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ABSTRACT. General conditions for the unique solvability of a non-linear non-
local boundary-value problem for systems of non-linear functional differential
equations are obtained.

©2010
Mathematical Institute
Slovak Academy of Sciences

The main goal of this paper is to establish new general condition sufficient for
the unique solvability of the non-local non-linear boundary-value problem (2)
for the non-linear functional differential equations (1). For non-linear functional
differential systems determined by operators that may be defined on the space
of the absolutely continuous functions only, we prove several new theorems close
to some results of [2, 5, 7, 14, 15, 13, 12].

The main theorems established here generalize some recent results from [5,
14, 3, 6, 15] and are proved by using an abstract theorem from [9].
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1. Introduction

We consider the non-local boundary-value problem

ul(t) = (fru)(t), telad], k=1,2,...,n, (1)
ug(a) = pi(u), k=1,2,...,n, (2)
where fi: D([a,b],R") — L1([a,b],R), k = 1,2,...,n, are, generally speaking,
non-linear operators and ¢y : D([a,b],R") — R, k = 1,2,...,n, are non-linear

functionals defined on the space D([a, b], R™) of vector functions with absolutely
continuous components.

2. Notation

.....

(2) The set Dt ([a,b],R™) is defined by the formula
D*([a,b],R") = {u = ()i, € D(la, ], R")

i >0forallk=1,2,....,n¢. (3
ggﬁﬂ]“k@— or a ; n} 3)

(3) The set D" ([a,b],R™) is defined by the formula
D*([a,b,R") = {u = (wn)iy € D¥ (o, ], R")

vraiminu) (§) >0 for all k = 1,2, .. .,n}. (4)
¢€(a,b]

DEFINITION 1. (see, e.g., [1])] A vector function u = (ug)}_; : [a,b] — R™ is
said to be a solution of the problem (1), (2) if it satisfies system (1) almost
everywhere on the interval [a, b] and possesses property (2).

A special class of linear operators is essentially used in what follows.

DEFINITION 2. Let h = (hg)}_,: D([a,b],R") — R™ be a linear mapping. We
say that a linear operator p = (pi)7_, : D([a,b],R™) — L1 ([a,b],R™) belongs to
the set ., »([a, b], R™) if the boundary-value problem

uy(t) = (pru)(t) + qr(t), t€la,b], k=1,2,...,n, (5)
ug(a) = hg(u) + cg, k=1,2,...,n, (6)
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NON-LINEAR NON-LOCAL BOUNDARY-VALUE PROBLEM

has a unique solution u = (ug)}_, for any {qr : k=1,2,...,n} C L1([a,b],R)
and {cx : k=1,2,...,n} C R and, moreover, the solution of (5), (6) possesses
the property

min ug(t) >0, k=1,2,...,n, (7)
t€la,b]
whenever the functions g, k = 1,2,...,n, and the constants ¢, k =1,2,...,n,

appearing in (5) and (6) are non-negative.
We shall use in the sequel a natural notion of positivity of a linear operator.

DEFINITION 3. A linear operator p = (px)7_;: D([a,b],R™) — Lq([a, b],R™) is
said to be positive if

vraimin (pgu)(t) > 0, k=1,2,...,n,
t€la,b]

for any u = (ug)p_, from D([a,b], R™) satisfying (7).

3. Main result

THEOREM 1. Assume that there exist certain linear operators p; =
(pir)i—y: D([a,b],R™) — Li([a,b],R™), i = 1,2, and linear functionals hi, :
D([a,b],R") — R, i = 1,2, k = 1,2,...,n, such that for arbitrary functions
u=(ug)p_;: [a,b] = R"™, v=(vg)}_;: [a,b] = R™ with the properties

ug(t) > vk (t) t€la,b], k=1,2,...,n, (8)

the estimates
paw(u —v)(t) < (fru)(t) — (fro)(t)

<pulu—v)t), telab, k=12 .n, 9)

and
hok(u —v) < @r(u) — ek (v) < hig(u —v), k=1,2,...,n, (10)

are true. Furthermore, assume that the following inclusions are fulfilled:

1 n
p1+p2) € ya,;(hﬁhz)([aa b, R"). (11)

P1 eya,hl([avb]aRn)v 2(

Then the boundary-value problem (1), (2) has a unique solution.
Remark 1. Theorem 1 implies, in particular, [5, Theorem 1].

The proofs of Theorem 1 and the results stated in the next section are given
in Section 6.
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4. Corollaries

The following statements are true.

COROLLARY 1. Assume that there exist certain linear operator I = (Ii)7_, :
D([a,b],R™)— Li([a, b],R™) and linear functional h=(hi)7_,: D([a,b],R™")— R

such that the inclusion
l € ya,h([aa bLRn) (12)

holds and the estimates
0 < r(u) — prp(v) < hg(u—v), k=1,2,...,n, (13)

and

0 < (fru)(t) = (frv)(t) < lk(u—v)(t), te€lab], k=1,2,...,n, (14)

are true for any absolutely continuous functions u and v with property (8).
Then the boundary-value problem (1), (2) has a unique solution.

THEOREM 2. Let there exist linear operators l;: D([a,b],R™) — Ly ([a,b],R™),
li = (lig)p_y, i = 1,2, satisfying the inclusions

L+1y € S4n, ([a,b],R"), I € Yayé(hﬁhQ)([a,b],R”) (15)
and such that the inequalities

[(frw)(t) = (fro)(t) = lik(u =) ()] <lor(uw—0)(¢),  k=1,2,...,n, (16)
are true for arbitrary absolutely continuous functions u = (ux)p_, and v =
(vg)}_, possessing the properties (8) and there exist linear functionals hgy :
D([a,b],R") - R, i=1,2, k=1,2,...,n, which satisfy (10).

Then the boundary-value problem (1), (2) is uniquely solvable.

Remark 2. Theorem 2 implies, in particular, the result established in [3, The-
orem 1] and [15, Theorem 3.3].

THEOREM 3. Assume that there exist some positive linear operators g; =
(i)™~ = D([a,b],R™) — L1([a,b],R™), i = 1,2, such that the inequalities
[(fru)(t) = (frv) (@) + gor(u —0) ()| < gue(u—0)(t),  k=1,2,...,n, (17)

hold on [a,b] for any vector functions u = (ug)y_, and v = (vg)}p_, from
D([a,b],R™) with the properties (8) and there exist linear functionals hi :
D([a,b,R") — R, i = 1,2, k = 1,2,...,n, which satisfy (10). Moreover,
let there exist some 6 € (0,1) such that the inclusions

g1+ (1 - 29) g2 € ya,hl([a'vb]an)a _992 € ya,é(hrkhz)([aﬂ bLRn) (18)

be true.
Then the boundary-value problem (1), (2) has a unique solution.

330



NON-LINEAR NON-LOCAL BOUNDARY-VALUE PROBLEM

Remark 3. Theorem 3 generalizes [3, Theorem 2| and [14, Theorem 2].

Theorem 3 allows one to obtain the following two corollaries.

COROLLARY 2. Let there exist certain positive linear operators g; = (gik)jp—q
D([a,b],R™) — Lq([a,b],R™), i = 1,2, which satisfy the condition (17) for ar-
bitrary absolutely continuous functions u = (ug)j_, and v = (vg)p_, with the
properties (8) and there exist linear functionals h;: D([a,b],R") — R, i=1,2,
k=1,2,...,n, which satisfy (10), and, moreover, the inclusions

n 1 n
g1 € ya,hl({aa b}aR )a _292 € ‘ya,%(h1+h2)([a7b]7R )7 (19)

hold.
Then the boundary-value problem (1), (2) has a unique solution.

COROLLARY 3. Let there exist certain positive linear operators g; = (gik)jp_q
D([a,b],R™) — Lq([a,b],R™), i = 0,1, which satisfy the condition (17) for ar-
bitrary absolutely continuous functions u = (ux)}_, and v = (vg)p_, with the
properties (8) and there exist linear functionals h;: D([a,b],R") — R, i =1,2,

k=1,2,...,n, which satisfy (10), and, moreover, the inclusions
1 1
go + 291 € ya,hl([avb]aRn)a _491 € ya,;(hr}-hz)([a?b]?Rn) (20)
are true.

Then problem (1), (2) has a unique solution.

Some conditions sufficient for the fulfillment of inclusions of type (18), (19),
and (20) can be derived, in particular, from the results of [11, 13]. In the case of
the Cauchy problem, one can refer, e.g., to [2, 5, 6, 3, 16] and references therein.

5. Auxiliary statements

Let us consider the abstract operator equation
Fr =z, (21)

where F': By — E» is a mapping, (E1, |||, ) is a normed space, (Eq, ||| ,) is a
Banach space over the field R, K; C E;, i = 1,2, are closed cones, and z is an
arbitrary element from Fs.

The following statement is due to M. A. Krasnoselskii, E. A. Lifshits,
Yu. V. Pokornyi, and V. Ya. Stetsenko [10, Theorem 7] (see also [9, Theo-
rem 49.4]).
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THEOREM 4. Let the cone Ky be normal and reproducing. Furthermore, let
Bi: E1 — Es, k= 1,2, be additive and homogeneous operators such that B;l
and (B1 + Bo) ™! ewist and possess the properties

By (K>) C K, (B1 + Ba) ' (Ka2) C Ky, (22)
and, furthermore, the relation
{Fz — Fy — Bi(z —y), Ba(z —y) — Fo + Fy} C K> (23)

is satisfied for any pair (z,y) € E? such that v —y € K.
Then equation (21) has a unique solution u € E;y for an arbitrary element
z € Fbs.

Let us recall that a cone K C E in a Banach space (E, ||-|| ;) is normal if and
only if the relation

inf{7€(0,+oo): (V:l;,yeK)(y—:l;EK == ||:1;||E§7||y||E)}<+oo

is true. By definition, the cone K is reproducing in F if and only if an arbitrary
element = from E can be represented in the form x = u — v, where v and v
belong to K (see, e.g., [8, 9]).
LEmMA 1.

(1) D([a,b],R™) is a normed space with the norm

b
D(ja, 8, R") 5 u— / ()] dé + [[u(a)].

(2) The set D*([a,b],R™) is a cone in the space D([a,b], R™).
(3) The set DT ([a,b],R™) is a normal and reproducing cone in the space
D([a, b],R™).

Proof. The assertions of Lemma 1 follow immediately from the definitions of
the sets D*([a, b], R"™) and D1 ([a, b], R™) (see formulae (3) and (4) in Section 2).
d

The next lemma establishes the relation between the property described by
Definition 2 and the positive invertibility of a certain operator.
LEMMA 2. Ifp = (pi)i_,: D([a,b],R™) — Li([a,b],R™) is a linear operator
such that
p € Lun([a,b],R"), (24)
then the operator Vy p: D([a,b],R™) — D([a,b],R™) given by the formula

D(la, b B") 3w Vywi=u — [ (pu)(€)dé ~ h(w) (25)

a
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is invertible and, moreover, its inverse V;hl satisfies the inclusion

VYD ([a,b],R")) € D" ([a,b],R™). (26)

P,
Proof. Let the mapping p belong to the set ., 1 ([a, b], R™). Given an arbitrary
function y = (yx)7_, € D([a,b],R™), consider the equation

Vp,ptt = y. (27)

We need to show that equation (27) has a unique solution u for any y and,
moreover, its solution u has property (7) if

i t) >0, iminy, (¢) >0 28
in, yr(t) > vral arg]myk( ) = (28)

forall k=1,2,...,n.

Indeed, it is easy to see from notation (25) that an absolutely continuous
function u satisfies equation (27) if, and only if

wl,(t) = (pru)(t) + v (1), t €la,b], k=1,2,...,n, (29)
ug(a) = hi(u) + yi(a), k=1,2,...,n. (30)

Recalling Definition 2 and taking assumption (24) into account, we conclude that
the linear inhomogeneous boundary-value problem (29), (30) is uniquely solvable

for arbitrary absolutely continuous functions yx, kK = 1,2,...,n. Moreover,
condition (24) implies that all the components of the solution of (29), (30) are
non-negative for y satisfying (28). O

The following statement is an obvious consequence of formula (25).

LEMMA 3. For arbitrary linear operators p;: D([a,b],R™) — L;i([a,b],R™), i =
1,2, the identity

‘/;)lahl + ‘/vp27h2 = 2‘/; (p1+P2)’é(h1+h2) (31)
15 true.

6. Proofs

6.1. Proof of Theorem 1

Consider the boundary-value problem (1), (2). It is obvious that an absolutely
continuous vector function u = (ux)}_,: [a,b] — R™ is a solution of (1), (2) if,
and only if it satisfies the equation

t
ut) = [(Fus) s+ o), tefab (32)

a
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Let us define the mapping F': E — E by setting E := E; := E5 := D([a, b],R"™)

and
t

(Fu)(t) := u(t) — /(fU)(S) ds —p(u),  telab], (33)

a

for any w from D([a,b],R™). Then equation (32) takes form (21) with z = 0. It
is obvious that F' = (Fj)}_, is an operator acting in the Banach space E.

It is easy to see, that function u is the unique solution of the boundary-value
problem (1), (2) if and only if it satisfies the equation

Fu=0. (34)
Thus, it is sufficient to show that equation (34) has a unique solution in the
space D([a,b],R™).
Relation (9) is equivalent to inequalities

—pur(u = 0)(t) < =(fru)(t) + (frv)(?)

< pou—0)(t),  k=12....m (35)

for any pair {u,v} from D([a,b],R™) with properties (8). Integrating (35) we
obtain that the inequalities

t t t

—/muu—W@Msg—/umM$d&+/qu$@
a a a (36)

t

<= [pntu-os)ds,  k=12.m
hold for any pair {u,v} from D([a,b],R™) with property (8). Therefore, for all
such pairs, the following inequalities are fulfilled:
t
wnlt) = 0n(®) — [ prstu = 0)(s)ds = @) + (o)

a
t t

<ug(t) — v (t) — /(fku)(s) ds + /(fkv)(s) ds — ¢r(u) + v (v) (37)

<ug(t) — v (t) — /pgk(u —v)(s)ds — @i (u) + pr(v)

a

for all k =1,2,...,n and t € [a,b]. Taking into account (10) and (33) we get
that for all functions u and v from D([a, b], R™) with properties (8) the following
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estimates hold:
t

ug(t) — v (t) — /plk(u—v)(s) ds — higk(u —v)

< (Fiu)(t) — (Fyo)(t) (38)
t
<wug(t) —vg(t) — /pgk(u —v)(s)ds — hop(u —v), kE=1,2,...,n.
Let us define the linear mappings Byx: D([a,b],R™) — D([a,b],R), i = 1,2,
k=1,2,...,n, by putting

Bigu := up(-) — hix(u) — /(Pik@(ﬁ) d¢ (39)

for an arbitrary u from D([a, b}, R™) and construct the corresponding mappings
B;: D(la,b],R™) — D([a,b],R™), i = 1,2, according to the formula

Bilu
Bigu
D([a,b],R™) > u — Byu:= ) , i=1,2. (40)
Bmu
This fact that p; € S, n, means that V), 5, is invertible and the inclusion
Voo (Ks) C Ky (41)

is true. We assume that ,(p1 + p2) belong to the set Sa, L (hy+ho) ([a, 0], R™).
Taking into account Lemmas 2 and 3 we get that the operator

1 —1
2 V% (p1+p2), 5 (h1+h2)

exists and coincides with the inverse operator to Vj, x, 4+ Vp,.h,. Moreover, this
operator is positive in the sense that

(Vs + Vi)~ (K2) C K. (42)

The last property means that mapping (39) satisfies condition (23) with K3
and K5 defined by the formulae

Ki=D*([a,b],R"), Ky =DV*(ja,b],R"). (43)

By virtue of Lemma 1, the set K3 forms a cone in the normed space D(]a, b], R™),
whereas the set K3 is a normal and reproducing cone in the Banach space

D([a,b], R™).
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Finally, according to equalities (39), we have B; =V}, p,, i = 1, 2. Therefore,
by virtue of assumption (16) and Lemma 2, we conclude that the inverse operator
B7! and (B; + Bs)~! exist and possess properties (22) with respect to cones
(43). Applying Theorem 4, we establish the unique solvability of the initial value
problem (1), (2).

Theorem 1 is proved.

6.2. Proof of Corollary 1

It is easy to see that inequalities (14) are equivalent to the conditions
—li(u—v)(t) < —(fru)(t) + (frv)(t) <0, t€la,b], k=1,2,...,n, (44)
and inequalities (13) are equivalent to the relations
—hi(u —v) < —pr(u) + pr(v) <0, k=1,2,...,n, (45)
for w and v satisfying (8). Let us put
p1 =1, pa :=0. (46)

Considering (44), we find that the operator f admits estimate (9) with the
operators p; and ps defined by formulae (46). Therefore, it remains only to note
that assumption (12) ensures the validity of inclusions (11). Thus, applying
Theorem 1 we arrive at the assertion of the corollary.

6.3. Proof of Theorem 2
One can verify that condition (16) is equivalent to the relation
—lo(u —v)(t) + Lig(u —v)(t)

(few)(t) = (fev)(t) (47)
log(u —v)(t) + l1ik(u — v) (1), t € [a,b],

ININ &

for arbitrary functions u = (ux)}_, and v = (vg)}_, from D([a,b],R™) with
property (8).
Let us put

(i) (1) = (L) (t) — (=1)i(lop) (),  telab], i=1,2, (48)

for any x from D([a,b],R™) and k = 1,2,...,n. Considering relations (47),
we find that the operator f admits the estimate (9) with operators {1 and Iy
defined by formulae (48). Therefore, it remains only to note that assumption
(15) ensures the validity of inclusions (11). Application of Theorem 1 thus leads
us to the assertion of Theorem 2.

336



NON-LINEAR NON-LOCAL BOUNDARY-VALUE PROBLEM

6.4. Proof of Theorem 3

One can check that, under conditions (17), (18), the operators I; : D([a, b], R™)
— Li([a,b],R™), i = 1,2, defined by the formulae

ll = —9g2’ lQ = gl + (1 - 9)92; (49)

satisfy conditions (15), (16) of Theorem 2. Indeed, estimate (17), the assumption
6 € (0,1), and the positivity of the operator go imply that, for any absolutely
continuous functions v = (u)}_, and v = (vi)}_, with properties (8), the
relations

|[(frw) (@) = (fev)(t) + Og2(u — v)(1)]
=[(feu)(t) = (fuv)(t) + gar(u — v)(t) = (1 = 0)gar(u — v)(?)]
< guk(u —v)(t) + [(1 = 0)gar(u — v)(?)]
=g1k(u —v)(t) + (1 — 0)(g2r(u — v)(t)), te€lab], k=1,2,...,n,

are true. This means that f admits estimate (16) with the operators p; and py
defined by formulae (49). Therefore, it remains only to note that assumption (18)
ensures the validity of inclusions (15) for operators (49). Applying Theorem 2,
we arrive at the required assertion.

6.5. Proof of Corollary 2

This statement follows from Theorem 3 in the case where one puts 0 :=

6.6. Proof of Corollary 3
It is sufficient to apply Theorem 3 with 6 :=
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