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PROBLEM FOR SECOND ORDER
DIFFERENTIAL EQUATION WITH p-LAPLACIAN
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(Commaunicated by Michal Feékan)

ABSTRACT. The existence of at least one solution of the following multi-point
boundary value problem

[p(2' (1)) = f(t,x(t),2' (),  te(0,1),

m

z(0) = >° oa'(§) =0,
2=W1L
a'(1) = - Biw(&) =0
i=1
is studied, where a; € R, 8; € R for all = 1,...,m. Examples are presented to

illustrate the main result.
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1. Introduction

In [10], applying a fixed point theorem in cones, sufficient conditions are
given for the existence of a positive solution and multiple positive solutions of
the following BVP

x(t)) =0, te€(0,1),
z(0) — aa’(§) =0, (1)
( 0
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Sun, Ge and Zhao [17], applying the monotone iterative technique and
without the assumption of the existence of lower and upper solutions, obtained
the existence of positive solutions for the BVP

[o(=" ()] + q(t) f (¢, x(t),2'(t) =0,  t€(0,1),
x(0) — az’(€) =0, (2)
2'(1) + Ba(n) =0

and the iterative schemes for approximating the solutions.

In [5], [6], by the use of fixed point index theory, Leray-Schauder degree and
upper and lower solution method, some existence, nonexistence and multiplicity
results of symmetric positive solutions of the BVP

[o(2" (1)) + Aa(t) f(t,z(t) =0,  t€(0,1),
z(0) —ax’(§) =0, (3)
z'(1) + Bx(n) = 0.

are acquired.
Pang, Lian and Ge in [16] studied the following more generalized BVP
[6(z" ()] + f(t,x(t),2'(t)) =0,  t€(0,1),

az(0) — pz'(§) =0, (4)
v (1) + bz(n) =0,

by using a generalization of Leggett-Williams fixed point theorem due to Avery

and Peterson, sufficient conditions for the existence of at least three positive
solutions of BVP(2) are established.

In [2], Feng and Ge, applying the fixed point theorem due to Avery and
Peterson, studied the existence of at least three symmetric positive solutions to
the following boundary value problem

[¢($/(t))n]; +q(t) f(t,z(t),2'(t)) =0, te€(0,1),
z(0) — ;Mixl(fi) =0,

(1) - ZZ: i () = 0,

()

where 0 < & < --- < & < % and & +m; = 1foralli=1,...,m and ¢, f are
nonnegative continuous functions.

There is no paper concerned with the existence of solutions of multi-point
Sturm-Liouville boundary value problems for p-Laplacian differential equations.

The purpose of this paper is to investigate the existence of solutions of the fol-
lowing multi-point boundary value problem of second order differential equation
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with p-Laplacian

where

e 0<& < <& <1

o ;B €R;

e f is continuous;

e ¢ is called p-Laplacian, ¢(z) = |z|P~2x for x # 0 and ¢(0) = 0 with p > 1,
its inverse function is denoted by ¢~(x) with ¢~!(x) = |z|97%x for z # 0 and
¢~1(0) =0 with 1/p+1/q = 1.

We establish sufficient conditions for the existence of at least one solution of
BVP(6).

The methods used and the result in this paper are different from those in
known papers [1], [2], [4]-[24]. Our theorems are new.

The following of this paper is organized as follows: the main result is presented
in Section 2, and some examples are given in Section 3.

2. Main results

In this section, we present the main results in this paper.

LEMMA 2.1. > af < K71 <Z ai> for all a; > 0 and o > 0, where K, is
i=1 i=1
defined by K, =1 for o > 1 and K, =2 for o € (0,1).
Proof.
Case 1. m = 2.
Without loss of generality, suppose a; > as. Let g(z) = K,(1+2)7 — (1 + 27),
x € [1,400), then
s o [20-2>0, o>1
g(l)_KU2 _2_{20+1_220’ 0'6(0,1)

and for z € [1,00), we get

g (x) = o HK,(141/x)7t = 1]

> 0, o>1,
or® 2(1+1/1)°"1 -1] =0, o€ (0,1).
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We get that g(x) > ¢g(1) for all z > 1 and so 1 + 27 < K, (1 + x)? for all x €
[1,400). Hence a{ +ag = a3 [1+ (a1/a2)?] < K,ad[1+a1/a2]” = Ky(a1 +az)’.
Case 2. m > 2.

It is easy to see that

m m
Zaf = a‘f—}—ag—{—Zaf
i=1 i=3
m
< Ko(ar+a2)’ + Zaf
i=3
< 10 (1o + $5a1)
=3
< K, ( (a1 +a2)’ +ag +Za )
=4
m
< K, (Ka a1 + ag + az)’ +Za;’>
i=4
m
< <a1+a2+a3 +Zaf)
i=4
<
m g
< gpo (z)
i=1
The proof is complete. O

Remark 1. It is easy to see that

i(ﬁ(ai)SK;:l (im), Z<Z> ) < KM 1(%@).

i=1 i=1 i=1

4 =
i=1

LEMMA 2.2. Z ) <rLmt (Z a?‘> for all a; > 0 and o > 0, where L, is
defined by L, :_2 Y foro>1and L, =1 for o € (0,1).

Proof.

Case 1. m = 2.
Without loss of generality, suppose a1 > as. Let

g(x)=(1+2)" — Ly(1427), x € [1,400),
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then
, [ 22—29=0, o>1,
g(l)—2 _2Lo'_{ 2(7«#1_2§07 O'E( 71)
and for z € [1,00), we get
g () =027 (1 +1/2)""" ~ L]
ooz (1 +1/x) " — 2771 <o, > 1,
C | o7 (A 4+ 1/2)7 = 1] <0, ( 1).

We get that g(z) < g(1) for all z > 1 and so (1 + z)? < L,(1 4 z7) for all
€ [1,400). Hence (a1 + a2)? = a§(1 + (a1/a2))? < Lya[l + (a1/az)?) =

L,(a + ag).

Case 2. m > 2.

It is easy to see that

L

IN

IN
~
Q

IN
~
QN
S
IS)
~q
_|_
Q
N Q
+
.
[]=
&
Q
N—————

IN
h
a3
|
< N
(]
S
S.q
~——

The proof is complete. O

Remark 2. It is easy to see that

¢<iai> <L 1Z¢>az ¢! (ia) <L 1Z¢>
=1 =1

The following assumptions are supposed in this section.
(Hy) There exist continuous nonnegative functions a, b and ¢ so that

[f(t,2,9)] < a(t) +b(t)d(|z]) +ct)olyl),  (t z,y) € [0,1] x R*;

757



XINGYUAN LIU — YUJI LIU

(Hz2) «;,B; € Rforalli=1,...,m, the inequality holds:

(Lm 1Z¢|ﬁl /1 ) (Zal|+1>+0/10(3)d3<1.

Consider the following boundary value problem

a'(t) = ¢~ (y(t), te(0,1),

y'(t) = f(te(0), 07 (y(2), te(01),

2(0) = 32 i (y(&)), (7)

i=1

=¢ <z§ @‘%‘(&‘)) :

It is easy to show that if (z,y)? is a solution of BVP(7), then z is a solution of
BVP(6).
Choose X = C?[0,1] x C°[0,1]. Denote the norm of (z,y)? € X by

e,y —max{nxn = mas Ja(0)]. ol = ma ot >|}

te[0,1] €[0,1]

Let Y = X x R2. Denote the norm of (z,y,a,b)’ € Y by

||<x,y,a,b>T||—max{max 2(0)], max [y(®)], al, |b}.
te(0,1]

te[0,1]
Then X and Y are real Banach spaces. Let
D(L) = {(z,y)" € C*(0,1) x C*(0,1)} C X.
Define the linear operator L: X — Y and the nonlinear operator N: X — Y by

' (t)
T | v
L(y)(t)— 0 | (z,y) € D(L)
y(1)
and
o~ (y(t))
fn(fvx(t)@_l(y(t)))
N(§)<t>_ Yoo lwe) |, @pex,
¢<§5¢$(€i))

respectively. It is easy to see that (z,y)T is a solution of BVP(7) if and only if
(x,9)T is a solution of the operator equation L(z,y)T = N(x,y)7.
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LEMMA 2.3. Suppose that (Hy) and (Hz) hold. Then
Y ={(z,y)": Llz,y)" = AN(z,y)", (z,9)" € D(L) for some A € (0,1)}

is bounded if
1

1> (Lm 1Z¢ 1Bi) —|—/b )ds)¢<2ai|+1>+/c(s)ds.
i=1

0
Proof. For (z,y)T € 1, we get L(z,y)T = AN(z,y)7, i.e.,

a'(t) = (y(t)), t € (0,1),
y'(t) = Af(t z(t), 07 (y(®)), t€(0.1),

2(0) =23 067 (), ®)
y(1) = A @ m(&)) .

It follows from Lemma 2.1 and Lemma 2.2 that

e

D =Al¢ <L"“Z¢|@ (Jz(&))

<Ly 1Z¢ 1Bil)o(llz)-

Then

(1) = \yu) - / y(5) ds

1
< ()] + / 1/ (s)] ds
0

SLZL—_112¢(|51‘|)¢(”$”)+/f(svx(3)7¢1(@(5)))(13

m

<Lyt Y o8Nl +

i=1

m

< Ly Z o(1B:)e(ll=ll) +

Il
Y
~
S 3
=
=
+
o\H
=
o,
7y
N——
=
£l
+
O\H
=)

O
o,

3
+
o\H
peN
[}

-
=
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On the other hand, we get

2(0)] = Ao (y( <Z\az|¢ (lyll)-
=1
It follows that
t 1
2] = |2(0)+ / 2(s)ds| < |£(0)] + / 12/(s)|ds
0 0
m 1
<3 Jaalo Iyl +/¢1
=1 0
< Z|az+1> lyl).
=1

Hence

¢(ll«]) < ¢ ((Z || + 1) Hllylh ) (Z || + 1) 1yl-

It follows that

3
o\H

ly(t)] < (Lp Z ¢(18:]) +

b(s )<Z|az+1>||y||+/a<>
+/c )ds|lyl|-

We get

lyll < (L Z¢ |Bi) +/1b ) ¢ (ilai +1> ||y||+

=1
1
+ / () dslly).
0

o —__

a(s)ds
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So
1 1
1— | Ly IZ¢> |Bi) +/b (ZazHl) /C(S)ds [yl
' 1
< [ a(s)ds.
/
Then
1
Ja(s)ds
Iyl < 0 . =
(Lm11 > o(18il) +bfb(s ) o (;|ai + 1) —bfc(s) ds
Hence

=] < (Z |ai| + 1) o (lyll) < (Z |ovi| + 1) ¢~ (M) =: M.

i=1 i=1
It follows that
(2, 9)" || < max{M;, My}.
It follows that €2; is bounded. O

LEMMA M. ([3]) Let X and Y be Banach spaces. Suppose L: D(L) C X —Y
is a Fredholm operator of index zero with Ker L = {0}, N: X — Y is L-compact
on any open bounded subset of X. If0 € Q C X is a open bounded subset and
Lz # ANz for all x € D(L) N0 and some X € [0, 1], then there is at least one
x € Q so that Lv = Nx.

THEOREM L1. Suppose that (Hy),(Hz) hold. Then BVP(6) has at least one
solution.

Proof. Let 2 be a non-empty open bounded subset of X such that Q D
centered at zero. It is easy to see that Ker L = {0}, L is a Fredholm operator of
index zero and N is L-compact on . Thus Lemma M implies that L(z,y)? =
N(z,y)T has at least one solution (x,y)T € D(L) N, So x is a solution of
BVP(6). The proof is complete. O

Now, suppose

(Hg) a; >0,8;<0foralli=1,...,m

(Hy) f(t,z,y) < 0 for all t € [0,1], (z,y)T € R?, and there exist exist
continuous nonnegative functions a, b and ¢ so that

[f(t,2,9)] < a(t) +b(t)d(|z]) +ct)o(lyl),  (t,z,y) € [0,1] x R*;
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LEMMA 2.4. If (Hg), (H4) hold and (z,y) is a solution of BVP(8), then there
exists a & € [0,1] such that y(§) = 0.

Proof.

Case 1. y(t) > 0 for all ¢t € [0, 1].
At this case, (Hy) implies that y(t) is decreasing on [0, 1]. It follows that x(¢) is
increasing on [0,1]. Then (8) and (Hg) implies that

2(0) =A> @  (y(&) =AY i (y(1)) > 0. 9)
i=1 i=1

Then x(t) > 0 for all ¢ € [0,1]. On the other hand, one sees from (Hg) that

y(1) = X! (Z @x(&)) <Ap! (Z &) ¢~ (x(0) <0,  (10)
i=1 i=1

a contradiction.

Case 2. y(t) <0 for all ¢t € [0, 1].
At this case, (Hy4) implies that y(t) is decreasing on [0, 1]. It follows that z(t) is
decreasing on [0, 1]. Then (8) and (Hjz) implies that

2(0) = 2D i (y(&) <A D i (y(0)) < 0. (11)

i=1

On the other hand, one sees that

y(1) = X! (Z @x(&)) > Ap? (Z &) ¢ (x(0) >0,  (12)
i=1 i=1

a contradiction. O

It follows from Case 1 and Case 2 that there exists a £ € [0, 1] such that
y(&) =0.

LEMMA 2.5. Suppose that (Hs) and (Hy) hold. Then
M ={(z,9)": Llz,y)" = AN(z,9)", (z,9)" € D(L) for some A € (0,1)}

is bounded if

i=1

1—0/b(s)dsq§ (Zai—f—l) —O/C(S)d8>0.
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Proof. For (z,y)T € Q1, we get L(z,y)T = AN(x,y)T, then one sees (8). It
follows from Lemma 2.4 that there is £ € [0, 1] such that y(£) = 0. Then

1

< [ eas

0

)| = \y<s> ¥ / (5) ds
3

IN

IN
S O O —_

|f(s,2(s), 67 (y(s)))| ds

(a(s) +b(s)@(|z(s)[) + c(s)ly(s)]) ds

IN

a(s)ds + / b(s) dso(|lz]]) + / ¢(s) dslly].
0 0

It is easy to get

]| < (Zai + 1) ¢~ (llylD-

i=1
Thus
1

ol < [ a(s)ds+ [ b(s)dse (Z o + 1) loll+ [ c(s)dsl.
0 =1 0

0
It follows that

(1 —/1b(s) ds¢ (iai—f—l) —/10(3) ds) llyll < /1a(s) ds.
0 ! 0

0

Since , ,
1 —/b(s)dsqb (Zai—!—l) —/c(s)ds >0
0 =1 0

we get

1

Ja(s)ds

< . , —: M.
1— [b(s)dsg (Z a; + 1) — [c(s)ds
0 i=1 0

Then
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Hence ||(z,y)7|| < max{M;, Ms}. So ©; is bounded. O

THEOREM L2. Suppose that (Hg), (H4) hold. Then BVP(6) has at least one

solution if
1 " 1
/b(s) ds¢ (Z o | + 1) + /c(s) ds < 1.
0 0

i=1

Proof. Let Q be a non-empty open bounded subset of X such that Q D
centered at zero. It is easy to see that Ker L = {0}, L is a Fredholm operator of
index zero and N is L-compact on . Thus Lemma M implies that L(x,y)T =
N(z,y)T has at least one solution (z,y)T € D(L) N Q, So z is a solution of
BVP(6). The proof is complete. d

3. Examples

Now, we present some examples to illustrate the main results.
Ezxample 1. Consider the following BVP

{ "(t) = a(t) + b(t)x(t) + c(t)a'(t),  te(0,1), (13)
2(0) = ,2'(1/2), 2'(1) = ya(3),

where a, b, ¢ are continuous functions. We find from Theorem L1 that if

1 1
1 3
2+/|b(s)|ds 2—ﬁ—/|c(s)ds<1,
0 0

then BVP(13) has at least one solution.
Example 2. Consider the BVP problem

{ (¢3(2")" = ~la(t) + b(t)ps(x(t)) + c(t)ps(|2'(W)))], € (0,1), (14)
z(0) = ,2'(1/2), 2'(1) = j=(1/4) + ;2(1/2),

where a, b, c are nonnegative continuous functions and ¢3(x) = 22 for z > 0
and = —22 for x < 0. We find p = 3 and ¢ = 3/2. Then by application of
Theorem L2, BVP(14) has at least one solution if

0/11)(5) dsos (2) +0/10(s) ds < 1.
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