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THEOREMS FOR GENERALIZED
FAVARD-KANTOROVICH AND
FAVARD-DURRMEYER OPERATORS
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ABSTRACT. We consider the Kantorovich and the Durrmeyer type modifica-
tions of the generalized Favard operators and we prove some direct approxima-
tion theorems for functions f such that wef € Ly(R), where 1 < p < oo and
we () = exp(—oz2), ¢ > 0.
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1. Introduction

Let v = (Vn):,o:l be a positive sequence convergent to zero. For functions
f: R — R the generalized Favard operatos are defined formally by

F.f(z) = Z F(k/n)pn i (z57), (x € R, neN),

k=—o00

(5:7) 1 1 <k )2
nok(@;y) = exp | — —x
Pk Ny V27 P 297 \n

(see [5]). In the case where 72 = 9/(2n) with a positive constant 9, F;, become
the known Favard operators introduced by J. Favard [4] as discrete analogs of
the singular Weierstrass integral. Some approximation properties of the clasical
Favard operators for continuous functions f on R are presented in [1, 2|, and for

where

2000 Mathematics Subject Classification: Primary 41A25.
Keywords: Favard-Kantorovich operator, Favard-Durrmeyer operator, direct approximation
theorem, exponential weight space, weighted modulus of smoothness.
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the generalized operators F), f are given e.g. in [5, 8]. For measurable functions f
on R we introduce, also formally, the generalized Favard-Kantorovich operators

. (k+1)/n
Frf@)=n Y pok(®;7) / f(t)dt, (x €R, n€N)
hi=—o0 k/n

and the generalized Favard-Durrmeyer operators

E.f(z)=n Z Pk (T;7Y) / Pk () f(t) dt, (x eR, neN)

k=—oc0 oo

where the integrals are understood in the sense of Lebesgue. Some estimates
concerning the rate of pointwise convergence of operators Fr f and F, f can be
found in [6, 7].

In this paper we present estimates of the rate of the norm convergence of
these operators in the weighted function spaces

Lyo®) = {7+ uofl, <oc}  for 1<p<oo,

where w, (z) = exp(—oz?), 0 > 0 and

1/p

loll, = / 9(@)P da it 1<p<oo

l9llo = essup|g(z)|.
xER

We define the following weighted modulus of smoothness of the function f €
L,-(R) as

w2(f;5)a,p = Sup HwUA}Qlpr,
|h|<5

I<
where
Ajf(z) = f(x+h) =2f(z) + f(x —h),  (z€R)
Throughout the paper, the symbols K(c,0,01), Kj(c,0,01) (j = 1,2,...) will
mean some positive constants, not necessarily the same at each occurrence, de-
pending only on the parameters indicated in parentheses.

2. Auxiliary estimates

As is known ([7, pp. 104, 105]), foralln e Nyv e N, k € Z = {0, £1,£2,...}

T 1
/pn,k(t§7) dt = . (1)
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oo k v v
J 15t postsmae< Veo-n (2)
n n
Further, let us observe that
> Puk@;y) =1+ Su(x57), (3)
k=—oc0

where

Sp(z;7y) =2 Z exp(—27252n?42) cos(2mnjz)
j=1
(see [3, pp. 126, 204]; [5, p. 388]).
Thank’s to [8, Lemma 2.1] and the known Schwarz inequality we have:

LEMMA 2.1. ([8]) Let v = (vn), -, be a positive sequence convergent to zero and

let ny2 > ¢ for all n € N, with a positive absolute constant c. Then for x € R,
v €N, n €N, we have

|Sn(x7 7)' < 4Ac/n7 (4)

v

>[5 e st 15 (%) Vo, )

k=—o0c0

where A. = max {1, (2er?)71}.

In case v = 1 more precise calculation leads to the estimate

i (:—x>pn,k(x;7) <

k=—o0c0

24,
0

Namely, from (3)

Z pn w(Ty) = —477712] exp 2j2n2vi) sin (2mnjx).
k=—o00
Consequently

5 (5-s)te

k=—00

< 47mfyn Z] exp 2772jn2fy721).

From the identity

. o 1 1 U
2 IRI0= iy 1 (eplu 1 47O
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we have

k_ioo (Z - x) Pg(T37)

1 1
< drn~y? +
" (exp@ﬂn%) 17" (exp(enny?) - 1>2>
1 1 24
<dmrny? < e
=4 (%%Q%% i <27r2n2%%)2> S

LEMMA 2.2. If f € L, ,(R), f' € ACioc(R), f" € L, »(R), 0 >0, 1 < p < o0,
then for o1 > o

o, £l < 4exp (Uf‘f(,) (o £l + lw 171, - )

Proof. Let a € R, b € R, a < b. Using the Taylor expansion with the integral
remainder we get
(b—a)/2
flat+®—a)/2) = f(z) +(b—a)f'(z)/2+ / ((b—a)/2—u) f"(z +u)du.
0
Clearly, if u € [0; (b—a)/2], then |(b—a)/2 —u| < (b—a)/2. So, for 1 < p < o0
we have by the Minkowski inequality
||w0'1f/||[a;(a+b)/2]
(a+b)/2 p
2
Sp_ 4 / (exp(—012%)|f(z + (b—a)/2|)" da

(a+b)/2 p
+ / (exp(—01x2)|f(:z;)|)p dx

(a+b)/2 [ (b—a)/2 P 1/p
h—
+ 9 ¢ / / exp(—o12?)|f"(z +u)|du | dz ,
a 0

where the symbol ||| ,. 5 means the usual norm in the space Ly([a, 8]).
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Using the inequality exp (—01:1;2 +o(x+(b-— a)/2)2> < exp ((b;“)Q U‘Z‘ila)
and substituting ¢t = (b — a)/2 + = we easily observe that

(a+b)/2 p
(exp(—ale)\f(x +(b— a)/2\)p dz

a

b 1/p
b—a\’ oo
Sexp<< ) ) [ (esomisa) a
gy — 0
(a+b)/2
Moreover, by the Holder inequality
(a+)/2 [ (b—a)/2 P 1/p
exp(—o12?)|f"(x +u)|du | dx
a 0
(a+b)/2 o+ (b—a)/2 P /p
= / exp(—o12?) / exp(ot?) exp(—at?)|f"(t)|dt | dx
b 1/p
b—a\’ ooy b—a\2 /P 2 P
gexp<< ) Ul_g)( ) et a

a

Hence

1Way £l :(a-45) /2]

2 b—a\® oo b—a\ VP "
sb_aexp<( 2% Ul_g) (nwafu[a;bw( ) e )

Consequently
oo
lwo f'lly = > Nwor f Ifepsy
k=—o00
- N o 00 p I
< Z exp O’l—O'p ||waf||[k;k+2]+||waf ||[k;k+2]
k=—o00

001
—wttep (77 o) (lunflf + e 1)
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Therefore for 1 < p < oo inequality (7) is now evident. If p = oo, then this
inequality follows by simple calculation from the Taylor formula

1
f'(@) = flz+ / (1 —u)f"(x+ u) du.
0
O

LEMMA 2.3. Let v = ()52, be as in Lemma 1 and let f € L, ,(R), 0 > 0,
1<p<oo. Then foro; >0

o, F2 £l < 3v/24, exp ((’1(” * (’”) oo £11 ®)
g1
2 o1—0
for all n € N such that v; < do(oto1)?
|wai Pt || <54 Nwo sl (9)
P

c1—o . oi1—o
for all n € N such that v, < max { 2aloto)} Va(oton) }

Proof. In view of the definition of the Favard-Kantorovich operators

exp(—o12?)| F; f(2)]

(k+1)/n

> ok

<n 3 pn,km)exp(—alx?)exp(n2) [ ewoir]a
k=—o0 k/n

where k = k or k = k + 1, k is that exp (akQ/nQ) = Hg%cxl{exp (0j%/n?)}.
J

Using the inequality

a+a1u2 n 0'+0'1v2

2
<
(u+v) - 20 01— 0

(ueR, veR) (10)

we can easily observe, that

k(%) exp(~12%) exp <a(’“ 21)2>

2 2
1 k
<Pk (57) exp(—ale)exp (00—2'—01 ( +:1:> +O’U+Ul < —;z:) )
o

n 01— 0
oc+o1 [k 2 o1— 0 oc+o11 2
=pnk(T;7)exp | o —z) — T —
’ 01— 0 \n 2 oL —on
1 o+ 01)? oc+o
+ (o), !
n? \ 2(o1 — o) 2

270



GENERALIZED FAVARD-KANTOROVICH AND FAVARD-DURRMEYER OPERATORS

< (2:7) oc+o (k 2 1 (U+01)2+J+U1
z;y)exp | o -z ex

=PSRN 70 o \n P n2 2(o1 — o) 2

1 (k )2 < 1 U(J+U1)> (1 Jl(a—l—al))
= exp | — —x 5 — exp| .
nfyn\/27r n 27z o1 —0 n® oy—o0

2 - (0+01) 1 _ 1
73 S ooy then o = 77100 > s = 2(v/270)%
Consequently
E+1\°
Pk (5 7) exp(—o12?) exp (U( " ) )
(11)

< V2exp (Ulia +Zl)> Pok(T5V29),

where the symbol v/2y means the sequence (v/27,)%
Analogously

2
P,k (57) exp(—0o12?) exp (0 (:) ) < V2 k(23 V27). (12)

Therefore

exp(—o12%)|F), f(z)]

(k+1)/n
+
<V2exp (Ulaf_gl ) Z Pk (2 z;V/27) / exp(—at?)|f(t)] dt.
k=—00 k/n

From (1), we have
. o1(o +01)
Jum P2l < V2esp (T

Instead for p = oo, from (3) and (4) it follows that

[we, F fllo < V2exp (Ulo(-‘lf+0'1)> wo o su%( Z P (T3 V27) )

V2exp ("ﬁ‘j””) el 0p (1[S00 V20
< 3v2A. exp ("1(” * (’”) it £
gy — 0

Finally by the Riesz-Thorin theorem we have (8).
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In view of the definition of the Favard-Durrmeyer operators

[ee]

exp(—012%)|[Fof(z)| <n > pr(@;7) exp(—o12?) /pn,k(t;v)f(t)ldt

k=—o00 N

Using (10) by simple calculation we have

Prke (@3 7)Pn k(£ ) exp(—o12%) exp(ot?)

o-+o
< Pk (@3 7) Pk (£ 7) exp (—01x2 + 1x2> :

-exp (Ufjjgall) (a;LJal (: - t>2 N Zf_a(; <7Iz _x>2>>
i (‘2% (hs) e (i(fi?)f (5~ )) |
e (s (1)) (570 ()

e 1 +01)? 1 1 +01)?
Consequently if 292 ((UJITU)); > 42 and o2 é«(;majl)j) e 2 , then

Pk (257) Pk (8 7) exp(—a12%) exp(at?) < 2pp k(25 V27)pu i (8 V27),

for all n € N such that v, < max { 2\/22;‘:01); \/\2/(‘7;;;) }

Therefore
exp(—o122)|Fuf(z)| < n Z Pk (25 V27) /pn’k(t; V27y) exp(—at?)|f(t)| dt.
k=—oc0 SN
From (1), (3) and (4), we have (9) for p = 1 and for p = co. By the Riesz-Thorin
Theorem (9) is obvious. U

3. Approximation results

THEOREM 3.1. Let v = (7,)5%; be as in Lemma 1. If f € L, ,(R), 0 > 0,
1 < p < 0o have the derivatives f’ € AC\oc(R), f" € L, +(R) then for o1 > 0o

i, (F37 = Dll, < K. 0,002 (o £l + o f”1,) . (13)
2 o1—0
for all n € N such that v; < do(otor)’
Jwor (Par =1)|| < Ke:0.003% (o fl, + o 71,)  (14)

o1—o . oi—o
for all n € N such that v, < max { 2\/U%U+Ul), Va(oton) } .
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Proof. Using the Taylor expansion with the integral remainder for function f
we have

f@O) = f(@) + (t = 2) f'(x) + Rya(t), (15)

where
t

Ry . (t) = /(t —v)f"(v) dv.

x

Simple calculations, (15) and (3) give us
Fyf(z) - f(@)
, > 1/2 (k 1 .
= f(x)Sp(z) + f'(x)n Z pn’k(:z;;v)2 <n <n — :L‘) + n2> + F Ry ().

k=—oc0

Further, using (4) and (6) we get

* 4AC 9AC / *
Faf@) = f@) < 0 Nf@)+ ) @+ B Rpe@)] (16)
Obviously,
(k+1)/n t
FiRp ()] < m Z puatein) [ =l [ 17700 at
k/n x
<Yl ( - )/|f” )| do|,

k=—o0c0

where k* = k or k* = k+ 1, k* is that f |f" (v)|dv| = i f” )| dvl.
We introduce the notation
D(l,n,x):{kEZ: l%g‘k—x <(l+1)’yn}, for e Ny. (17)
n

From there

k*/n

)/f" )/ dol.
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From this inequality, (11), (12) and for n € N such that v2 < , 7077 . we have

4o0(o+01)?
exp(—o12%) |F Ry (o)
<V2exp (Ul o+o) > Pk (23 V27) -
o1 — 0
=0 kED l,n,x)
k*/n
(| — x|+ ! / exp(—ov?)|f" (v)|dv|.
n n
But, using (5) and the condition ny2 > ¢ we have for [ > 1
1
> panlavV2y) (‘ — x|+ )
n n
keD(l,n,x)
1 & N 1
< n V2 — - <K n .
133 k;mp w(w: V) (‘n T nin ¥ ) (c)y (1+1)3

Analogously, for I =0

> sty ([h a4 1) < Ko

n
keD(0,n,z)

and consequently,

exp(—ale) |Fr Ry ()]

< K(c) exp (”1 ot )%Z s [ eswt-o)lr @]

gy — 0O =
lv—z|<(I4+1)yn+1/n

Hence

lwe, Fy Rl
< K(c)exp oi(o+ o) 7“2 ! / /exp(—an)f”(v)dv dx
- o1—0 (141)3

1=0 —00 |[o—z|<(I+1)yn+1/n

oo v+(4+1)yn+1/n

:K(c)exp<(’1("+”1)>%i(Hll)S/ /exp(—av2)f"(v)dx do

g1 — 0 —
1=0 —00 \v—(I4+1)yn+1/n

o1(oc+01) J— 1
<o (T ) s s, > a2 (e 1)
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Because ny2 > ¢, so

o1(oc 4+ 01)
— 0

o F2 Ry, < Ka() exp( )%3 A

Analogously, for p = oo

o 2 Ryl < K(c) exp ("1(”"1)) .

o1 — 0

1
~essupz / exp(—ov?)|f" (v)| dv
lv—z|<(4+1)vn+1/n
o104+ o1
M) e

< Ka(e) exp (

From these inequalities and the Riesz—Thorin theorem, we have
. o1(o+o1)
fum FiRy, < Katehexo (77 7)) 52 1,

for 1 < p < co. Now, in view of (16),

|wo, (£ f = DI,
9A,
2n

o1(0c+01)

4A.
< o
< i £, + i

o, £l + Ka(c) exp ( ) 2 e £

Finally by (7) and the condition ny2 > ¢, the desired estimate for (13) is estab-
lished.

Now, we will prove (14). Simple calculations, (3), (4), (6) and (15) give us
4A, 24,

Fuf@) = f@)| < U@+ 7N @)+ FaRpa(@). (18)
Further
exp(—012?)|F, Ry o (2)|
o0 o0 ¢
<n Z exp(—01x2)pn’k(x;7) /pn,k(tﬂ)ﬁ_l’/f”(”)d”dt
k=—o00 — 00 x
<n Z exp(—012°)pn i (2;7) -
k=—o0
0o " ) k/n t
-/pn,k(t;7)<n—x +‘n—t‘> /f"(v)dv + /f"(v)dv de
—c0 T k/n
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o oo k k ~
<n Z exp(—o122)pn k() /pn’k(t;’y) <‘n — x|+ ‘n - tD exp(ok?) -
k=—oc0 N
k/n t
/ exp(—ov?)| £ (v)| dv| + / exp(—ov?)|f"(v)|dv| | dt,
x k/n

where k = max{|z|, |t|, |k/n|}.
In the same way, as (11) and (12), we can show

Pk (3 7)Pn k(85 7) exp(—o122) exp(ak?) < 2pp (2 V2Y)pu i (8 V2Y),

for all n € N such that 7, < max { 2\/22;‘:01); \/\2/('7;;; ) }
Therefore

exp(—012%)|Fy R0 ()|

[oe]

= k k
§2nk; P (25 V27) /pn,k(t§\/27> (‘n —x +‘n —tD-
k/n t
/exp(—an)f”(v)dv + /exp(—an)f”(v)dv dt.
T k/n
From (2), we have
o PR,
oo k/n
<2 [ 3 pustarvn) (|1 o )| [ ool ol an] as
oo k=—o0 T
00 00 3 t
+2 ) /pn,k(t;ﬂ'v) <’n—t‘+%> /eXP(—UU2)f"(v)dv dt
k=—o0_ k/n

:4§: > 7pn,k(:v;\/27) (‘z - +7n> /xexp(—avg)f"(v)ldv,

=0 keD(l,n,x) "~ k/n

where D(l,n,z) is defined by (17). Further, in the same way as for ||we, Fif Ry||,
we have
o1(oc+01)

Jum iRy, < K exo (7757

) 22 o £
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For p = oo
Jioon ]|
T k k
< 2nessup Z Prk(T (z;v27) pnyk(t;\/?y) —x|+| —t)-
z€eR b= —oo R n n
k/n
/||waf"|| dv| + /||w,,f”|| dv| | at
k/n
oo 2
" = k k
=2n ||lwe f"|| o, essup Z pn,k(x;\/Zv) pn’k(t;\/2v) n—:z; + n—t dt
zER k= — 0o e

K(e) wo "l o 7

These inequalities, the Riesz-Thorin theorem and (18), (7) yield (14) immedi-
ately. O

THEOREM 3.2. Let v = (7,)5%, be a positive null sequence satisfying ny> > c
for all n € N, with some ¢ > 0. If f € L, ,(R), 0 >0, 1 < p < oo then for
o1 >0

o, (B f = F)ll, < K(e0,01) (wa(fim)ap + 92 I f1l,)
for allm € N such that 42 < , 7177

4o(o+01)’
o, (Fur = £)]| < Klecoon) (wa(Fsmm)ny + 32 s, ).
for all n € N such that v, < max { 2\/U(U+Ul)- \/\2/8+;)}
Proof. We define
Yn /2 Yn/2
frn (@) = 7,2 / / fx+t1 +t2) dty dis.
—Yn/2 =Vn/2

It is easy to see that

||wa(f’y" - f)Hp < W2(f§7n)o,pa
and
Hwaf || W2 (f3¥n)op-
Then
lwe, (F f = I,
< Nwo, B (f = f.)

lp 1oy (f = £l + llwe, (B £y = fr)

-
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Using (8) and (10), we have

In the same way, using (9) and (14) we get the inequality for

o (Ff = D,
<svaexp (77 Yol = 5.0, + oo (= .)
+ K (e, 0,000 (Ilwo £, )

<K (e, 0,072 (o (F = )l + 92 o (f = £,

')

< Ka(e,0,00002 (@2(f3 ) + 2 1w f1,) -

.

p + ||w‘7f”n

7 lwe Nl + 7 lwo £,

o (o=

)
p

and the proof is completed. 0

(1]
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