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ABSTRACT. In this paper, we introduce the Euler sequence space e” (p) of non-
absolute type and prove that the spaces e”(p) and I(p) are linearly isomorphic.
Besides this, we compute the a-, 3- and ~-duals of the space e"(p). The re-
sults proved herein are analogous to those in [ALTAY, B.—BASAR, F.: On the
paranormed Riesz sequence spaces of non-absolute type, Southeast Asian Bull.
Math. 26 (2002), 701-715] for the Riesz sequence space r?(p). Finally, we define
a modular on the Euler sequence space e”(p) and consider it equipped with the
Luxemburg norm. We give some relationships between the modular and Luxem-
burg norm on this space and show that the space e”(p) has property (H) but it
is not rotund (R).
©2010

Mathematical Institute
Slovak Academy of Sciences

1. Introduction

By w, we denote the space of all real valued sequences. Any vector subspace
of w is called as a sequence space. We write [, ¢, ¢ for the sequence spaces of
all bounded, convergent and null sequences, respectively. Also by, bs, cs, I; and
l, we denote the spaces of all bounded, convergent, absolutely and p-absolutely
convergent series, respectively; where 1 < p < oo.

A linear topological space X over the real field R is said to be a para-
normed space if there is a subadditive function g: X — R such that g (6) = 0,
g(x) = g(—z) and scalar multiplication is continuous, i.e., |a, —a| — 0 and
g (xz,, —2) — 0 imply g (apzy, — ax) — 0 for all @’s in R and all 2’s in X, where
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6 is the zero vector in the linear space X. Assume here and after that (pg)
be a bounded sequence of strictly positive real numbers with supp, = H and
M = max {1, H}. Then the linear spaces I(p) and [ (p) were defined by Maddox
[9] as follows:

I(p) = {x = (@) €w: Tl < oo}

and

loo(p) = {;z: = (zx) Ew: 2gg\xk|p’“ < oo}

which are the complete space paranormed by
1
M

g1 (z) = (Z |xkpk> and  ga(x) = sup |zx| ™
k

keN

iff inf pg, > 0, respectively. We assume throughout (pk)f1 + (pj,g)f1 = 1 provided
1 < infpr < H < oo and denote the collection of all finite subsets of N by .#,
where N={0,1,2,...}.

For the sequence spaces A and p, define the set S (A, ) by

S\ p)= {z = (z) Ew: xz = (v)2i) € p for all x € )\}. (1.1)

With the notation of (1.1), the a-, 3- and y-duals of a sequence space A, which
are respectively denoted by A%, A\? and A7, are defined by

A =S\L),  M=8S0\es), AN =8(\bs).

If a sequence space A\ paranormed by h contains a sequence (b,) with the
property that for every = € A there is a unique sequence of scalars () such

that
n
nILH;O h (x — kz_oakbk> =0
then (b,,) is called a Schauder basis (or briefly basis) for A. The series > aybg
which has the sum z is then called the expansion of z with respect to (b,) and
written as © = > ayby.

Let A and p be two sequence spaces and A = (anx) be an infinite matrix
of real numbers a,;, where n,k € N. Then, we say that A defines a matrix
mapping from A into u, and we denote it by writing A: X\ — pu, if for every
sequence = = (x)) € A the sequence Az = {(Az),,}, the A-transform of z, is in
w; where

(Az), = Z AnkTh (neN). (1.2)

k
For simplicity in notation, here and in what follows, the summation without
limits runs from 0 to oco. By (A : p), we denote the class of all matrices A such

that A: A — p. Thus, A € (XA : p) if and only if the series on the right side of (1.2)
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converges for each n € N and every = € A, and we have Az = {(Ax), }, .y € 1
for all z € A. A sequence z is said to be A-summable to « if Az converges to «
which is called as the A-limit of z.

The matrix domain A4 of an infinite matrix A in a sequence space A is defined
by

M={z= () ew: Az e A} (1.3)
which is a sequence space. In the most cases, the new sequence space A4 gen-
erated by the limitation matrix A from a sequence space A is the expansion or
the contraction of the original space A.

Altay, Bagar and Mursaleen [3], Altay and Basar [2], Altay and Polat [4]
and Polat and Bagar [11] introduced the Euler sequence spaces e, and el , €
and e, ef (A), el (A) and el (A), e (A(m)) and e, (A(m)), respectlvely, where
1 < p < 00. The main purpose of this paper is to introduce the Euler sequence
space e"(p) and to determine its a-, - and y-duals. Furthermore, we show that
the Euler sequence space e”(p) equipped with the Luxemburg norm has property
(H) but it is not rotund, so it is not (LUR).

2. The generalized Euler sequence space ¢ (p)
of non-absolute type

We introduce the sequence space e”(p), as the set of all sequences such that
E"-transforms of them are in the space [(p), that is

e’ (p) = {x = (o Z |Zﬁ: ( ) (1 _r)k*j rjxj|Pk < 00,

O<pk§H<oo}

where E” denotes the method of Euler means of order r defined by the matrix
E" = (eqr)
e = {(2) (1=r)"" b 0<k<n
0, k>n
for all £ € N. It is known that the method E" is regular for 0 < r < 1 and we

assume unless stated otherwise that 0 < r < 1. With the notation (1.3) we can
redefine the space e"(p) by

e’(p) = (Up)) pr (2.1)

If A is any normed or paranormed sequence space then we call the matrix
domain A, as the Euler sequence space.

If (px) = p for every k € N, then we write e;, instead of e"(p) (see [3]).
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Define the sequence y = {yr(r)}, which will be frequently used, as the
E"-transform of a sequence = = (zy), i.e.,

k

u(r) =" (’;’) 1-n*7 g (keN). (2.2)

=0
Now, we may begin with the following theorem which is essential in the text.

THEOREM 1. ¢"(p) is a complete linear topological space paranormed by g defined
by

Z‘Z() r)E I g ’ (0 < pp < H < 0).

Proof. The linearity of e"(p) with respect to the coordinatewise addition and
scalar multiplication follows from the inequalities which are satisfied for

x,y € €"(p) (see [7, p. 30]).

k
k Pk
g(z+y) = ‘Z() (25 +y;)
Jj=0 J
i M
< ‘Z f) i o
j=0
1
k k : Pk Y
+ Z\Z() ) | (23)
=0\
J
and for any a € R (see [8])
| P* Smax{1,|a\M}. (2.4)

It is clear that g(#) = 0 and g(z) = g(—=x) for all z € €"(p). Again the
inequalities (2.3) and (2.4) yield the subaddivity of g and

g (o) = max{L |al}g(x)

Let {2z} be any sequence of the points of the space e"(p) such that
g (2™ —2) — 0 and (o) also be any sequence of scalars such that o, — o.
Then, since the inequality

g(@") <g(z)+g(" —z)
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holds by subaddivity of g, {g (™)} is bounded and thus we have
k L Pr M
ki
g(ana" —azx) = [Z ‘Z <]> (L =) r? (anaf — au;) ]
k=0
< om —alg(@") +lafg (2" —x)
which tends to zero as n — oco. That is to say that the scalar multiplication is
continuous. Hence, g is a paranorm on the space €"(p). It remains to prove the

completeness of the space e”(p). Let {xl} be any Cauchy sequence in the space

e”(p), where 2 = {:z;f)),xgz),xg), o } Then, for a given £ > 0 there exists a

positive integer ng (&) such that
g(z'—27) <e (2.5)
for all 4, j > ng (¢). Using the definition of g we obtain for each fixed k& € N that

1
M

[(E"a%), — (E"27), | < [Z| (Era?), — (E"2), || <«

for i,j > ng (¢) which leads us to the fact that {(E"z%), ,(E"z'),,...} is a
Cauchy sequence of real numbers for every fixed & € N. Since R is complete, it
converges, say (E’”:z;’)k — (E"x), as i — oo. Using the infinitely many limits
(E"x)y,(E™x),,..., we define the sequence {(E"x),,(E"x),,...}. By the (2.5)
for each m € N and 4, j > ng (¢)

Z| (E"x Z Erxj) |pk' < (g (:z:i—xj))M <eM, (2.6)

Take any i > ng (g). First let j — oo in (2.6) and then m — oo, to obtain
g (¢" — z) < . Finally, taking € = 1 in (2.6) and letting i > ng (1) we have by
Minkowski’s inequality for each m € N that

1

M

li |(Erx)kpk] <g(z'—2)+g(z") <1+g(z")

which implies that 2 € e”(p). Since g (2° —z) < e for all i > ng (¢) it follows
that 2 — x as i — oo whence we have shown that e”(p) is complete. g

Therefore, one can easily check that the absolute property does not hold on
the space e”(p), that is g(z) # g (|x|) for at least one sequence in the space
e"(p), and this says that e"(p) is a sequence space of non-absolute type; where
|| = (lzk))-

THEOREM 2. The FEuler sequence space e (p) of non-absolute type is linearly
isomorphic to the space l(p), where 0 < py, < H < 00.
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Proof. To prove the theorem, we should show the existence of a linear bijection
between the spaces e”(p) and [(p) for 0 < py, < H < co. With the transformation
T from e"(p) to I(p) by = — y = Tx. The linearity of T is trivial. Further, it is
obvious that # = 6 whenever Tz = 6 and hence T is injective. Let y € I(p) and
define the sequence x = {zx(r)} by

Pk

k
>3 b
k  j=0

(Z kal”’“> =g1(y) <
k

where d0j; are Kronecker delta’s. Thus, we have that « € e”(p). Consequently, T
is surjective and is paranorm preserving. Hence, T is a linear bijection and this
says us that the spaces e”(p) and [(p) are linearly isomorphic, as was desired. [J

Suppose that 1 < pi < si for every k € N. Then, it was well-known that
[(p) C I(s) which leads us to the immediate consequence that e”(p) C e (s).

We shall quote some lemmas which are needed in proving our theorems.

LEMMA 1.

(i) Let 1 < pp, < H < 0 for every k € N. Then A € (I(p) : l1) if and only if
there exists an integer B > 1 such that

sup Z ‘Z anp B!
nekK

KeZ &

P
< Q.

(ii) Let 0 < px, <1 for every k € N. Then A € (I(p) : l1) if and only if

sup sup ‘Z Ank

nekK

Pk
< 00.

LEMMA 2.

(i) Let 1 < pp, < H < o0 for every k € N. Then A € (I(p) : ) if and only if
there exists an integer B > 1 such that

supz ’ankB_l‘p;“ < 00 (2.7)
neN "
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(i) Let 0 < px, <1 for every k € N. Then A € (I(p) : loo) if and only if

sup |ang|"* < oo. (2.8)
n,keN

LEMMA 3. Let 1 < pp < H < oo for every k € N. Then A € (I(p) : ¢) if and
only if (2.7), (2.8) hold, and
le Ak = ﬁk fOT keN (2.9)

also holds.

THEOREM 3. Let 1 < pp, < H < oo for every k € N. Define the set D1(p) as
follows:

Dy (p) = U {a: (a) €w: sup ),

Bo1 KeZ k

Then, [e"(p)]* = D1(p).

> () - 1)"_k T‘"anB_llp; < oo}.

nekK

Proof. Let us define the matrix B"” whose rows are the product of the rows
of the matrix E+ with the sequence a = (an). Therefore, we easily obtain by
bearing in mind the relation (2.2) that ([3])

n

An Ty = Z (Z) (r — 1)n_k r"an,yr = (B"y), (n e N). (2.10)

k=0

Thus, we observe by (2.10) that (anz,) = ax € l; whenever x € e"(p) if and
only if B"y € l; whenever y € I(p). This means that a = (a,) € [¢"(p)]” if and
only if B" € (I(p) : l1). Then we derive by Lemma 1 with B" instead of A that

supZ‘Z() r—1)""F 7”aanlp;C<oo.

Ke7
This yields desired consequence that [¢”(p)]” = D1 (p). O

THEOREM 4. Let 1 < pp, < H < oo for every k € N. Define the sets D2(p) and
D as follows:

9

D= {a = (a) €Ew: (i) (r— 1)j_k r~la; ezists for each k € N}

i=k

and

Ds(p) = U{a:(ak)Ew: Sup2|i()( 177k _]ajB_1|p;“<oo}.

B>1 neN k j=k

Then [e" (p))” = D N Da(p) and [e" (p)]” = Da(p).
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Proof. Consider the equation

n
g apTy =
k=0

[~]=
]~
N
S-S
~~
—
]
[a—y
SN—
B
<
|
E
S

ag

~
Il

=
<
Il

o

3

- §X> Y ra | g = (T7y),  (210)

b
o

where T = (17, ) is defined by

.- ke, 0<k<n

nk — j=k

0, k>n

for all k,n € N ([3]). Thus, we deduce from Lemma 3 with (2.11) that ax =
(argzk) € cs whenever x = (zy) € €"(p) if and only if 7"y € ¢ whenever y =
(yx) € l(p). That is to say that a = (ax) € [er(p)]ﬂ if and only if 77 € (I(p) : ¢).
Therefore, we derive from Lemma 3 with (2.7) and (2.9) that

n . . ) p',
supz ‘Z (‘2) (r—1)7"%ria;B7! "<
j=k

neN P

and
Z (i) (r—17"%r~Ja;  exists for cach k€N
=k

which shows that [¢"(p)]” = D N Dy(p).

As this, we see from Lemma 2 with (2.11) that a = (ay) € bs whenever
x = (z1) € €"(p) if and only if T"y € I whenever y = (yi) € I(p). That is to
say that a = (ax) € [e"(p)]” if and only if T" € (I(p) : lo). Therefore, we derive
from Lemma 2 with (2.7) that

n . ) ) p/
a3 [3° (1) -1 [ <
neN "/ =k

which shows that [e"(p)]” = Da(p). O

THEOREM 5. Let 0 < py, <1 for every k € N. Define the set D3(p) and D4(p)
by

Ds(p) = {a = (ax) €Ew: sup sup ’ > () - 1)"_k r‘”an’pk < oo}
KeZF keN neK

Dy(p) = {a = (ax) € w: nsggN ‘ Z (2 ) r— 1)j_k r‘jaj‘pk < oo}
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Then, [e"(p)]* = Ds(p), [er(p)]ﬁ = DN Dy(p) and [e"(p)]” = Da(p).

Proof. This is easily obtained by proceeding as in the proofs of Theorem 1 and
Theorem 2 above by using the second parts of Lemmas 1, 2 and 3 instead of the
first parts. So, we omit the detail. O

THEOREM 6. Define the sequence bF)(r) = {bglk) (r)} . of elements of the
ne
space €” (p) for every fized k € N by

0, n<k
b’slk) (T) = n bekt —-n
(k) (r—1) r"  n>k.

Then, the sequence {b(k) (T)}nEN is a basis for the space €”(p) and any x € e"(p)
has unique representation of the form

x = Z o (r)b®) (1)
k

where ay(r) = (E"z), for all k € N. ([3])

3. Some geometric properties of the space ¢"(p)

In this section, we study some geometric properties of the space e”(p). Firstly,
we remind them.

Let X = (X, ||-]|) be a real Banach space and B(X) and S(X) be the closed
unit ball and the unit sphere of X, respectively. A point z € S(X) is an
H -point if for any sequence (z,,) in X such that ||z,| — 1 as n — oo, the weak
convergence of (z,,) to x implies ||z, — z|| = 0 as n — oo. If every point in
S(X) is an H-point of B(X), then X is said to have the (H) property. A point
z € §(X) is an extreme point if for every x,y € S (X) the equality 2z =y + 2
implies z = y. A point z € S(X) is a locally uniformly rotund point if for
any sequence (x,) in B(X) such that ||z, + 2| — 2 as n — oo, there holds
|zn —z|| = 0 as n — oo. A Banach space X is said to be rotund if every
point of the unit sphere is an extreme point of B(X). If every of S(X) is a
(LUR)-point of B(X), then X is said to be locally uniformly rotund (LUR). It
is known that if X is LUR, then it is (R) and possesses property (H). ([12])

For 1 < p < oo, the Euler sequence space e;, was defined by Altay, Basar and
Mursaleen [3] as follows:

e, = {x: (xp) € w: Zk: |Z (’;) (l—r)kfjrjxj|p < oo}

Jj=0
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and this space equipped with the norm

In [10], Altay, Basar and Mursaleen proved some geometric properties, Banach-
Saks and weak Banach-Saks properties of the space e;,. Now we assume that
pr > 1 for all k € N. For = € €"(p), let

Z‘Z() (1 =) pig,

and define the Luxemburg norm on e"(p) by

x| =inf{e >0: p(*) <1}, z € e’(p).

Pk

Now, we give some propositions which are related with p(z) and Luxemburg
norm.

PROPOSITION 1. The functional p is convex modular on e”(p).

Proof. It is obvious that p(x) =0 <= 2z =0 and p (ax) = p(x) for all scalar
a with |a| = 1. Let «, 8 > 0 with w + 8 = 1. By the convexity of the function
t — [t|P* for every k € N, we have

p(ax + By) =

-2 \i (’j) (1= )" 19 (a; + Byy)

j=

Pk

0
LI o LI -
:Z‘az j) (1—r)k_]r]xj+,82<j> (1- )k ]rjyj
k=0 j=0
k k k—j i Pk k k k—j Pk
<aX[X (5)a-na s S (5) a -ty
k=0 k=0

=ap(z) + Bp(y).

Then we have e”(p) is a modular space. O

PROPOSITION 2. For x € e"(p) , the modular p on e"(p) satisfies the following
properties:

(i) If0<a <1, thena™p(*) < p(z) and p (ax) < ap(x).

(i) If a > 1, then p(z) < oMp ().

(iii) If a > 1, then p(z) < ap(z) < p(ax).
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Proof.
(i) Let 0 < a < 1. Then we have

p(x)

Il
N
-
~
N
=
<
<
<
8

k=0
= Z’ai@ (1—r)F
k=0 J «
k k ke Pk
= Za”’“ Z()(l r) s
k oM «
k
> ZaM Z(lj) (1 T)k jrjojpk
k =0
M k k k I Pk
= « ZaZ(.)(l r)" I rd
w oo N @
x
- aMp<a>.

By the convexity of p, we have p (ax) < ap(z), so (i) is obtained.

(ii) is an easy consequence of (i) when « is replaced by !.
(iii) follows from the convexity of p.
PROPOSITION 3. For any x € €"(p), we have
() If lall < 1, then p (z) < |z
(i) If ll=ll > 1, then p () > |j|.
(iii) ||z]| =1 if and only if p(z) = 1.
(iv) ||z]| <1 if and only if p(z) < 1.
(V) |lz|| > 1 if and only if p(x) > 1.
(vi) If 0 < a < 1, ||z|| > «, then p(z) > oM.
(vii) If a > 1, ||z|| < «, then p(x) < ™.

Proof. See [12, Propositions 2.4, 2.5].

PROPOSITION 4. Let (x,) be a sequence in e”(p).
(i) If lim ||z,|| =1, then lim p(z,) =1,
n—o00 n—oo

(ii) Ifnh_{I;op(:z;n) =0, then nh_}rrgo |z, || = 0.

Proof. See [12, Proposition 2.5].
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LEMMA 4. Let (x,) be a sequence in e”(p). If p(x,) — p(x) and z,, (k) — z(k)
for all k, then z,, — x as n — co. ([12])

THEOREM 7. The space e€"(p) is a Banach space with respect to Luzemburg
norm.

Proof. Let (z") = (x;l) be a Cauchy sequence in e”(p). Given € € (0,1).
Thus, there exists N € N such that ||2" —2™| < &M, for all n,m > N. By
Proposition 3(i), we obtain

p(x™ — ™) < 2™ — 2™ < M for all n,m > N. (3.1)

This implies that

k
o Pk
Z ’Z (k) (1—p)" Iy (zf —27) f oM for n,m > N.
r im0 M
For fixed j, we get that
‘x?—x}n’<e for all n,m > N.

Thus, (:E;L) be a Cauchy sequence in R for all j € N. Since R is complete for
each j € N, 2" — x; as m — oo. So, for fixed j,

|ZE?—$]‘|<E for n> N.

By (7.1)
>
k

For every j € N, we have z7* — x;, so we obtain that p(z" —2™) —
p(x™ —x) as m — oo. Thus,

Pk

<e for all n,m > N.

J

; (’;) (1= 1) 49 (a2 — 2)

k . p . P
3 (k) (1—r)f 7y (27 — ) " 3 (k) (1— )iy () — ;) '
K lj=0 "’ k=0 "’
as m — oo. Hence, we have
p(z" —z) <e, for all n> N.

So, ||lx™ — z|| < €. And now, by the linearity of the sequence space e”(p), we
can write

r=(r—2a")+a"
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k
212 <k> (=) g™
k=0 N
k k
= Z <k> (=) (2 - ) + (k) (1—r)7 izt "
k=0 M =\
k k hei s Dk k k ki i Pk
SZ (.)(1—r) jrj(xj—iv?) +Z‘Z<,>(1—’r) er.Z‘;-l
k=0 k=0 M
<e.

So, = is in e"(p). Hence, the sequence space e”(p) is a Banach space with
respect to Luxemburg norm. O

THEOREM 8. The space €"(p) has property (H).

Proof. Let z € S(e"(p)), x, € B(e"(p)) for all n € N such that z,, — =z,
weakly, and ||z,|| = 1 as n — oo. By Proposition 3(iii) , we have p(z) = 1.
By Proposition 4(i), we obtain that p(x,) — 1 as n — co. So p(z,) — p(x) as
n — oo. Since x, — x, weakly, ith coordinate mapping m;: ¢"(p) — R, defined
by m;(x) = x;, is continuous, it implies that x, (i) — x(i) as n — oo for all
7 € N. It follows from Lemma 4 that x,, — = as n — oo. O

COROLLARY 1. For 1 <p < oo, (e;, ||36‘||5r> has property (H).

Remark 1. For a bounded sequence of positive real numbers p = (pi) with
pr = 1 for all k& € N, the space e"(p) equipped the Luxemburg norm is not
retund, so it is not (LUR). To see this we put

k k—1
x—xk<r>—{(1+i) } y—yk<r>—{k“}? }

Then z,y € S (e"(p)) because p(z) = p(y) = 1. Since p (m;y) = 1, we have by

Proposition 3(iii) that || “3¥|| = 1. This shows that e"(p) is not rotund , so it is
not (LUR).
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