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REMARK TO AN UNAMBIGUITY OF ESTIMATORS
IN THE UNIVERSAL
LINEAR STATISTICAL MODELS
WITH THE TYPE II CONSTRAINTS

LuBoMiR KUBACEK

(Communicated by Gejza Wimmer)

ABSTRACT. In the universal linear statistical model with the type II con-
straints, estimates of the unbiasedly estimable linear functions of the parameters
of the mean value vector are given by special types of generalized matrix inverse.
Since there exists many versions of such matrix inverse it is of some interest
to check the unambiguity of obtained estimators. The aim of the paper is to
find the best unbiased linear estimators of unbiasedly estimable functions and to
show that they do not depend on the choice of the used generalized inverse of the
matrices.
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1. Introduction

Universal linear statistical model with the type II constraints is given as
follows

Y ~, (X1, %), b+ B8, + B8, =0, (1)
where
Y is a random n-dimensional vector (observation vector),
X ... nXxXk; given matrix,
3 given covariance matrix of the vector Y,
B, ... ki —dimensional unknown parameter,
By ... ko — dimensional unknown parameter,
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B: ... ¢xki given matrix,
By ... ¢ x ks given matrix,
b ... given vector with the property b € .#(B1,B,),
M (B1,By) = {Biu+Byv: ucRM veRR2)
R* ... k — dimensional real linear vector space.

The considered model can be expressed equivalently as follows.

() el(an 2 ) () (5 0)) e

Sometimes it is useful to write
Y —XBy, ~n (XK1, %), e RbHRor(BLE) (3)

what is equivalent to the model (1) with respect to the parameter 3;. Here
MB{MB2 =1I- PB{Msz and PB{MBQ is a projection matrix (in the Euclidean
norm) on the subspace .#Z(B{Mp,),
%67‘(B1,B2) = {<u>:B1u+B2v—O}—///<K1>,
A% K2
B1 = Bo1t+Kiv,
M(Ki) = MMpjng,), M (Kz)=.4(Mpyny, )

and (B ; is an arbitrary vector satisfying the equality B13,; + B28; +b =0
(in more detail cf. [2]).

If no assumptions on a regularity of the model are considered, then the param-
eters 3, and 3,, respectively, need not be unbiasedly estimable. The estimates
of linear functions of these parameters which are unbiasedly estimable are given
by a help of special generalized inverse (g-inverse) of the model matrices (in more
detail cf. [1] and [4]). Such inverse is not given unambiguously, nevertheless the
estimators do not depend on the choice of them. The aim of the paper is to
show this fact algebraically.

The Moore-Penrose g-inverse A1 of a matrix A is sometimes used instead of
g-inverse A~ of the matrix A if it is commonly used practice or the matrix A
is of a special statistical meaning, e.g. it is a covariance matrix.

2. Estimators of 3, and 3,

LEMmMmA 1.
(i) The parameter space of By is

B, = {Bos + Mppar,us ueRM Y,
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where By 1 is any solution of the equation B18,; +BaBy +b = 0.
(ii) The parameter space of the parameter B3 is

52 = {50’2 + MB;MBIU tue RkQ},
where By 5 is any solution of the equation B13; + B2y, +b = 0.
Proof. Cf. in [1, p. 196]. d

LEMMA 2.
(i) A function hiB,,8; € B, is unbiasedly estimable iff

h, € #(X',B\Mg,).
(ii) A function h5B,, By € B, is unbiasedly estimable iff
hy € 4 (B5Mp, ., )-
Proof. Cf. [1]. O
LeEMMA 3. [t is valid that
P{Y + XB}(Mp,B,B Mp,)"b € .#(XMpy,,, %)} = 1.
Proof. Cf. in [2]. O

Since the relation .Z(B}) C .#(X’',B{Mp,) need not be valid, the vector
B13; need not be unbiasedly estimable. The estimators of unbiasedly estimable
linear functions h}8,,8, € , and h}3,,0, € B, respectively, are given in [1].
Another form of estimation, mainly for the parameter 35, can be obtained as
follows.

In general it holds that (in more detail cf. [3])

—— X, 0 A, B Y
!/ / _ / / 9
b +hafy = (u’v)<Bh B2>< cC, D ><—b>’

where

and
u'X + v'B; = hj, v'Bs = hj,.
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The expressions for A and B can be obtained easily from the model (3)
Obviously

AY+ B (-b) = [(MBEM%X’);”(E)]/Y%—{I— [(MBQMBQX’)m(E)}/X}
xB!(Mp, BB/ Mp,)* (D).
Thus
A = [(Mpar, X))
B = {I - [(MBEMBQX’);(E)}/X}BQ(MBQBlB’lMBQ)*.

The problem is to find the expression C Y+ D (—b). However (cf. properties
of the minimum seminorm g-inverse in [4]),

X, 0 A, B X, 0\ (X o
B:, B cC, D B:;, B: B, By )’
X, 0 A, B
B:;, B: C, D
(= 0 A
=~ Lo o B’/

ie.,
(i) XA X+XB B, =X,
(i) X B B; =0,
(j7) B:A X+B:B B;+B,C X+By;D B; =By,
(37) B; B B; +B; D B; =By,
(B) BiA S4B, C S=0.

Let v € R” and u € R*. Then
(Ba)v+ (ji)u = B; A Xu+B; B B;u+B, C Xu+B; D Bju
+B; A ¥v+B; C ¥Xv =Bju,

B; A Xu+3%¥v)+B; B Bju+B; C Xu+X%v)+Bs D Bju=Bju.
Any realization of Y can be expressed as Xu + Xv,

u =B} (Mp,B1BMgz,)"(=b) + Mg, ¥
(cf. also Lemma 3). Thus
B,C Y+B; D (-By3,-b)+B; A Y+B; B (-By3,—b)=-By3,—b.
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Since

B B; = {I — [(Mz a5, X’);L(z)]/X}BQ(MB2BlB/1MBz)+B2 =0
and Bo D B; = B,, we have

B,C Y+B,D (—b):—{Bl[ AY+ B (—b)}+b}.

1f(hg,hg):(u',v’)<§’ 5 >,then
1, 2

—

h;ﬁﬂ\hgﬁgzhg[ AY+B (—b)} —v’{Bl[ AY+B (—b)} +b}.

Let hy =0, i.e.,
Xu+Bjv=0 & Bijv=hy
— V:MBlMX,S & h/QZS,MBlMX,BQ, s € R,

Since Var (v’{Bl[ AY+ B (—b)} + b}) must be minimum and at the

same time B5v = hy, the vector v must be chosen as

_ (MR-
V= (BQ)m[Var(Bl A vy
Thus
— - )
BBy = —s'Mp,ar Ba[(BY) o o] {Bl[ AY+B (—b)} +b}.

In the following text the notation

—

B/@:Bl[ AY+ B (—b)}

will be used, even the estimator B/1F1 is not given unambiguosly, if the subspace
A (B]) is not embedded into .# (X', B{Mp,).

THEOREM 4. Let hy € .#(X',B|Mp,); then the estimator

— _ , _ ,

hiB, = h) ([(MB;MB2X/)m(g)] Y + {I - [(MB;MBQX/)m(g)} X}
XB,1<MBzB1B/1MBQ)+(_b)>

is invariant with respect to the g-inverse of the matriz Mpy vy, X'.
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Proof. With respect to assumptions the vector h; can be expressed as
h; = X'c + B{Mg,d,
where ¢ € R™ and d € R?, and thus

—

g, = (C’X+d’MBzBl)([(MBngX/)m(zﬂ/Y

+{I - [(MBiM32);(z)],X}BQ(MBQBlBﬁMBz)JF(—b))

— /
= C/X(MB1M32 + PBiMBZ ) [(MBiMBz X/)m(E)}
X [XB’l(MBQBlB’lMB2)+(—b) + XMp; vy, Y + EV]
—¢/XMp; 1y, [(Mpiar,, X)), )] XB) (Mp, BiB{Mp,) " (~b)
+C/XB/1 (M32B1B3M32)+(—b)
+d'Mp,B1B|Mg,(Mp,B;B|Mp,)"(—b)
_ !
= C/XMBiMBQ’Y + C/XMBiMBZ [(MB£M32 X/)m(E)] EV
+C/XB/1 (M32B1B3M32)+(—b) + d/].\/_[BQBlBll].\Z[B2
X(M32B1B3M32)+(—b).
Since the matrix XMp;: s, [(MBiMsz X’);(E)]IE is invariant with respect to
the choice of the g-inverse of the matrix Mp; a7, X' (in more detail cf. [4]), the

—

estimator h) 3, is given unambiguously. (]

THEOREM 5. Let hy € .#(ByMp a1, ); then

ey [—
hy8, = ~hy[(By)~ | (BiB, +b)
m[Var(B151)]

is given unambiguously even if the estimator B/lﬁ\l need not be given unambigu-
ously and thus also the matriz (B5)™  _—  need not be given unambiguously.

m[Var(B151)]

Proof. It is valid that

—

Mg, (B18; +b) =

= M32

B, ([<MB;M32 X)) Y + {1 = (M, X)) X B

x(Mp,BiB1Mp,)*(~b) | +b
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= Mp,B1B|Mp,(Mp,B;B/Mp,)"(~b) +Mp,b=0

and thus E_,B\l +b € #(B3). Here the equalities
— !/ _ !
[(MBEMBz X/)m(z)] - MBEMBz [(MBEMBz X,)m(z)] ’
(Mp,BiB\Mp,)" = Mg, (Mp,BiBiMp,)" = (Mp,B1B Mz,) Mg,
were utilized. Since
— [ — —
Bif +bed(By) = BBy — | (Bify+b)=Bif +b

and h)y = s'Mp, u1,, B2, we have

—

—— ,
hQﬁQ = —S MBlMX/

B, ([(MBiMszx )om (z)] Y+{I - [(MB’MB X/);(E)}/X}

X B’l(MBZBlBllMBQ)J'_(—b)) +b

/
= —S8 MBIMX/

Bi(Mx +Px/) ([(MBiMsz X)) Y

+ {I — [(Mpyay, X')ﬁ(z)}/X}Bi (M32B1B3M32)+(—b)> +b

= —s'Mp,my, (BiPx/ B, +b),
where the expression m1 does not depend on the choice of the g-inverse
(Mg, X );1(2)‘ It is implied by the following consideration.

—

PoB) = X(XX) X[(Mpyarn, X)) (Y — XBg,) + X (XX) X8y,
and Y — X8 ; = XMp;rp,u + v, Thus
j— _ ,
Py, = X'(XX)"X[(Mp;ny,X) 0] (XMpjar,,u+ 2v)
+X'(XX')+X[30’1
= X'(XX')"XMp; s, u+ X' (XX') P XMp; ar,,
X [(MBQMBZX )m(E)} v + X (XX )+X,60 1
Since ml is invariant on the choice of the minimum 3-seminorm g-inverse
(cf. [4]), the proof is finished. O
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