versie I\/\%’ihemoﬁco
ovaca

DOI: 10.2478/s12175-010-0004-z
Math. Slovaca 60 (2010), No. 2, 179-188

ON IDEMPOTENT MODIFICATIONS
OF GENERALIZED MV-ALGEBRAS

JAN JAKUBIK

(Communicated by Jiri Rachinek )

ABSTRACT. The notion of idempotent modification of an algebra was intro-
duced by Jezek; he proved that the idempotent modification of a group is always
subdirectly irreducible. In the present note we show that the idempotent modi-
fication of a generalized MV -algebra having more than two elements is directly
irreducible if and only if there exists an element in A which fails to be boolean.
Some further results on idempotent modifications are also proved.
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1. Introduction

The notion of idempotent modification A" of an algebra A was introduced in
[8]. It is defined as follows.

Assume that A = (A; F) is an algebra with the underlying set A and with
the set F' of basic operations. The underlying set of A’ is equal to A; the system
F’ of basic operations of A’ consists of operations f’, where f € F and

1) if f is a nulary or a unary operation, then f’ = f;

2) if f is an n-ary operation with n > 1 and if a1, as,...,a, € A, then
, _fom if ai=a3=---=a,
flar,az,..., an) _{ f(ai,az,...,a,) otherwise.
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The main result of [8] says that if V; is the variety of all groups, and G € Vi,
then G’ is subdirectly irreducible.

It is also remarked in [8] that it would be interesting to find other varieties
having the mentioned property.

In [7] it was shown that there exist infinitely many such varieties.

Let A be an MV-algebra; a result concerning subdirect irreducibility of A’
was proved in [7].

In the present note we prove that the idempotent modification A’ of a gen-
eralized M V-algebra A having more than two elements is directly irreducible if
and only if there exists an element in A which is not boolean.

We also show that if G is a lattice ordered group then G’ is subdirectly
irreducible. Some further results concerning idempotent modifications are also
proved.

2. Preliminaries

The notion of generalized MV-algebra was introduced independently in [3],
[4] and in [9] (in [3], [4] the term 'pseudo M V-algebra’ was applied).

For a generalized MV-algebra A we denote by A its underlying set. Using
the operations of A we can define a partial order < on the set A such that (A; <)
turns out to be a distributive lattice. Therefore, without loss of generality, the
lattice operations V and A can be included into the set of basic operations of A.

In this sense, a generalized M V-algebra A is considered as an algebra A =
(A;0,-,~,0,1,V,A) of type (2,1,1,0,0,2,2) such that

1) the axioms (M1)—(MS8) from [3] are satisfied;

2) foreachz,y€e A,z Ay=ziff z@y=1;

3) (A;V,A) is a distributive lattice with the least element 0 and the greatest
element 1.

(Ct. [3], [9].)

If the operation @ is commutative, then A is an MV-algebra. (Cf. [2].)

For lattice ordered groups we apply the notation and terminology as in [5] with
the distinction that the group operation is written additively; the commutativity
of this operation is not assumed to be valid.

Let G be the lattice ordered group with a strong unit u and let A be the
interval [0, u] of G. For z,y € A we put

r@y=(+y)Au, r=u—-2z, ~zx=-2+u 1=u.
Then A = (A; ®,—,~,0,1,V,A) is a generalized MV-algebra; it will be denoted
by T'(G, u).
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According to [2], for each generalized MV-algebra A there exists a lattice
ordered group G with a strong unit u such that A =T'(G, u).

In what follows, when speaking about a generalized MV -algebra A we always
suppose that G and u are as above.

3. Direct products

Assume that By and Bs are algebras of the same type. The direct product
By x By is defined in the usual way.
An algebra B is directly reducible if there exist algebras B and By such that

1) card By > 1 and card By > 1;
2) there exists an isomorphism ¢: B — By x Bs.

In this case we say that ¢ determines a direct product decomposition of B.

Direct product decompositions of generalized MV -algebras were investigated
in [6].

In the present section we assume that

A= (A4;&,-,~,0,1,V,A)

is a generalized MV-algebra. We put ¢(A) = (A;V,A) and we say that ((A) is
the underlying lattice of A.

An element a of A is called boolean if it possesses a complement in the lattice
(A).

Below we will apply the following fact (cf. [6]): If a is a boolean element and
b is its complement, then ¢: A — [0, a] x [0, b] defined by p(x) = (z Aa,zAD) is
an isomorphism of A = (A, ®, -, ~,0, 1) onto the direct product of ([0, a], B, g,
~q,0,a) and ([0, b], ®, ~p, ~p,0,b) where =,z = =z A p and ~, x =~ x A p (for
p € {a,b}).

We obviously have:

LEMMA 3.1. Suppose that card A > 2 and that all elements of A are boolean.
Then the algebra A’ is directly reducible.

LEMMA 3.2. Assume that the algebra A’ is directly reducible. Then card A > 2
and each element of A is boolean.

Proof. From the definition of direct reducibility we obtain that card A > 2.
By way of contradiction, suppose there exists an element = in A such that z fails
to be boolean.

In view of the assumption, there exist algebras

B’i = (Bi;@ivﬁivwiaoiv 1i7\/i7/\i) (7' = 172)
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of type (2,1,1,0,0,2,2), and an isomorphism
o: A" — By x Bs. (1)
We have
LA = (A4 V,N), UB;) = (Bi; Vi, As)  (1=1,2).

From (1) we obtain that ¢ determines a direct product decomposition

i L(A") = U(By) x £(Bz). (2)
Since ((A’) = £(A), the mapping ¢ also determines a direct product decompo-
sition of £(.A).

Hence, applying the same argument as in the proof of Lemma 3.1 (based
on [6]) we conclude that there exists a direct product decomposition

0: A— Ay x Ay, (3)
where ¢(A;) = £(B1) and £(Asz) = £(B2).

Let  be as above and ¢(z) = (21,22). If 21 is boolean in A; and x5 is
boolean in Aj, then according to (3) we get that z is boolean in A, which is a
contradiction. Thus without loss of generality we can suppose that x; fails to
be boolean in B;. This yields that z1 ® x1 > 1.

We have card B, > 1, hence there exists yo € By with yo # 2. Put y =
¢ Y(z1,y2). Then in view of (3),
ez @y) = (z1 @ 1,22 DY2).
Since = # y, we get x &' y = z @ y, whence
pz@'y) =pdy).

At the same time, we can consider the direct product decomposition (1). We
get

oz &' z) = (21 &1 21, T2 B2 T2).

Since z @' x = x, we obtain
x1 P12 = 7. (4)

Further, in view of (1) we have

oz @' y) = (x1 1 21, T2 B2 Y2).
Hence according to (4),

o(r @ y) = (z1, 22 D2 y2).

This yields z1 = x1 @ x1; we arrived at a contradiction. O

It is clear that if A is a generalized MV-algebra with card A < 2, then all
elements of A are boolean and the algebra A’ is directly irreducible.
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THEOREM 3.3. Let A be a generalized MV -algebra with card A > 2. Then the
following conditions are equivalent:

(i) There ezists an element in A which is not boolean.

(ii) The algebra A’ is directly irreducible.

Proof. This is a consequence of 3.1 and 3.2. ([l

4. Some further results

In the present section we deal with idempotent modifications of lattice ordered
groups and of some algebras which are related to M V-algebras.

For any algebra C we denote by conC the system of all congruence relations
on C.

From [8, Theorem 10] we immediately obtain:

PRrROPOSITION 4.1. Let G = (G;+,V,A) be a lattice ordered group. Then its
idempotent modification G' is subdirectly irreducible.

In the remaining part of this section we assume that A is an M V-algebra.
We also suppose that G is a lattice ordered group with a strong unit u such that
A =T(G,u) and that the lattice £(.A) is linearly ordered. Then the underlying
lattice of G is linearly ordered as well.

ProPoOSITION 4.2. (Cf. [7].) If A is semisimple, then the algebra A’ is simple.

Let us consider the algebra Ay = (A4;®,V,A). We will deal with its idem-
potent modification A, = (A;&',V',A\’). Since the operations V and A are
idempotent, V' and A’ coincide with V or A, respectively.

We show that the result analogous to that in Proposition 4.2 does not in
general hold for algebra Aj. (Cf. Proposition 4.8 below.)

For a € A and n € N we denote

na=a+---+a (n-times)
n-a=a®---da (n-times).
By applying the induction, we obtain:
LEMMA 4.3. Leta € A. Thenn-a = (na) A u.

For a,b € A we put a < b if na < b for each n € N. Further, let a be the
set of all a1 € A such that neither a < a1 nor a; < a is valid. In other words,
a1 belongs to a iff there are positive integers n; and ns such that nya = a; and

>
Nnoa = a.
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We set
S={a: ae A}
Ifa,be A, a <band a # b, then a; < by for each a; € a and b; € b. In such a
case we put a < b. Thus the relation < determines a linear order on the set S.
Clearly, 0 = {0}.
The definition of semisimplicity yields:

LEMMA 4.4. Assume that card A = 2. Then A is semisimple iff card S = 2.
LEMMA 4.5. Leta € A.

(i) a is a convex subset of (A);

(ii) a is a subalgebra of Aj.

Proof. The assertion (i) is obvious; thus a is closed with respect to the opera-
tions V and A.

Let n € N. Put b = naAu. Hence b = a Au = a. For n; € N with nq > n we
have nia =2 na =2 b. Thus b € a.

Let z,y € a. If x =y, then z &' y = x, hence x &' y € a. Assume that z # y.
Without loss of generality we can suppose that x < y. We get

rdy=cdy=(x+y)Au,
y<(r+y)Aus2yAu.

Since 2y A u € a, in view of (i) we obtain z @' y € a. O

Let a € A. For z,y € A we put x p® y iff either
(i) z=yandz2a,y=a
or
(i) z =y.
LEMMA 4.6. p® is a congruence relation of the algebra Aj.

Proof. In view of the assertion (i) of 4.5 we conclude that p® is a congruence
relation with respect to the operations V and A. We have to verify that p® is a
congruence relation with respect to the operation @'.

Let z,y,z € A and z p* y. For verifying the validity of the relation
(z @ 2) p* (y @ 2) it suffices to consider the case x < y. For z € x, the men-
tioned relation holds according to 4.5. Assume that z does not belong to x.
Hence x # z # y. Then

r® z=(x+2)Au, y& z=(y+2)Au.

Since ¢ 2 a and y = a we have t @' 2 2 a and y @' z = a. We distinguish two
cases.
a) Assume that z < x. Then we also have z < y. Thus

rS(z+2)ANus (z+y) Au=x&y.

184



ON IDEMPOTENT MODIFICATIONS OF GENERALIZED MV-ALGEBRAS

In view of 4.5 we obtain z &’ z € x. Further,
yS @+ Aus Y+ Au=cd'y,
whence y &' z € y = z and so (z &' 2) p® (y &' 2).
b) Now assume that z < z. If z < y, then in view of 4.5(i) we would have

z € x, which is a contradiction. Thus y < z. We also have = ¢ z, y ¢ =z.
Therefore by applying similar steps as in a) we obtain

x® ze€z, ydzez
Hence (z @' 2) p® (y &' 2). O

PROPOSITION 4.7. Let A be a linearly ordered MV -algebra. Suppose that the
corresponding set S has more than two elements. Then the algebra Ay is not
stmple.

Proof. This is a consequence of 4.6. (]

Let Z be the additive group of all integers with the natural linear order. Put
u = 2; then w is a strong unit of the linearly ordered group Z. Consider the
MV-algebra A; =T'(Z,u). Let Ay be defined analogously as Ay above.

PROPOSITION 4.8. The idempotent modification Ay, of Aio is subdirectly re-
ducible.

Proof. We denote by A; the underlying set of A;j; hence A; = {0,1,2}. Let
us deal with the partitions

p(l) = {{0}7{172}}7 pg = {{0,1},{2}}
of the set A;. For i € {1,2}, let p; be the equivalence relation corresponding
to p?.

It is obvious that p; and ps are congruence relations with respect to the
operations V/ and A’. For showing that p; is a congruence with respect to @'
we have to verify that for each z € Ay, the relation (z &' 1) py (z &' 2) is valid.
Put fi(z) =2 @' 1, fa(z) = 2 @' 2. We get

f1<0):1a f2(0)227 f1(1)=1, f2<1):27 f1(2):2’
as desired.

For considering the equivalence ps we denote fo(z) = 2®'0. We get fo(0) = 0,
fo(1) =1, fo(2) = 2; in view of the values of f; we obtain that ps is a congruence
relation with respect to the operation &'.

Let pmin be the least element of con Al,. Since p1 # pmin 7# p2 and p; A pg =
Pmin We conclude that A}, is subdirectly reducible. O

Again, let A be as above. We denote by A° the set {x € A: x # u}; this set
is partially ordered by the relation of partial order induced from ¢(.A).
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PROPOSITION 4.9. Let A be a linearly ordered MV -algebra. Assume that A°
does not have the greatest element. Then the algebra Aj, is subdirectly reducible.

Proof. For each a € A with a # u we consider the congruence relation p® on
Aj{, defined as above; then p® # ppi,. Put

/\ Pt =a.

acA°

It suffices to verify that o = ppin.

By way of contradiction, assume that a # pmin. Hence there exist z,y € A
such that x < y and v ay. If y = u, then thereisy’ € A with z <y’ <y. We
get  ay’. Thus without loss of generality we can suppose that both z and y
belong to A°.

There exists a; € A? with < a; and y < a;. In view of the definition of
p®t, the relation x p® y fails to be valid. Thus the relation x o y does not hold;
we arrived at a contradiction. O

LEMMA 4.10. Let xz,y € A, 0 < x < y. Assume that p is a congruence relation
of Ay such that x py. Then for eachn € N, n-ypy.

Proof. If 2-y =y, then clearly n -y = y for each n € N. Hence it suffices to
consider the case 2 -y # y. In this case we have y < n -y for each n € N, n > 1.

In view of z py we get (z @' x) p (x @' y), thus z p (x @ y). This yields
(e y)p((x@y) d'y)
We put
(zoy &' y=t
By calculating ¢ we must distinguish the cases t @y =y and z ® y # y.
First assume that © ® y = y is valid. We get
(z+y) ANu=y.

Since ¢(.A) is linearly ordered, we obtain that ¢(G) is linearly ordered as well
and thus the elements « + y and u are comparable in G.

If x +y 2 u, then (z + y) A u=u, whence y = u and so 2 -y = y, which is a
contradiction.

If 2+ y < u, then (x + y) Au =2z +y, hence x + y = y and so z = 0; again,
we arrived at a contradiction.

Therefore we must have x & y # y. Thus

t=(rdy)oy=20Hydy) =r62-y22-y>y.
We obtain y p (2 - y).
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Assume that n is a positive integer, n = 2, and that y p (n - y). Then
(y@'y)p(y@ (n-y)). Since y # n-y, we get

yo' (n-y)=y&(n-y)=mn+1)-y,
thus y p (n+ 1) - y. Therefore (n - y) py for each n € N. O

Now let us suppose that the set A° has a greatest element which will be
denoted by ag. If p and ¢ are elements of A such that the interval [p,q| is a
two-element set, then we express this fact by writing p < q.

Thus ap < u. From this we immediately obtain that for each z € A° there
exists a uniquely determined element 2’ € A such that x < z’.

LEMMA 4.11. Let card A > 3. Assume that ppin # p € conAj. Then ag p u.

Proof. Since p # pmin there exist x,y € A such that z < y and z py. Further,
there exists a uniquely determined element v € A with v + y = w.

If v =0, then y = u whence z < ag < y and then ag p u. Assume that v # 0;
then v > 0.

a) Suppose that z # v # y. Then x 4+ v € A, hence

r+v=c®v=xd v, z+v<y+wv,
u=y+v=yodv=ya v,

thus (x 4+ v) p u. Further, x + v < a¢ < u. This yields ag p u.

b) Suppose that y = v. Then u = 2y. If z = 0 and = < y, then y < u, whence
card A = 3, which is a contradiction; thus there exists z € A with 0 < z < y.
In such a case we can take the element z instead of x. Thus without loss of
generality we can assume that 0 < x.

For each t € A we put t = {t; € A: t; pt}.

First, suppose that there exists a positive integer ng such that ngy = u. Then
in view of 4.3 we have ng -y = u. According to 4.10, n -y € y for each n € N.
Thus u € y and also ag € y. Hence ag p u.

Further, suppose that ny < u for each positive integer n. Then n -y = ny
for each n € N, hence n; - y # ns - y whenever n; and ns are distinct elements
of N. Also, all n -y belong to y. For each n € N there is a uniquely determined
element v, of A such that n-y+v, = u. If ny,ny € N, ny # ng, then v,, # vy,.
Thus there is ny € N such that v,, # = and v,, # ny - y. Now let us consider
the pair (z,n1 - y) instead of the pair (x,y). According to a) we then conclude
that ag p u.

c¢) Suppose that z = v. We can apply the same argument concerning ng and
ny as in b). Again, we obtain the relation ag p u. g
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PROPOSITION 4.12. Let A be a linearly ordered MV -algebra. Assume that the
set A® has a greatest element.

(i) If card A = 3, then the algebra Aj is subdirectly reducible.
(i) If card A # 3, then the algebra A}, is subdirectly irreducible.

Proof. If card A = 3, then A ~ A;, where A; is as in Proposition 4.8; hence

(i)

is valid.
The assertion (ii) is a consequence of Lemma 4.11. |
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