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ABSTRACT. In this paper we define the notion of relative subalgebra of an
MV-algebra A. A particular case of this notion is the notion of interval subalge-
bra of A; this has been already studied in the literature.

Applying these notions, two new categories denoted as r.Z ¥ and int.#Y are
introduced. In both cases the objects are MV-algebras, but the homomorphisms
are defined by means of relative subalgebras or by interval subalgebras, respec-
tively. The relations occurring between these categories and the category of all
MV-algebras with usual homomorphisms are investigated. The main results of
the paper deal with one-generated free MV-algebras in the variety generated by
the finite chains S;, ¢ < p (p varying over the set of all positive integers) and their
relations to certain relative subalgebras of the cyclic free MV-algebra.
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1. Introduction

Several times it happens that given an MV-algebra A, special subsets of A,
which are MV-algebras but not MV-subalgebras of A, are considered, and that
they help in getting information about A. Indeed the same happens in the
theory of Boolean Algebras, where relative algebras are considered, see [9]. We
recall that Sikorski [10] and Tarski [11] proved the following generalization of
the Cantor-Bernstein theorem: For any two o-complete Boolean algebras A and
B and elements a € A and b € B, if B is isomorphic to the interval [0,a] C A
and A is isomorphic to [0,b] C B, then A and B are isomorphic. It can be seen,
then, that subsets of Boolean algebras which are Boolean algebras play a role.
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Generalizations of the above mentioned theorems to MV-algebras, say Cantor-
Bernstein type theorems, involve a similar structure in MV-algebraic setting, i.e.
the structure of interval MV-algebra subset of an MV-algebra, see for example

[4], [5], [6]-

We recall that in decomposing an MV-algebra A as a direct product sometime
MV-algebras having, as the underlying set, a subset (b] of A, are considered,
where b is an idempotent element of A and (b] is the principal ideal of A generated
by b. The MV-algebraic structure on (b] is defined in a canonical way, see [2]
where Theorem 6.8.5 provides a decomposition of complete MV-algebras. It is
worth to observe that in the MV-algebra A the MV-algebraic structure over
[0,0] is defined with the help of the map h,: A — A, just setting hy(z) =bAx
and =2 = b A —z. Then ((b],®, —,0) is an MV-algebra and hy, is a homomor-
phism of A onto (b]. Also a certain property of h; can be trivially observed,
actually the identity map d: hy(A) — A is such that hy o 6 = IDp,(a), where
1Dy, 4y denotes the identity map of hy(A). We mentioned such a trivial property
because, as we shall see (Section 5), this property will assume more significance
in a wider categorical context. Similar examples to above ones already shown
can be found again in [2, Proposition 6.4.1, Proposition 6.4.3, Theorem 6.7.3].
In [1] the authors defined an MV-algebraic structure on the interval [0,a] of a
given MV-algebra A, with a € A\ {0}. After denoting such algebra by A,, they
called it a pseudo-subalgebra of A. Then, it turns out that every MV-algebra
A’ is a pseudo-subalgebra of some perfect MV-algebra A, (see [1, Theorem 30]).
An analogous construction was presented in [7] and [8] where a structure of
MV-algebra has been defined over the interval [a, b] of an arbitrary MV-algebra
A, with a,b € A.

Looking at the above examples we can observe that in very special different
ways such subsets MV-algebras are built up. Here we generalize the aforemen-
tioned constructions showing that one can uniformly define subsets of A which
are MV-algebras. These algebras, described in the present paper, are called
relative MV-subalgebras. The existence of relative MV-subalgebras pushes us
to consider a new category of MV-algebras having as objects still MV-algebras,
but different morphisms, morphisms which are more general than the MV-ho-
momorphisms. Following this line we can define an intermediate category, still
having MV-algebras as objects and, as morphisms between MV-algebras A and
B, maps which are not MV-homomorphisms but, roughly speaking, preserving
MV-algebras which are intervals in A and in B, respectively. This allows to
express, for example, the Cantor-Bernstein type theorem, for Boolean algebras,
above mentioned referring to Sikorski and Tarski, in categorical terms inside this
new category.
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Let .#Z ¥ be the variety of all MV-algebras, N be the set of all positive integers
and p € N. Denote by %, the locally finite subvariety of .# 7 generated by the
finite chains S; = {0, 1,..., i*il, 1}, with ¢ < p, ie. J#, =V ({S1,...,Sp}). Let
F,(m) be the m-generated free M V-algebra in the variety .%#, and F'(m) be the
m-generated free M V-algebra in the variety .# ¥ .

As we shall show, the new class of morphisms between MV-algebras helps in
describing a hidden relationship between F),(1) algebras, p varying over the set
of all positive integers, and F'(1).

Actually we show that:

1. up to isomorphism, every one-generated free F,(1) algebra is a relative
MV-subalgebra of the cyclic free MV-algebra F(1), for any p;

2. up to isomorphism, the set of one-generated free F,(1) algebras, p varying
in the set of all positive integers, forms a directed system in the category of
relative MV-algebras;

3. up to isomorphism, each one-generated free F},(1) algebra is a retractive
subalgebra of F'(1), in the category of relative M V-algebras;

4. there is a family 2 = {D, }pen of finite sequences of elements of @ N [0, 1]
(sub-Farey sequences), such that each element D), € Z allows us to cut out
a relative MV-subalgebra of F'(1), which is isomorphic to F,(1).

We shall refer to [2] for any unexplained notion on MV-algebras and, for a better
readability of the paper, we confine to Appendix the results, useful for our aims,
which essentially concern with elementary properties of the integer numbers.

2. Relative M V-subalgebras

Let A= (A,®,*,0) be a nontrivial MV-algebra, 1 = 0* and zy = (z* ® y*)*.
Following the tradition, we consider the * operation more binding than any other
operation, and the product more binding than the addition.

Let a,b € A, with a < b.

LEMMA 1. For every x,y € [a,b], x ® a*y = a*x D y.
Proof. Since z,y > a, we have: @ a*y=a@a*z @ a’y =a*z D y. O

We define two new operations in [a, b]:
1. for z,y € [a,b], zWy = (aDa*x D a*y) ANb= (x®a*y) Nb= (a*zDy) Ab;
2. for z € [a,b], z = a ® z™b.
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We call relative MV-subalgebra of A every nonempty subset P4(a,b) of [a,b]
closed with respect the above operations. If a = b we say that the relative
MV-subalgebra P4(a,b) is trivial. In the sequel, when there is no ambiguity, we
shall drop the subscript A.

PROPOSITION 2. Let P(a,b) be a relative MV-subalgebra of A. Then (P(a,b),
W,” ,a) is an MV-algebra, where a = b and L(P(a,b)) is a sublattice of L(A).

Proof. Let x € P(a,b). xWx = (a*x & a® x*b) ANb=0>b € P(a,b); moreover
b=a®b*b=ac P(a,b). Thus a,b € P(a,b) anda=a®a*b=aVb=D0.

1. W is associative.

Indeed (zWy)Wz = (((zBa*y)Ab)Ba*2)Ab = ((xda*yda*z) A (bda*z))\b =
(x@a*y®a*z) AND.

On other hand 2z W (yWz) = zW ((yDa*2) Ab) = (a*x® ((yDa*z) Ab))ANb =
(a*z @y ®a*z) \NDb.

The thesis follows from Lemma 1.

2. W is commutative; it follows by definition.

. zWa=(x®a*a) Nb=uz.

4. 2db= (a*z®b) Nb=0b.

5. (zWy)Wy = (yWa)Wa=xVuy.

Indeed, set @« =z Wy, a = (a P z*b P a*y) Nb = (z*b P y) ANb and a =
a@ [ by A b=a® [(z*bDy)* VI b=a® (z*bDy)*b=a® (x AD)y*.

Hence aWy = (a® (zAb)y* ®a*y) Nb= (y® (zAb)y*)Ab=yV (zAb) = yVa.

Exchanging the roles of x and y, we get (y W )Wz = 2Vy. Thus the equality 5
is proved. O

Given an MV-algebra A, if P(a,b) = [a,b], then the relative MV-subalgebra
P(a,b) of A will be called interval algebra of A or simply interval algebra.

Ezxample. We shall now exhibit an example of relative subalgebra which is not
an interval algebra.

Let F(1) be the MV-algebra of McNaughton functions with one variable.
Let a = 0, the function identically zero on [0,1], b = (z V 2*)?, f = 22 and
g = (2*)2, where z is the generator of F(1). Set P(a,b) = {a,b, f,g}, we get
that (P(a,b),w,” ,a) is a relative subalgebra of F(1), which is not an interval
subalgebra of F'(1).

Beginning from the MV-algebra (Pa(a,b),W,” ,a) and two elements ¢,d €
P4(a,b) with ¢ < d, we can construct a relative MV-subalgebra Pp, (4,4)(c,d) of
Py (a,b), defining two new operations t and —:
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for x,y € [e,d], x Ty = (xWcoy) Ad,
for x € [¢,d], ~x =cWcod,
where zoy = (zWy).

The next proposition shows that every relative MV-subalgebra of P4(a,b) is
a relative MV-subalgebra of A. Indeed we have:

PROPOSITION 3. For z,y € [c,d]
1l.zty=(x®c*y) Ad;
2. ~x =cPHzx*d.

3. The category of relative MV-algebras

DEFINITION 4. Let A and B be MV-algebras. We call relative homomorphism
from A to B a map h: A — B such that, for every relative MV-subalgebra
D = P(a,b) of A, h(D) is a relative MV-subalgebra of B and the restriction of
h to D is an MV-homomorphism from D to h(D). If h is an injective map, we
shall say that h is a relative isomorphism.

PROPOSITION 5. Every relative homomorphism from A to B is an order pre-
serving map.

Proof. Let a,b€ A, a<b and D= P(a,b)={a,b}. By hypothesis {h(a), h(b)}
is a relative MV-subalgebra of B and the restriction of h to D is an MV-homo-
morphism from D to h(D). Thus h(a) < h(b). O

PROPOSITION 6. Every homomorphism h from A to B is a relative homomor-
phism.

Proof. Let D = P(a,b) be a relative subalgebra of A. By hypothesis h(a) <
h(z) < h(b), for every x € D; thus h(D) C [h(a),h(b)]. Moreover h(x W y) =
B{(2 © a*y) Ab) = (h(z) © h(a)*h(y)) A h(b) = h(z) & h(y); h(z) = h(a®o"b) =
h(a) @ h(z)*h(b) = h(x).

COROLLARY 7. The identity 14, defined on the MV-algebra A is a relative ho-
momorphism.

O

There are relative homomorphisms which are not homomorphisms. As an

example consider the two finite MV-chains Sy = {0, é,l}, S5 = {0, é, g, g’, g, 1}

and the map h from S; to Ss, defined as h(0) = %, h(3) = 2, h(1) = 3. The

mapping h is a relative homomorphism from S5 to S5, but is not a homomor-
phism from S5 to Ss.
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THEOREM 8. The class r.#V , whose objects are MV-algebras and whose mor-
phisms are the relative homomorphisms, is a category.

Proof. By Corollary 7, every object A has the identity.

Let us consider, as categorical composition, the ordinary composition of func-
tions. Then it is immediate to show that f o g is a relative homomorphism and
that (fog)ok = fo(gok), for every triplet f, g, k of relative homomorphisms. [J

DEFINITION 9. Let A and B be MV-algebras. We call interval homomorphism
from A to B a map h: A — B such that, for every interval MV-subalgebra
D = [a,b] of A, h(D) is an interval MV-subalgebra of B and the restriction of
h to D is an MV-homomorphism from D to h(D). If h is an injective map, we
will say that h is an interval isomorphism

PROPOSITION 10. Every homomorphism h from A onto B is an interval homo-
morphism.

Proof. We shall limit ourselves to verifying that if D = [a,b] is an interval of
A, then h(D) = [h(a), h(b)]. Being h a homomorphism, k(D) C [h(a), h(b)]. Let
now y € [h(a),h(b)]; by surjectivity of h, there is z € A, such that h(z) = y.
Thus z =aV (x Ab) € [a,b] and h(z) = y. O

COROLLARY 11. The identity 14, defined on the MV-algebra A is an interval
homomorphism.

THEOREM 12. The class int.#V, whose objects are MV-algebras and whose
morphisms are the interval homomorphisms, is a category.

Proof. Analogous to the proof of Theorem 8. (]

THEOREM 13. The category A4V is a subcategory of int.#4V , and int. 4V is
a subcategory of r MYV .

We notice that an example of interval homomorphism is given by the mapping
hy: A — A defined in the introduction. Furthermore, given the MV-algebras A
and B and a map h: A — B such that A = h(A) = [0,b] for some b € B and
[0, b] interval subalgebra of B, then h is an interval homomorphism from A to B.
Hence genuine morphisms of the full subcategory of int.# ¥ made by Boolean
algebras are involved in the claim of a theorem of Cantor-Bernstein type already
mentioned in the introduction. More precisely we have:

THEOREM 14. For any two o-complete Boolean algebras A and B and elements
a € A, b e B and interval homomorphisms ¢: A — B and ¢: B — A such that
p(A) is MV-isomorphic to the interval algebra [0,b], ¥(B) is MV-isomorphic
to the interval algebra [0, a], then there is an interval isomorphism (actually an
MV-isomorphism) between A and B.
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Similar translations can be obtained for other MV-algebraic generalizations
of the Cantor-Bernstein theorem.

4. Free MV-algebras

Set ¢(1) = {0,1}. For n € N\ {1}, we shall denote by ¢(n) the set of all
c € N such that ¢ < n and ged(c,n) = 1.

On the set of positive integers N we define the function v,,(x) as follows:
Um (1) = 2", v (2) = 3™ =27, . v (p) = (pH1)™ = (0m (1) £+ -+ vm (16-1))
where ni(=1),...,n,_1 are all the divisors of p distinct from p. Then (see [3,
Lemma 2.2])

Fy(m) 22 Sy s §um @),
If we consider the case m = 1 and set ¢(1) = {0, 1}, then we have
Fy(1) S;’l(l) X e X S;))l(p)

where vy (i) = |p(i)|, for every i = 1,2,...,p.
It is known that:

p
LEmMA 15. | S;
i=1

p
= S le@l=p* A +r20 (57) +1.
1=

P
Proof. For p =1 the thesis is true. Then we proceed by induction. |J S; =
i=1

1=

:Eww+mm=§ww. 0

i=1

p—1 P
U sS:u {f) s ke (p(p)}. Hence | S;
i=1 =1

1

P P
So every f € Fy(1)isamap f: |J S; = (U Si, such that f(f;) € Sy, where
i=1 =1

1;’ is in irreducible form.

In the sequel, for every p € N, T,, will denote the increasing ranging of the
P
elements of J ;.
i=1

DEFINITION 16. Let X be a finite subset of [0,1] and x € [0,1[. We shall call
subsequent element of z in X the smallest element of {y € X : y > z}.

Analogously:

DEFINITION 17. Let X be a finite subset of [0,1] and x €]0,1]. We shall call
previous element of x in X the greatest element of {y € X : y < x}.
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If u > 1 is a positive real number, [u] will denote the integer part of u, that
is [u] = max{n € N: n < u}.

Now, with the help of the results proved in Appendix, we are going to char-
acterize the previous and subsequent element of a given element of 7).

PROPOSITION 18. Let ¥ € T),, then

1. the subsequent element of Z in T, is the rational number 7’; such that
(hym) € S*(k,n) (see Section 8) and m = max{ng +tn : ng+ tn < p}
=ng + ton, to = [p_n"[’];

2. the previous element offl in T, is the rational number :1 such that (h,m) €
S~ (k,n) (see Section 8) and m = max{tn —ng : tn —ng < p} =t1n —ng,
ty = [PTro].

n

Proof.

1. By Proposition 37, 2 and 4, :1 > Z Let : << :fz Then by Lemma 39,
s=2n+m=mn+mny+ton =no+ (to + 1)n > p. Since every element of T},
has a positive integer less than p as denominator, then ” ¢ T, and 7’; is the
subsequent element of ﬁ in T5,.

2. Analogous to 1, using Lemma 40. [

Consider the following sequences of elements of [0, 1]:

D, ={0, 3,1}
D2 = {Ovévévgvl}

_ 1121323
D3_{074737572’5’37471}

_ 1121213253 4
D4*{075747773’5’27573’7’4’571}

Thus D, is obtained by T, and by inserting, between any two consecutive

a c : - a+tc
elements }, 5 € T}, their mediant bt

Remark 19. With the notations of Proposition 18,

(i) if fL € T, and L‘L is its subsequent element in 7}, then the mediant between

¥ and ! is the rational number :giggﬁgi Thus (k+h,n+m) € ST(k,n)
(see Section 8),

(i) if 7’2 € T, and ;‘L is its previous element in 7T}, then the mediant between 7’;
and ¥ is the rational number ((fgillgs:zz Thus (k+ h,n+m) € S~ (k,n)
(see Section 8).

From (i) and (ii) it follows:
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(iii) Let ﬁ €Ty, :1 and 7’;,/ be the previous and subsequent element of fL in 15,

respectively. Moreover, let § and | be the mediants between :1 and ﬁ and

between i and :1/,, respectively. Then gig = fl

Analogous finite sequences of elements of [0,1] N @ (the Farey partitions) are
considered by the authors in [2], with the purpose to give a proof of McNaugh-
ton’s theorem in the one-variable case. Any sequence D,, will be called sub-Farey
sequence and in particular sub-Farey, sequence.

For p =1, 2,3, the sub-Farey, sequence and Farey, partition coincide.

Although the sub-Farey sequences and the Farey partitions share some prop-
erties, they differ from each other for p > 4. Indeed, for p > 4, the cardinality
of Farey, is equal to 2P + 1, while |D,| increases in a polynomial way and
Farey, # D), as we shall clarify in Lemma 20, 6 and 7.

Set D, =T, U M, where M, denotes the set of all mediants of the elements
of T},.

LEmMA 20.
1. For everyp €N, D, C Dy 1;
. all fractions in Dy, are in the irreducible form;

. for any two consecutive fractions § < G in Ty, § < ‘b’jrrg < g

2
3
4. every irreducible fraction € [0,1] occurs in some D,;
5

. the interval [, §] determined by any two consecutive fractions § < § in D,

has the unimodularity property cb — ad = 1;
6. forp > 4, Farey, # Dp;

p
71Dy =23 le()] =1 = % +2p20 (57) + 1.
i=1

Proof.

1. IfxeT, thenz € Ty C Dpyq.

Consider x = 7 € M\ T,1 and let ﬁ and 7}7‘1 be the previous and consecutive
elements of z in T,,. Thus s=n+m > p+2.

Let now 7; be any element such that Z < 7; < 7’; . From Lemmas 39 and 40,
g=n+m2=p+2, hence 7; ¢ Tpi1.

Thus we can conclude that ﬁ and :1 are consecutive also in 7}, 1; and that
z="€Mpi1 C Dpi1.

2. Tt follows from Remark 33, 2 and Remark 19, (i), (ii).

3. It follows from Propositions 18 and 37, and Remark 19, (i), (ii).

4. Trivially 7 € Ts C Ds.

5. It follows from Remark 19, (i), (ii).
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6. We recall that, by Proposition 18,1, if § € D, then b =1r+s with r,s <p
and r # s. Hence b < 2p — 1.

For p = 4, as we said above, g ¢ Dy, while g € Farey,.

Assume now p = 4+¢q, ¢ > 1. The subsequent element of g in Farey, is equal

to ggig and ggig ¢ D,. Indeed 8¢+ 5 < 2p — 1 implies ¢ < 0, a contradiction.
7. It follows from Lemma 15. O

As we shall see, each sequence D,, allows us to cut out a relative subalgebra
of F(1), which is isomorphic to F,(1). Indeed now we are going to map the set
of sub-Farey sequences to a subset of McNaughton functions.

For every f € F,(1), let F' be the following function:

P

flz) ifze S,
F:zeD,— e
i=1

For every x € [0,1] \ Dy, let x; be the previous element of = in D, and ;14
the subsequent element of x in D,,.
Finally set

Frig1)—F(zi) (. . Fx; if z €[0,1]\ D
gP(f): S [0, 1] _>{ (Tit1—m;) (z — i) + Fx;) ifx [ ’ ]\ P

F(x) otherwise.

Thus g,(f) is a continuous piecewise linear function, whose graph consists of
the segments joining the points (z;, F(x;)), z; € D).

Let u, be the unit of F,(1), v, = gp(up) and Gp(1) = {gp(f) : f € Fp(1)}.

For every g = g,(f) € Gp(1) let Z(g) = g~'(0) be the zeroset of g. Then,
with the above notation, by definitions and Remark 19(iii), we get:

LEMMA 21. Let g € Gp(1), then we get:
1. Z(g) D Dy \ Tp;
2. if § and § are two consecutive elements of Dy \ Ty, then Z(g) D [7, ] iff
FGEe) =0.
THEOREM 22.
1. For every f € Fy(1), gp(f) is a McNaughton function.
2. gp is an injective map from F,(1) onto Gp(1) C F(1).

Proof.
1. We have to show that the coefficients of g,(f) are integer numbers.
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a) Let 2; = * € T, and let " be its subsequent element in Tj,. Then
n p et h m p
+

ntm:

Recalling that F(x;) = ’f{, K €{0,...,n}, F(zix1) =0 and (k+ h,n+m) €
ST (k,n) (see Section 8 and Remark 19), we have F(ﬁﬁziff)ﬂ“) = (_15)
—k'(n+m) € Z.

Moreover, using Remark 19, F(?;jil):i()“) (—z;) + F(z;) = —k'(n+m) (= F)
+ M = (nrmk+1) = nh+k) =kK(h+k) e

b) Let z;41 = fL € T, and let :1, ((h,m) € S~ (k,n)) (see Section 8) be its
previous element in 7j,.

Then z; € D, \ T, and x; = *"

n+m’
Recalling that F(z;41) = ’j:, K €{0,...,n}, F(z;) =0and (k+ h,n+m) €
S~ (k,n) (see Section 8 and Remark 19), we have

Ziy1 € Dy \ T, and x4 =

(Tig1 — m4) n(nim)

Moreover, using Remark 19, F(J(C;ﬁz:i()“)(—xi) + F(z;) = K(n+m)(=F)
+ M = F((ntmk+1) = nh+k)=-kK(h+k) e

2. Let f,f' € F,(1) and f # f’. Then there is an element z € T, such
that f(z) £ (@) Since gp(f)(z) = f(x) and gp(f)(x) = f'(z), we get
9p(F)# gp(f")-

The theorem is completely proved.

Remark 23. For any p € N and Z € T, set:

h’ . k . k
v, as the previous element of ” in T}, if } € T}, \ {0},

h,,/, as the subsequent element of ﬁ in T}, if fL e T, \ {1},

1.
2. I
3. ap(M)(2) = (M +n)z—(h'+k))# N(—(m"+n)z+(W"+k))# if © € T,\{0,1},
4. 0p(0)(@) = oy () (@) = (1 = (p+ D)7,
5. ap(1)(w) = ap (1) (@) = ((p+ Dz — p)*.
Then, by Remark 23, each ap(ﬁ), peN, F e 1), is, like a Schauder hat

’n
(see [2, p. 58]), a function whose graph consists of the four segments joining the

points (0, 0), ( k+h' 0), (ﬁ, 1) , ( k+h" 0), (1,0).

n+m’’ n n+m'’?
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PROPOSITION 24. Letp € N. Then

k k
1. for any two elements |," €Ty, ~ # ",

() (Fap (1) ®Xap () Asap (7)) =0, 0K, X <
(i) (op ()" (pp (1)) = pan (1), 0<p <.
2. If f € Fp(1) and f(£) =¥/, then

K ay, <k> = {gp(f) Ve [72/1];’ Z/iﬂv

n 0 otherwise.

Proof.
1. Assume Z < ’; Let ;‘: and Z:: be the previous and the subsequent element
of 7 in T),, respectively.
To show (i), we consider three different cases.
a) Let 0 <z < Z,ig
= 0. Indeed (v + )z — (W +7) <0, for z < “ 1"

v'+s”
b) Let " <z < 1.

UN+S ~

Then (K'oy () @ x'ap (5)) A sap(D)(z) < sap(D)(z) < (—s[(v” + s)z —
(u” +7)])# = 0. Indeed —[(v"" + s)z — (u” +7)] <0, for x > Z‘::ig

uw' +r w4, k+h'""
c) Let e ST T thus = > it

Then  (Kap (1) & X'ap (1,)) A sap (1) () < (Kap () @X'ap (1)) <
(=n[(m"+n)z — (K" + k)])# = 0. Indeed —[(m” + n)x — (b’ + k)] < 0, for
k+n"

n+m'’ "

To show (ii), observe that, for x € [0, z:ig}, pap() = 0, while, for z €
[oin 1] (e (7)) =1

2. Proving 1, it remains to show that k’cy, (Z) = gp(f) on [

x =z

’ 1"
h'+Ek h +k] It

m’+n’ m'’+n

is enough to consider that both coincide with the line for ( Wtk 0) and (k k,)

’ ’ " m’-i—/n’ n’on
on [t K] and the line for (¥, %) and (1% 0) on [F, I, tF]. O

m'4+n’n m'’'4+n’ n’m'’4+n

COROLLARY 25. For every f € F,(1),

win) =\ ¥a, (1)

k
n ETP
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where
kY _ K
f (n) —n’
W - ko ok
v, is the previous element of " in T, if " € T, \ {0},

7}7‘;,/, is the subsequent element of * in T, if ¥ € T, \ {1},
ap (fL) (x) is defined like in 3,4,5 of Remark 23.

=W N =

With notations of Section 1, Proposition 24 and Corollary 25 we get:
THEOREM 26. For everyp € N,

1. (Gp(1),w,7,0) is a relative MV-subalgebra of F (1), where 0 = gp(up) = vp;
2. gp is an MV-isomorphism between F,(1) and MV-algebra (G,(1),w,” ,0).

Proof. Let h = g,(f) € Gp(1). Then, by Corollary 25,

)=V Koy (1) <V onay (1) = sl = vy

n €T
Thus 0 < h < vy, for every h € Gp(1) and 0 = 0 ® 0%v, = vp.

Now we shall prove that g,(f & g) = (9,(f) ® gp(g9)) A v, and that g,(f*) =
(9p(f))*vp, for every for every f,g € F,(1).

Cramm 1. g,(f @ g) = (gp(f) ® 9p(9)) A vp.

Set f(i) = ];/, g(i) = ’;j and k¥’ @ x’' = min (k' + x/, n).

With these notations (f & g)(*) = k/fx/.
By Corollary 25
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Besides, applying Corollary 25 and Proposition 24,1, for g(”) = ps,, we have:

(9p(f) © 9p(9)) Ay

: (Vk(f)@ v ,fap(:)> \ (z\/ mp(:)>

€Ty

(W () ve (D)6 V. (el

nETP

€T,

-V (e (S (£ (2)

€T,

() () (e

In the last expression

if k' +x' > n, then Koy, (F) & X', (7) = nay, (),

o (Kay, (4) @ Xy (£)) Ama, (4) = ey (4),
if &' +x' <mn, then K'a,, (F) & X'y, (F) < ney, (¥) and
(klo‘p (2) O X oy (2)) A nay (fl) = (K +x)oyp (ﬁ)

Therefore

(9p(f) ® gp(9)) Nvp = \/ (K ®x") Qp <:> =gp(f®9).

ke,
CrLAm 2. g,(f*) = (g,(f))*vp-

By Corollary 25
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Moreover, applying Proposition 24,1 and the distributive property of the product
with respect to A and V,

*

(9p(f)) vp =

/N

Il
w3
m
o3
ol
N
=
Q
)
N\
3 =
A/~ ~~——
~~_
*
@
Q
)
/~
<
—

where f(") = o< p < s,

S )
In conclusion

(N7 =\ (s =y (L) = gn(F"):

Ter,

The above statements show that G, (1) is closed under & and ~. Thus Gp(1)
is a relative subalgebra of F'(1) and g, respects the operations.

By Theorem 22,2 g, is an MV-isomorphism between F},(1) and MV-algebra
(Gp(1),w,7,0). O

With the aim to give a definition of relative directed family of MV-algebras,
we introduce some notations.
For p < ¢q, set

F,q(1) = {f € Fy(1): f(x) =0 for every x € qu S,} :

i€p+1

Let up,q € Fp (1) be the function defined by:

p
1 if ze U SZ‘,

Upq(z) = =
i=p+1

Then with the above notations we have:

PROPOSITION 27. For p,q € N and p < q, F,4(1) = P(0,up,q4) is a relative
subalgebra of Fy(1).
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Proof. It is easy to check that 0 and wu, , are the smallest and the greatest
element in F), 4(1), respectively, and that F), ,(1) is closed with respect to the
operations W and ~, as defined in Section 1. O

For p,q € N and p < ¢, we define the mapping
ep,q: Fp(1) = Fpq(1),

as follows:
P
flx) ifze U S;,
epq(f)(x) = Z:}I
0 ifzxe U Si~
i=p+1

ProrosITIiON 28. Forp,q € N and p < q, €, 4 is a relative isomorphism from
F,(1) to Fy(1).

Proof. Trivial OJ

Finally we set
Opq: h € Gp(1) = k € G4(1),

where k is defined by
k= gq(ep,q(gp_l(h)))-

PROPOSITION 29. Forp < ¢, Ypg = Jq © €p,q © g;l 1 a relative isomorphism
from G, (1) to G4(1).

Proof. It follows by Theorems 8 and 22 and Proposition 27. O
DEFINITION 30. A relative directed family of MV-algebras is defined to be a
triplet of the following objects:

(i) A directed partially ordered set (I, <);

(ii) a family of MV-algebras (A;)er ;

(iii) a family of relative homomorphisms ¢; ; from A; to A;, for all i < j such
that

Ci ik =ik I 1<j<Ek
and ; ; is the identity map for all § € I.

PROPOSITION 31. ((Gp(1))pen, ¥p.q) is a relative directed family of MV-alge-
bras.

Proof. From Propositions 27 and 28 and Theorem 8. (]

58



RELATIVE MV-ALGEBRAS AND RELATIVE HOMOMORPHISMS

5. A retraction

Let p be a positive integer. We define the following binary relation on F'(1):

s, t € F(1),
S =p t
iff
Ve e T, C[0,1] s(z)=t(z).

The relation =, is a congruence of F(1) and (F(1)/ =,) = F,(1). Thus, by

=,, we can define an MV-homomorphism h, from F(1) to F,(1). In symbols
hy: fe F(1) = fr,.

Then the map g, o h,, which we shall denote by J,, is a relative-homomor-
phism from F(1) to G,(1). Since G,(1) is a relative-subalgebra of F'(1), the
identity map i, provides a relative-homomorphism from G,(1) to F(1), too.

Summarizing, we get the following relative-homomorphisms:

dp: F(1) = Gp(1) ip: Gp(1) = F(1).
A direct inspection proves that the following relation holds:
dp oip =1IDg, ),
being I D¢, (1) the identity map of G,(1). By the above relation we get:

PROPOSITION 32. For every p € N, G),(1) is a retract of F(1) in the category
rAY .

6. Appendix

Let Z be the set of all the integers, and N = ZT be the set of all the positive
integers and Z~ the set of all the negative integers.
Let n € N\ {1} and k € ¢(n). It is well known that the set

S(k,n) ={(h,m) EZXZ: hn—mk=1} £
and that
S(k,n) C(ZU{0} xZ7)u(ZT xZ™).

To make easier the notations we set:

S*(k,n) = S(k,n)N(ZT xZ"),

S™(k,n) = {(h,m) €EZLXZ: (—h,—m) € S(k,n)N(Z~ U{0} x Z’)} ,
=S (kyn) = S(k,n)N(Z~ U{0} x Z7).
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So
|S(k,n)| = S+(k,n) US~(k,n) C YARS! {0} x A
and
S(k,n) = ST (k,n)U—-S"(k,n).
Remark 33.

1. (h,m) € S~ (k,n) if and only if (h, m) > (0,0) and hn — mk = —1.
2. for any (h,m) € |S(k,n)|, and g.c.d. of h,m is 1.

With the above notations we have:

LEMMA 34. Let k € p(n) and (h,m) € |S(k,n)|. Then the following statements
hold:
1. If (h,m) € S*(k,n), then h < m, and h =m if and only if h =m =1 and
k=n-—1;
2. if (h,m) € S~ (k,n), then h < m;
3. hep(m).

Proof.

1. If h > m, then mk+1=hn >mn=m(n—1)+m > m(n—1)+ 1. From
that £ > n — 1, absurd.

To show the second part of 1, it is enough to observe that h = m is equivalent
to h(n — k) =m(n— k)= 1.

2. If h > m, then we get —1 = hn — mk > m(n — k) > 0, absurd.

3. It is trivial. O

h

m

h

From Lemma 34 for every (h,m) € |S(k,n)|, ;! € [0,1] where [ is in the

irreducible form.
LEMMA 35. Let k € @o(n). Then there is a pair of integer numbers (h,m) €
S(k,n) satisfying the following properties:

1. (h,m) € ST (k,n) and m < n,

2. h <k,

3. h=Fkifandonlyif h=k=1andm=n—1.
Proof.

1. Since k € ¢(n), the congruencial equation modulo n, xk = —1(n), has

solutions, which constitute a whole class in the set of the classes modulo n.

Thus there is an integer m such that 0 < m < n and mk = —1(n), that is
mk + 1 = hn, for some h > 0.
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2. If h > k, then 1 > k(n —m) > k, absurd.
3. It is enough to observe that h = k is equivalent to k(n — m) =

h(n —m)=1. O
PROPOSITION 36. Let k € p(n). Then there is just a pair (h,m) € S(k,n) such
that

1. (h,m) € ST (k,n) and m < n,

2. h <k,

3. h<korh=k=1andm=n—1.

Proof. By Lemmas 34 and 35 such a pair exists. Assume now there are two
elements in S(k,n) with the above properties. Let them be (h,m) and (h/,m').
Being hn — mk = h'n — mk’, we have (h — h')n = (k' — k)m. Thus m divides
h—h' (m € ¢(n)), which is absurd, since |h — /| < m. O

In the sequel we shall denote by (kg, ng) the unique element of ST (k,n) with
the properties of Proposition 36.
PROPOSITION 37. Let k € o(n). Then we get:

1. S(k,n) = {(h,m) € {(Z~ U{0}) xZ")U(Z" x Z"):
(3t € Z)((h,m) = (ko,no) + t(k,n)) },

2. (hy,m) € St(k,n) if and only if t € NU{0},
3. S7(k,n) ={—(ko,no) +t(k,n): t € N},
<Sgi§i>teNu{o} is a strictly decreasing sequence and lign Sgiii =k
—ko+tk : : ; ; s —kottk _ k
5. (‘”SH")teN s a strictly increasing sequence and h%n Cmottn = n
6. (ko,mo) = min St(k,n),

7. for every (h,m) € S(k,n), 7’; > 7’2 if and only if t € NU{0}.

Proof.

1. By an easy calculation we can prove that (kg,no) + t(k,n) € S(k,n),
for every t € Z. Assume now (h,m) € S(k,n). Then hn —mk = 1 and
(h — ko)n = (m — ng)k. Since k € p(n), k divides (h — ko) and h = ko + tk, for
some t € Z. Analogously n divides (m — ng) and m = ngy + sk, for some s € Z.
Substituting h and m in hn — mk = 1, we get t = s. Thus 1 is proved.

2. Tt is trivial that ¢ € NU {0} implies (h,m) € S*(k,n). Assume (ko,no) +
t(k,n)) € ST(k,n). Then ko + tk > 0 and by Proposition 35, 2, t > —kko > —1,
that is t € NU {0}.

3. From 1 and 2.

61



ANTONIO DI NOLA — ADA LETTIERI

4. Reminding that nky — kng = 1, by an easy calculation we get
ko+(t+1)k  ko+tk 1

= - < 0.
no+ (t+1)n  ng+tn (no + (t+ 1)n))(no +tn)
Thus
ko+ (t+ 1)k ko + tk . ko +tk k
and lim = .
no+ (t+1)n  ng+tn t ng+tn n
5. As in 3, since nkg — kng = 1,
—k t+ 1Dk  —ko— +k 1
o+ (t+1k  —ko—+k _ 5 0.

—ng+(t+1)n  —ng+tn  (—ng+ (t+1)n))(—ng +tn)

Thus
—ko+ (Et+ 1)k  —ko+tk . ko—tk Kk
and lim = .
—ng+(t+1)n "~ —ng+tn t mg—tn n
6. It follows immediately from 2.
7. Let h = ko 4+ tk and m = ng + tn, then
h k h k 1
> = - = >0,
m -~ n m n  n(ng+tn)

that is if and only if ng + tn > 0. By Proposition 36, 1, ng 4+ tn > 0 if and only

ift > 0.

LEMMA 38. (h,m) € St(k,n)\ {(1,1)} if and only if (k,n) € S~ (h,m).

Moreover, if
h =ko + tk and
m =ng + tn,
then we get:
form > n,
ho =ko + (t — 1)k and
mo =ng + (t — 1)n;
for h = kg and m = ng,
ho =t'ko — k and

mo =t'ng — n, where t' = [ " ] + 1.

no

g

Proof. 1 = hn —mk if and only if km — nh = —1. Hence the first statement

is proved.
Let m > n. We claim that (ko + (t — 1)k, ng + (t — 1)n) € S(h,m).
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Indeed, by (1) and (2), (ko + (t — 1)k)m — (no + (t — 1)n)h = kom — noh +
(t—1)(km —nh)=t—(t—1)=1.

Moreover 0 < ng + (t — 1)n < ng + tn = m, thus (3) and (4) follow by
Proposition 37.

Let now h = kg, m = ng. Dividing n by ng, we get n = (' —1)ng+r, r < no.

From that 0 < t'ng —n =no+ (¢’ — 1)ngp —n = ng —r < ng = m. Since
(t'ko — k,t'ng —n) € S(ko,no), (5) and (6) follow by Proposition 37. d

LEMMA 39. Let *, " €]0,1[, (h,m) € S*(k,n) and ¥ <7 < . Then s >
n+m.

Proof. If h=m =1, then Kk = n — 1 and the thesis is trivial.
By hypothesis (h,m) € ST (k,n) \ {(1,1)} we get:

hn =km+ 1, (7
m = ton + ng for some ty € NU{0} (Proposition 37, 2), (8)
(k,n) € S~ (h,m) (Lemma 38), (9)
n =1tim —myo for some t; €N (Proposition 37, 3).  (10)

By hypothesis fL <i< fT‘L,
kms < rnm < hns. (11)

Using (7) and dividing by m the three terms of the inequalities (11), we get

ks <rn < ks + 8.
m

If rn = ks + 1, then (r,s) € ST(k,n), so, by Proposition 37, 2 and 4, s =
tan + ng, where to > tg. Then, by (8) s = tgn + ng + (t2 — to)n = m + n.

Otherwise it has to be * > 2 and s > 2m.

On the other hand, in a similar way, setting km = hn — 1 in (11), it results

s
hs — < rm < hs.
n

Thus, if rm = hs—1, then (r,s) € S~ (h,m). By (9), (10) and Proposition 37, 5,
s =tzm — mg, t3 > t1. Then s =tym —mo + (t3 —t1)m = n+m.

Otherwise it must be » > 2 and s > 2n. Then we can infer that either
s=n+mors>2nand s> 2m. Set i = max{n,m},itis s >2i>m+n. O

LEMMA 40. Let *, " €]0,1[, (h,m) € S™(k,n) and ! < 7 < ¥. Then s >
n—+m.

Proof. Follows from Lemmas 38 and 39. O
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