=0 j=0
For any double sequence {x,,,} we shall define
Allxrnn =Tmn — Tm+1,n — Tm,n+1 + Tm+1,n+1-

The series ) ) Gy is said to be summable |C,a, 8|, k > 1, a, 8 > —1, if
(see [6])
SIS - s k
Z (mn) ‘Allam—l,n—l < 00,

m=1n=1
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where ¢%? denotes the mn-term of the (C,a, 8) transform of a sequence (S,);

ie.,
1 m n
- -1
SR 9) 9= L T
EmEn =0 j=0
Define
2. e k—1 k _
v(yk - (Smn) . Z Z (mn) |a'mn| < 00, Umn *Allsm—l,n—l (3)
m=1n=1
for k > 1.

A four dimensional matrix T = (tmmj) is said to be absolutely

m,n,i,7=0,1,...
kth power conservative for k > 1,if T € B (mf,f); ie.,
o0 o0

k— k
(mn) 1|A113m—1,n—1| < oo

-
3
-

m=

implies that

- k
(mn)* " At 10 1]" < o0,

M8
WK

3
I
—
3
I
iR

where

tmn = D D tmnigsiy  (mn=0,1,...).
i=0 j=0
Quite recently in [12], it is shown that (C,«, 3) € B (de) for each a, 8 > —1.

Let > amn be a doubly infinite series with partial sums {s,,,}. Denote
by T the doubly infinite matrix with entries t,,i;, 0 < i < m, 0 < j < n. For
a four-fold sequence, like t,,,,,;5, it will be understood that A;; operates only on
the first two subscript; i.e.,

Atitmnij = tmnij — tmt1,n,i — tmonti,i,j + bmtint1,,5-

We may associate with 7' two doubly infinite matrices T and T as follows:

m n
7?mnij = Zztmn,uu m,n,i,5 =0,1,2,...

p=iv=j
and ~
tn—1,n—1,i,j = D1tm—1,n—1,i,j m,n=1,2,3,...,

where Z0000 = fo000 = to000- B R

If T = (tmnij) is a lower triangular matrix, then T = (fyn:;) and T =
(fm—1,n—1,i,;) are also lower triangular matrices. If T is a triangle, then for each
m,n € NO

)

tmfl,nfl,m,n tmamn = tmamn 7& 0;

and T and T are triangles.

498



ON ABSOLUTE SUMMABILITY FOR DOUBLE TRIANGLE MATRICES

We shall say that the series > > amy, is absolutely T-summable of order k > 1

if
SN mn) T ANT 11 ]" < o0,

m=1n=1

where
m n
=D Sy
pn=0v=0
THEOREM 2. Let T' = (timnij) be a double triangle satisfying
() Z Z ‘tz]z]‘ ‘tm 1,n—1 ’L,]’ mnmn|)
=0 7=0
and
o k=17 .
(ii) Z Z (mn|tmnmnl) |tm—1,n—1,i,j| =0 (ij ‘tijijD
m=in=j

Then, T € B (#2), k > 1.

k—1

Proof. If y,,, denotes the mn-term of the T-transform of a double sequence
{Smn}, then

m n m n ©woov
Ymn = Z Z tmn/,LVS/,LU = Z Z tmnul/ Z Z Qij

pn=0v=0 pn=0v=0 =0 j7=0
m n m n
= § Qi § § tmn,u,l/ § § aijtmnij~
=0 j=0 p=iv=yj =0 j=0
It then follows that
Ymn = A11ymfl,nfl =Ym—-1n—-1 " Ym—-1,n — Ym,n—1 + Ym.n
= Y ) (tm-tn-tig — bm-tmig — bt + bmonig) @i
i=0 j=0
m n m n
= g g Aiitm—1n-1,i,j0i5 = E g bn—1,n—1,i,j@;;-
i=0 j=0 i=0 =0

Using Holder’s inequality, (i) and (ii), we get

i i (mn)* ™ Vo |*

m=1n=1
m n k
_ k—1 .
= (mn) tm—1,n—1,i,j%;
m=1n=1 =0 7=0
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o0 o0 m n
k
<> ) (mn Z 1] [tigis] T laig]
m=1n=1 1=0 7=0
k—1
m n
< | 222 Ity 1]
i=0 j=0
o0 o0 m
=0(1) Z Z (mn|tmnmn‘ ,j| |tu1j| ‘aij‘
m=1n=1 =0 j=0
o0 o0
1—k k—1
=0(1)ZZ\’5W\ |az]| Z Z (mnftmnmnl) J‘
=1 j=1 m=in=j
oo oo
1—k koo k—1
=0 M) Y Htigigl " laggl” (i [tigis)
i=1 j=1
oo oo
N k—1 k
=0(1)Y Y (@) Mayl" = 0(1),
i=1j=1
since (Smy) € 2. This completes the proof. O

Using an argument similar to that of [8] we now establish another set of
sufficient conditions for a nonnegative double triangle T" to be in B (sszz)

THEOREM 3. Let T = (tmnij) be a double triangle with nonnegative entries
satisfying

(i) mntpmnmn = O (1),

. m m—1 )
(i) 22 tmaps = X tm—tmpu =a(n,j) and
u=0 u=0

n n—1 )
Z tmniu - Z tm,nfl,i,u - b(mvl)y
v=0 v=0

0<i<m,0<j<n,mn=01,...,

(iii) Z Ztmm;—O( ), myn=0,1,...,

1=0j=
(iv) Ayitm—1 -1, >0for0<i<m,0<j<n, mmn=1,2,... and

( ) Z Z ti]t] m—1n—1,i,j :O(tmnmn)

1=0j=
Then, T € B (#2), k > 1.
Proof. Since T' = (tynij) is a positive matrix, from (ii) and (iv),

tm—1mn—1,i,j = tm—1,n—1,4,5 — tmn—1,4,5 — tm—1,n,5,5 T tm,ni,j
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- m n—1 m—1 n
§ tm—l,n—l,r,s - § § tm,n—l,r s § § tm 1,n,rs + § § tmnrs
s=j r=1t s=j r=i s=j r=t s=j

n
E m 1,n—1,rs — tm,n—l,r,s - tm—l,n,r,s + tmnrs)

s=

J
n—1

5

tm 1,n—1,7,s — Ztm 1,n—1,7,s — Ztmn 1rs+ztmn 1,r,s
- Ztmfl,n,r,s + Z tmfl,n,r,s + Ztmnrs - Ztmnrs>
s=0 s=0

j—1
( —1T Ztm 1,n— 17‘S_b( m, )+Ztm,n—1,r,s
s=0
j—1 7j—1
_b(m - 17 ’F) + Z tm—l,n,r,s + b(m7 7“) - Z tmnrs)
s=0 s=0
m—1 i—1 m i—1
<_ Z tm—l,n—l,r,s + Z tm—l,n—l,r,s + Z tm,n—l,r,s - Z tm,n—l,r,s
r=0 r=0 r=0 r=0
m—1 i—1 m i—1
+ Z tmfl,n,r,s - Ztmfl,n,r,s - Z tmnrs + Ztmnr9>
r=0 r=0 r=0 r=0
i—1 i—1
<_a(n - 17 5) + Ztm—l,n—l,r,s + a(n - 17 5) - Ztm,n—l,r,s
r=0 r=0
i—1 i—1
- Z tm—l,n,r,s - a(n 5) + Z tmnrs)
r=0 r=0
7j—1
(tmfl,nfl,r,s - tm,nfl,r,s - tmfl,n,r,s + tmnrs)
s=0
7j—1
Alltmfl,nfl,r,s Z 07
s=0
(tm—1,n—1,i,;) is a positive matrix. As in the proof of Theorem 2,

m n
Yin = E E bin—1,n—1,i,j ;-

i=0 j=0
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Using Holder’s inequality, (i) and (v), we get
M N

YD ) T Yol

1

M N m n
k—1 A
E 5 (mn) 5 5 tm—1,n—1,i,j%;;

3
5
I

m=1n=1 =0 j=0
M N m n
k—1 1-k (3 k
=0 Y N mn) YN (i) (B mrig) laigl” x
m=1n=1 1=0 7=0
k—1
m n
Zztuum 1,n—1,i,j
=0 5=0
M N m n
:O(l) Z Z(mntmnmn k 12 uu m 1,n— 11,]) ‘az]‘
m=1n=1 =0 ]:0
M N M N
:O(l)ZZ( ijij) 1 ’ ‘aw‘k Ztmflanflyi,j‘
=0 57=0 m=in=j
Using (ii) and (iii),
M N
Z Ztmfl,nfl,i,j
m=in=j
M N i—1j-1
=220 0 Attt
m=tn=j r=0 s=0
i—1j5—-1 M
= ZZ Z m—1,7—1,r,s — tm,j—l,r,s - tm—l,N,T,s + tmNTs)
r=0s=0m=1t
-1
:ZZ i—1,5—1,r,8 — tM,] 1rs_ti—1,N,T,s+tMNrs)
r=0 s=0
i—1
=) | b(i—1,7) =b(M,r) =b(i —1,r +Ztl 1,nrs + b(M,7) ZtMNm>
r=0 s=j
i—1 N
= ZZ(ti—l,N,r,s - tMNrs)
r=0 s=j
N
¥ ( thNm + thNm>
s=j
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N
= Z (a(N s) —a(N,s) ZtMNrs>
M N
:ZZtMNTS—O ZZtMNm*O )

r=0 s=0

ﬂ
Il
=
w0
I
<.

M N M N
SO mn) Yt = 0(1)22 (tijis)' " lass|"

M N
- 0(1)22 (i) ayl"=0@1),  M,N— .

Hence the proof is complete. O

COROLLARY 1. The conditions of Theorem 3 imply these of Theorem 2.

Proof. Condition (v) of Theorem 3 with ¢,,,;; nonnegative implies condition
(i) of Theorem 2. Since T' = (tmni;) is a positive matrix, from (ii) and (iv) of
Theorem 3, we have T' = (fm—1,n—1,1,5) is a positive matrix. Using (i), (i) and
(iii) of Theorem 3,

k 1 ZZ mn|tmnmn| k 1|tm 1,n— 11,]|

(Z] ‘tl]i]‘ m=in=j
1) Z mefl,nfl,i,j =0 (1)a
m=in=j
and condition (ii) of Theorem 2 is satisfied. O

A factorable double weighted mean matrix, written (]\7 , pmn) = (N s Prs qn)
is a double triangle with entries

b Dij _ Ppiq;

e Pmn Pan’
where {pn}, {g.} are nonnegative sequences with pg,qo0 > 0 and P, =
m n

Yo pi— 00, Qn =3 qj = 0.
i=0 =0

COROLLARY 2. If {pmn} is a positive factorable double sequence satisfying
then (N, pmn) € B (#?2).
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Proof. In Theorem 2 set T' = (N,pmn) We may write condition (i) of Theo-

rem 2 as
ZZ|t1j1j| ’tm 1,n— lz,j‘
mnmn| i=0 j=0
1 m—1 )
= |t Z ‘tznzn‘ |tm71,nfl,i,n|
|tmnmn| =0

n—1 A m—1n—1 A

+ Z tmgmi] [Em—1,n—1,m.j] + Z Z [tiij |tm—1,n—1,i,j|}
j=0 =0 j=0

:Il+12+f3+f4, say.

Since
tmfl,nfl,m,n = tmnmn = tmamn,
we have
p
I = |tmnmn| = Pm" =0(1).
mn
i—1 D Iy
f L _ rn Prn
m—1,n—1,i,n ; <Pm—1,n Pmn)
_ Pmn Pz’—l
Pmn mel .
Therefore

m—1
PinPmn P
Z‘tznzn“tm 1,n— 11"‘_ ngPzZLP::P:n 1

Qn m— 121}1_

mnmn|

=0
Similarly I3 = O (1).
. mn Pi— P
tn—1n-1,i,j = b 1O b (5)
Pmn mel anl
m—1n—1
_ Pon Z Z DijPmn Pic1Qj-1
mn T, =0 Piijanlenfl
m—1n—1
=o() 22 pig =00
m 1Qn 1 i=0 j=0

and condition (i) of Theorem 2 is satisfied.
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Using (4) and (5),

( P;; )k ! Z Z (mnpmn>kl PrnPic1Q -1
iJpij i PrinPrm-1Qn-1
UPIDIY Suti
m=in=j
SCULETED ) S I
and condition (ii) of Theorem 2 is satisfied. O

From [12, Corollary 3], (C,1,1) € B (ﬂ%,f) For completeness, we show that
Corollary 3 follows from Corollary 2.

COROLLARY 3. (C,1,1) € B (#?).

Proof. Set each p, = ¢, = 1 for each m and n in Corollary 2. Then the
condition (4) is satisfied. O

Since (]\7 , pmn) and (C,1,1) are nonnegative, we also obtain Corollary 2 and
Corollary 3 from Theorem 3.

If we take k = 1, then &% = bv and &2 = #Y . Some properties of the space
AV of double sequences of bounded variation was examined in [1].

COROLLARY 4. Let T' = (tpmnij) be a double triangle. T € B (AY) if and only
if

1| =
m=in=j
Proof. Necessity. If y,,, denotes the mn-term of the T-transform of a double

sequence {Spyn}t. Then Y., = A11¥m—1,n-1 = Z Z tm—1 n—1,i,j 0y - We are
1=035=0

given that T' € B (#A7Y). Hence Y. > |Yin| < 0o whenever > Z |G | < 00.

m=1n=1 m=1n=1
The space Y is a BK-space; i.e., a Banach space with continuous coordinates,

with norm given by
oo oo
el = 3 3 A n@m-1anl.

m=1n=1

Applying the Banach-Steinhaus theorem, there exists a constant K > 0 such

that
SN Wl KD famal-

m=1n=1 m=1n=1
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e(7) denote the ijth coordinate sequence; i.e., the sequence with a 1 in

position ¢ and zeros elsewhere. Then

K> Z Z |Yin| = Z me_m—u,j-

m=1n=1 m=in=j

The sufficiency follows from Theorem 2. O

Patterson [5] has obtained a different necessary and sufficient condition for
an arbitrary double matrix T' € B (£7).
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