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ABSTRACT. Making use of the familiar convolution structure of analytic func-

tions, we introduce a general class of multivalently analytic functions and derive

various useful properties and characteristics of this function class by using the

techniques of differential subordination. Several other results are presented ex-

hibiting relevant connections to some of the results obtained in earlier works.
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1. Introduction

Let 7, denote the class of functions of the form

fe)=2"4+ > adf  (peN={1,2..}), (1.1)

k=p+1
which are analytic and p-valent in the open unit disk
U={z: z€C, |z| <1}

Given the functions f and g in «7,, we say that f is subordinate to g in U, and
write f < g, if there exists a function w(z) analytic in U such that |w(z)| < 1,
z € U, and w(0) = 0 with f(2) = g(w(2)) in U. If f is univalent in U, then
f < g is equivalent to f(0) = g(0) and f(U) C g(U).
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operator.



J. K. PRAJAPAT — R. K. RAINA

Dziok [5] introduced a differintegral operator Qff(z) for the function
f(z) € 4, which is defined as follows:

o [T ©de (Rio)> 0, %) > )
= [0
B 1"(1+a§ dz f 7P de (-1 < R(0) <0, R(B) > —p),

’ (1.2)

where the multiplicities of (z —£)°~! and (2 —&)° are removed by requiring that
log(z — &) € R for (2 — §) > 0. The operator QF f(z) on using (1.1) gives

25/ () Zf‘n+ﬁ+a) in? (ap =1).

For the function f(z) defined by (1.1), we define a linear operator
ASH)(=): Hp > fy (2€D)

by
s =0T P asne)
_ o Llo+o+p) 5~ Th+p) (1.3)
= Pprs) 2 Tkto+n)™

k=p+1
(R(c+B) >0; zeU).

The operator AG(f)(2) € o, satisfies the following three-term recurrence rela-
tion

2(A5(NE) = p+o+B-1AF () = (@ +B-1DAG((), (1.4)
and from (1.3), one gets

ALN) = Hs(D2); AYF(2) = f(2),

where %, 3(f)(2) denotes the well known generalized Bernardi-Libera-Living-
ston integral operator ([3]).
If f € a7, is given by (1.1) and g € 7, is given by

g(z) =2 + Z bz", (1.5)

then the Hadamard product (or convolution) fxg of f and g is defined (as usual)
by

(fx9)(z)=2"+ > axbp2®. (1.6)

k=p+1

472



RESULTS ON SUBORDINATION AND CONVOLUTION STRUCTURE

We denote by _#™* (g; a, A, B) the class of functions f(z) of the form (1.1)
satisfying in terms of subordlnatlon the following condition for a given function
g(z) € <, (defined by (1.5)):

(1_a)r(p,m)(f*g)(m) (z)+ r(p,m+1)(f * )" (2) < <1+Az)/\ (1.7)

Zp—m zp—m—1 1+ Bz

where a > 0, r(p,m) = - m) ,p>m (meNy=NU{0}), -1<B<A<LI,
0<A<1,2z€U.
For notational brevity, we put
2
1 *
ca,1— —1) = ;
(g)a’ p_m’ > /p(g7a7ﬂ’m)’

where 7 "(g; i, 3,m) denotes the class of functions f € ., which satisfy the
inequality

R <(1 B a)r(p,m)(zj;:kg)(m) (2) ta r(p, m + 1Z)p(fnj< gl)(m+1) (z)) - , iBm
(1.8)

where o > 0,0< 8 < p—m, r(p,m) = ©~ m),p>m(mEN0) zeU.

The above function classes /I:”’A(g;a, A, B) and /p (g; v, B, m) contain sev-
eral known classes of functions which have been studied in the recent past. For
example, if the coefficients by in (1.5) and the values of m, A and « in (1.7) are,
respectively, set as follows:

pé

(a1)k—p -+ (ag)k—p
b = , m=0; A=1 and a=", 1.9
* T Bkp - (B)ip(k ) o Y
a;>00=1,...,9),6;, >0 =1,...,8),¢<s+1;q,s € No =NU{0}, § > 0,

where the symbol (a); occurring in (1.9) is the familiar Pochhammer symbol
defined by

(@o=1,  (a)k
then on using the identity ([8]):
2 (Hi[ea] ) (2) = ai (Hilas +1]f(2)) = (s — p) (HIai] f(2))  (i=1, o Q§
1.10
n (1.7), we note that the class _#"*(g; a, A, B) reduces to a known function
class studied by Liu [11].
It may be observed here that the linear operator

(Hilea]f) (2) == H{(a1,...,aq: B1,. .., Bs) f(2)
involved in the identity (1.10) is the Dziok-Srivastava linear operator ([8]) (see
also [9]) used in many of the recent works, and includes such well known op-
erators as the Hohlov linear operator, Saitoh generalized linear operator, the
Carlson-Shaffer linear operator, the Ruscheweyh derivative operator, the

ala+1)---(a+k—-1), keN,
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Bernardi-Libera-Livingston operator, and the Srivastave-Owa fractional deriva-
tive operator (as well as their various generalized versions). For these various
reducible cases of operators (and for further extension) of the Dziok-Srivastava
operator, one may refer to the papers [6], [7], [8], [9] and [18]. Aouf and Darwish
[2] also studied a class obtainable by suitably specializing the parameters in (1.7)
and the sequence by in (1.5) and using (1.10). Also, for m = 0 and A = 1, the
class jz?’l(g; a, A, B) was very recently investigated in [15] in which different
characteristics and properties were studied.

This paper studies some useful properties and characteristics of the function
classes /pm”\(g;a,A, B), Z,(g;c,8,m) and their associated classes (defined

above) by using the differential subordination methods. Special cases of some
of the main results with relevances to known results are briefly mentioned.

2. Key lemmas

The following lemmas are required for investigating the function classes de-
fined above.

LeEMMA 1. (Miller and Mocanu [12]) Let h(z) be a convex (univalent) function
in U with h(0) = 1, and let the function ¢(z) = 1+ p1z + paz? + -+ be analytic
in U. If

(2) + w;(z) < h(z) (2.1)
for v #0 and R(y) > 0, then

¥4

6(2) < ¥(z) = ; / £ h(t) dt < h(z) (2.2)

0

and ¥(z) is the best dominant.

The generalized hypergeometric function ,Fj is defined by (cf., e.g. [19,
p. 333])

pFa(2) = pFyla, ... an B, Bsi 2)

— Z (a1)n - (ag)n ) 2" (2.3)
n=0 (B)n - (Bs)n  ml’
zelU,a; €eC(j=1,...,q9), 8 € C\{0,-1,-2,...} (=1,...,5),¢<s+1,
q,s € Np.
The following formulas are well known ([10, pp. 556-558]).
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LEMMA 2. For real or complex numbers a, b and ¢ (¢ #0,—1,-2,...):

(i)

/tb_l(l — )1 —zt) Tt = F(b)II:((CC)_ b) oF(a,b;¢; 2). (2.4)
0
(i)
Fi(a,b;c;2z) = (1 — 2) % F, <a,c—b;c;zi1> . (2.5)
(i)
JF, (1’ 113 azaj— 1) B 2(1;&2) (1 B ln(la—: az)) . (2.6)

LEMMA 3. (see [17]) Let q(z) be univalent in U with q(0) = 1 and ¢,y € C.
Further, assume that

7
8%(1+Zq, (2) +¢> >0  (zel).
7(z) v
If p(z) is analytic in U, and
¥p(2) + 720 (2) < Pa(2) + 724/ (2),
then p(z) < q(2), and q(2) is the best dominant.

LEMMA 4. (see [13, p. 2, Lemma 1.1]) Let p(2) be analytic in U with p(0) = 1
and 7y be a complex number satisfying R(y) > 0 (v # 0), then

Rlp(z) +y2p'(z)] >B  (0<B8<1)
implies that
R(p(z)) > B+ (1-B)(2A - 1),

where \ is given by

1
-1
A= Ap(y) = / (1+t§’*<7>) dt.
0

3. Main results

Our first main result is contained in the following:

THEOREM 1. Leta >0, p>m (m € Npy), -1 < B<A<1;,0< A< 1. If
f(z) € F7"Ngi, A, B), then

. A
T(p,m)i];*ng)( )(Z) <X (2) < <iigz> (z € U), (3.1)
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where
A N AR » . S
%(z): (g) i>2:0( i)!\)L (AAB) <1+BZ) 2F1(Za171+pa 7lfBz) (3#0)7
oF; (:)\,p;m;l—kp;m;—Az) (B =0),
and Z (z) is the best dominant of (3.1). Also,
(m)
zp—m

The result (3.2) is sharp.
Proof. Let f(2) € pm’k(g;oa, A, B), and put

r(p,m) (f * )™ (2) _ 0(2). (3.3)

It is observed that the function 6(z) is of the form
0(2) =1+crz+ca2? +--,

which is analytic in U with 6(0) = 1. Now differentiating (3.3) with respect to
z, we get
r(p,m+1)(f * g)t" 0 (2) 1

et =0(z) + b mz@’(z), (3.4)

and applying (1.7), (3.3) and (3.4), we arrive at
r(pm)(fxg)t™(2) | r(p,m+1)(f*g) " (2
(1-a) ( )(p_m) (=) ). 1) )
z z
A

_ o , 1+ Az\"
—9(z)+p_m29 () < <1+Bz> = h(z) (z € ).

It is easy to verify that the above function h(z) is analytic and convex in U
because

%(1+Z:,/;(ZZ))>——1+(1 <1+A> F A+ AR <1+1BZ>
>

1—A 142
0 ceU
14+14] T 14B| (z€T),

Applying Lemma 1, we thus obtain

z
A
p—m _v-m [ p-m_, (14 At
0(2) < « t a dt.
() <" 2 / (1 + Bt
0

In order to evaluate the integral, we write the integrand in the form

e 1+A.t'*_t,,ﬂn,1 AN\ L, A-B A
1+Bt) B A1+Bt))

> -1+
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and by expanding the binomial expression in the integrand, changing the order
of integration and summation (justified on account of the conditions mentioned
in Theorem 1), and using Lemma 2, we obtain (after elementary calculations)

(§)A§ V() (1 B2) R (51477 B (B £0);

o F, (1—_§, PU ] 4 P~ Az) (B=0).
= 2 (2). (3.5)

To establish (3.2), we infer (under the conditions stated with Theorem 1) that

R(TOMUEITE) p—m/lupamlg%(HAuw(z))Adu
0
1

0(z) <

Zp—m 1+ Buw(z)

The sharpness of the result (3.2) can be established by considering the functions
Z (z) defined by (3.5). It is sufficient to show that

inf (R (2)} = 2/(-1).

We observe from (3.5) that
1

A

p—m p-m 1 1+ Aur

> o = — <

R{Z (2)} > N /u §R<1—|—Bur> du=Z(-r) (Jz|<r (0<r<]))
0

— Z(-1) as r—1—,
and this completes the proof of Theorem 1. O

Remark 1. We deem it appropriate here to point out minor corrections in the
main results of [16]. The subordinated function mentioned in [16, Theorem 3.1,
p- 131; Corollary 3.1, p. 133; Theorem 3.2, p. 133; Theorem 3.3, p. 134; Theo-
rem 3.4, p. 135] are expressed in terms of a series with summation index from 0
to m. This series, however, should have the same summation index as mentioned
above in (3.5).

Remark 2. We observe that if we use the parametric substitutions given by
(1.9) and apply the identity (1.10), then Theorem 1 would yield the results given
recently by Liu [11, p. 3, Theorem 2.4]. Further, if we set the coefficient by in
(1.5) and values of the parameters in (1.7) are choosen as follows:
(V+p)k7p, m=0, A=1 a= AP
(k—p)! v+p (3.6)
(v>-p, X>0, peN)

by, =
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and making use of the identity [4, p. 124, Eq. (4)], Theorem 1 reduces to a
recently established result due to Dinggong and Liu [4, Theorem 1].
If we choose m = 0 and o = 1 in Theorem 1, we get the following result.

COROLLARY 1. Let 1< B<A<1land0< A< 1. If

(f % 9)'(2) W(HAZ)A (zeU)

2p—1 1+ Bz
then
5 ((f*g)(Z)) S
zP
> (g)/\ '>Zo (71‘/!\)1. (A;B)i (1- B)7i2F1(i, Lip+1; B€1) (B #0),

2L (A pip+ 1 A) (B =0),
and the result is sharp.
THEOREM 2. If f(z) € ;”’1(9;05, A,0), then
2(f 9" (2)
(F+9)™ (2)
Proof. If f(z) € 7" (g;a, A,0), then

rm)(fx9)™ (2) |, reom 1) 9) ™ (2)

(p— m)(20¢+p—m)A.

ala+p—m+aA) (3.7)

—(p—m)| <

(1-a) <1+ Az (3.8)

which implies that

o) 9™ (@), remD(fxg) " (2)

-1
ZP—m Zp—m—l

1- <A (3.9)

By virtue of Theorem 1, we obtain

r(p,m)(f* g)"™ ()

Zb—m

aA

-1 .
a+p—m

< (3.10)

Noting that

r(pm+1)(f* )"V (2)  r(pm)(fx9)™ (2)

(07
2p—m—1 Zp—m

<la- a)r(p, m)iifg)(m) (2) , rom+ il(f:_%)(mﬂ) (),
. r<p,m><;;*g><m> () _y|
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the inequalities (3.9) and (3.10) yield

o rEm D)™ () rpm)(fx9) ™ (2)

prmfl 2p—m

aA
A .
< +a+p—m

(3.11)
On using the inequality (3.10) once more, the above inequality (3.11) gives

2(f )" (2)

(F9)™ (2) _@_mﬂ
_(p=m)Qa+p—m)A|r(p,m) (f*9)™ ()|
a(a+p—m) Zp—m

(p—m)2a+p—m)A a+p—m
< )
ala+p—m) a+p—m+ad

which yields the desired assertion (3.7). O
Remark 3. A similar known result due to Aghalary et. al. [1, Theorem 3.9]

is easily obtainable from Theorem 2 when we use the parametric substitutions
given by (3.6) and the identity [4, p. 124, Eq. (4)] (in the case when p = 1).

By setting
Tp+o+B)T(k+B) o
bk_F(p+,6’)F(k:+a+ﬁ) (c+8>0; k=p+Lp+2,...)

in (1.6), so that in view of (1.3): (f * g)(2) = (AZf)(2), then Theorem 2 in
conjunction with (1.7) (when o = A = 1, B = 0) yields the following:

COROLLARY 2. Let

r(p,m +1)(AGf) "D (z)
prmfl

where A is the operator defined by (1.3), then

<1+ Az (p>m (meNy); zel),

2(AZF)mD(z)
(AGf)m(2)
THEOREM 3. Let f(2) € ,. If
a(F) % g)™ (2 7L Y % g) ™) (2 AN
B3 )™E) | BFH N9 E) <1+A)

Zp—m ZP—m r(p,m) \1+ Bz
(>0, ze€lU),

(p—m)(2+p—m)A.

—leem) <t A

(1-a)

(3.12)
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where A%(f) is defined by (1.3), then

r(p,m)(AF(f) * g)™ (2) 1+ Az
z(gﬁo—m) <®(Z)<<1—}—Bz

A
> (z € ), (3.13)
where

(3 S () @B

>0

O(z) = oF (i, 1514 771 B ) (B #0),

2F1( )\ p+6+0’ 1, 1+ P+B+a 1 AZ) (B :0)’

and ©(z) is the best dominant of (3.13). Also
r(p,m A * q) (M) (2
%< (5, m)(AG(F) * )™ >> . o1

Zp—m
The result (3.14) is sharp.

Proof. It follows from (1.3) that

2(AG(f) *9) " (2)

=(p+B+0—DAF ) xg) ™ (2) = (B+0+m—1)(AF(f) *9)™(2).
(3.15)
Assume that

r(p,m)(AG(f) * 9)™ (2)

Zp—m

= ¥(2).
Differentiating with respect to z and using (3.12) and (3.15), we get

azy'(z) 1+ A\
w(z)+p+ﬂ+a—1<<1+Bz> (z€ ),

and following similar steps as in the proof of Theorem 1, we get the desired
result. g

Putting A = o =1, m = 0 in Theorem 3, and observing that

p+ﬂ+0
I'(p+B)r

1
(AG(f) *9)(2) =
(f e, Ro)>0, R(B)>-p; z€l),

/1—75" YW= (f % g)(2t) dt
0

we get the following:
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COROLLARY 3. If f(z) € 47, such that
(AFH) *9)(2) PREE

zP 1+ Bz (Z € U)7 (316)
then
1
Flp+p+o jo-148-1
T(p+ BT O/ P (frg)(zt)dt | >¢ (z€TU), (3.17)
where
A _ ] ] .
BEE (1+;£zl(1 ~B)LF (Lip+B+o 2,) (B #0) o1
1 (030,0) A (B =0).

The result (3.17) it is best possible.

A special case of Corollary 3 (when o = 1) gives the known result [16, p. 135,
Corollary 3.2]. A further special case of Corollary 3 when A =1-26 (0 < § < 1),
B =—1,p=1and g(z) = z/(1—2) would immediately yield the following result.

COROLLARY 4. If f(z) € & (ah = /), (o) >0, R(B) > —1 and

Ao‘—l
§R< 5Zf(z)>>a 0<5<1; zel), (3.19)
then
1
®{ p Ig” / ) f ety dt | > (3.20)
0
where

T=0+(1-9) <2F1 <1,1;1+B+0;;>—1>.

Remark 4. Corollary 4 provides a new variation of a similar result of Obradovic
[14, Theorem 1, p. 677]. Also, on putting 0 = = 1 and using the result (iii)
of Lemma 2, we can easily deduce a much simpler form from Corollary 4.

THEOREM 4. Let q(z) be univalent in U and q(z) satisfy the inequality
z¢"(2)\ [ p—m
1 . 21
§R<+q’(z) + N >0 (z€) (3.21)
If f € 4, satisfies the subordination condition
r(pm) (f+9)™ (2) | _r(pom +1) (fx9)" ) (2)

Zp—m to prmfl

(1-a) < q(z)+p _Oémzq/(z),

(3.22)
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then
r(p,m) (f % 9)™ (2)

p—m < q(2)

and q(z) is the best dominant.

Proof. If we set

r(p,m) (f * 9)™ (2)

Zp—m

0(z) =
then it readily follows that
a !
0 0'(z) < '(2).
(2) + . i (2) < q(z) + . 24 (2)
Applying now Lemma 3 (when v = pf‘m and ¥ = 1 therein), we infer that
0(z) < q(z), which proves Theorem 4.

)

If we put
1+ Az
a)= | p  ((lEB<A<),
Theorem 4 yields the following result. O

COROLLARY 5. Let -1 < B< A<1 and
1—- Bz p—m
%(1+Bz>+ N >0 (z € ).
If f € a7, satisfies the following subordination:
(1o ®m 9™ @) rem+ 1) ()™ ()
- —-m m—1
2P 2P—
a(A— B)z 1+ Az
(p—m)(1+ Bz)? 1+ Bz’
then

r(pm) (fx9)™ (2) 1+ 4z
ZP—m 1+ Bz’

THEOREM 5. If f(2) € #)(g;a, B,m), then

m)
m((f*g)( <z>>>ﬂ+<p—ﬂ—m><2x—1> (el: 0<B<p_m)

Zp=m (p—m)r(p,m)
(3.23)
where
1
A= / 1+tr* "t (3.24)
0
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Proof. Let f(z) € 7, (g;,3,m). Following same steps as in the proof of
Theorem 1, we have

(m) (m41)
3%“—ay@mwgi? (@+amnm+2ﬁi? +(@>

z@’(z)) > b
p—m

The assertion (3.23) of Theorem 5 follows by applying Lemma 4 (when v =
@ ), which proves Theorem 5. O

p—m

:m@gw- 0<B<p—m).

p—m

To cite here an application of Theorem 5, we put

(a1)k—p -+ (ag)k—p
(ﬂl)k—p e (ﬂs)k—p(k - p)'
(@ >0(=1,..,0) 8 >0(=1,...,8), ¢ < s+1; g5 € Ng = NU{0})
in (1.6), and noting that

(f % 9)(2) = (HE[u]f) (2) = HI (0, .., as Bus . B F(2),

where (HY[a1]f) (z) is the Dziok-Srivastava linear operator [8], and setting p =
a =1 and m =0 in Theorem 5, and using (1.8), we get the following result.

by =

COROLLARY 6. [If
R{z(Hi[m]f) (2)} > B  (:€U; 0<B<1),

{0

then

z

} > B+ (1-p)(2log2 —1).
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