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ABSTRACT. The existence of at least one solution of the following multi-point
boundary value problem⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

[φ(x′(t))]′ = f(t, x(t), x′(t)), t ∈ (0, 1),

x(0)−
m∑
i=1

αix
′(ξi) = 0,

x′(1)−
m∑
i=1

βix(ξi) = 0

is studied, where αi ∈ R, βi ∈ R for all i = 1, . . . ,m. Examples are presented to
illustrate the main result.
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1. Introduction

In [10], applying a fixed point theorem in cones, sufficient conditions are
given for the existence of a positive solution and multiple positive solutions of
the following BVP⎧⎨

⎩
[φ(x′(t))]′ + f(t, x(t)) = 0, t ∈ (0, 1),
x(0)− αx′(ξ) = 0,
x′(1) + βx(η) = 0.

(1)
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S u n , G e and Z h a o [17], applying the monotone iterative technique and
without the assumption of the existence of lower and upper solutions, obtained
the existence of positive solutions for the BVP⎧⎨

⎩
[φ(x′(t))]′ + q(t)f(t, x(t), x′(t)) = 0, t ∈ (0, 1),
x(0)− αx′(ξ) = 0,
x′(1) + βx(η) = 0

(2)

and the iterative schemes for approximating the solutions.

In [5], [6], by the use of fixed point index theory, Leray-Schauder degree and
upper and lower solution method, some existence, nonexistence and multiplicity
results of symmetric positive solutions of the BVP⎧⎨

⎩
[φ(x′(t))]′ + λa(t)f(t, x(t)) = 0, t ∈ (0, 1),
x(0)− αx′(ξ) = 0,
x′(1) + βx(η) = 0.

(3)

are acquired.

P a n g , L i a n and G e in [16] studied the following more generalized BVP⎧⎨
⎩

[φ(x′(t))]′ + f(t, x(t), x′(t)) = 0, t ∈ (0, 1),
αx(0)− βx′(ξ) = 0,
γx′(1) + δx(η) = 0,

(4)

by using a generalization of Leggett-Williams fixed point theorem due to Avery
and Peterson, sufficient conditions for the existence of at least three positive
solutions of BVP(2) are established.

In [2], F e n g and G e , applying the fixed point theorem due to Avery and
Peterson, studied the existence of at least three symmetric positive solutions to
the following boundary value problem⎧⎪⎪⎪⎨

⎪⎪⎪⎩

[φ(x′(t))]′ + q(t)f(t, x(t), x′(t)) = 0, t ∈ (0, 1),

x(0)−
m∑
i=1

µix
′(ξi) = 0,

x(1)−
m∑
i=1

µix
′(ηi) = 0,

(5)

where 0 < ξ1 < · · · < ξm < 1
2 and ξi + ηi = 1 for all i = 1, . . . ,m and q, f are

nonnegative continuous functions.

There is no paper concerned with the existence of solutions of multi-point
Sturm-Liouville boundary value problems for p-Laplacian differential equations.

The purpose of this paper is to investigate the existence of solutions of the fol-
lowing multi-point boundary value problem of second order differential equation
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with p-Laplacian⎧⎪⎪⎪⎨
⎪⎪⎪⎩

[φ(x′(t))]′ = f(t, x(t), x′(t)), t ∈ (0, 1),

x(0)−
m∑
i=1

αix
′(ξi) = 0,

x′(1)−
m∑
i=1

βix(ξi) = 0,

(6)

where

• 0 < ξ1 < · · · < ξm < 1;

• αi, βi ∈ R;

• f is continuous;

• φ is called p-Laplacian, φ(x) = |x|p−2x for x �= 0 and φ(0) = 0 with p > 1,
its inverse function is denoted by φ−1(x) with φ−1(x) = |x|q−2x for x �= 0 and
φ−1(0) = 0 with 1/p+ 1/q = 1.

We establish sufficient conditions for the existence of at least one solution of
BVP(6).

The methods used and the result in this paper are different from those in
known papers [1], [2], [4]–[24]. Our theorems are new.

The following of this paper is organized as follows: the main result is presented
in Section 2, and some examples are given in Section 3.

2. Main results

In this section, we present the main results in this paper.

����� 2.1�
m∑
i=1

aσi ≤ Km−1
σ

(
m∑
i=1

ai

)σ

for all ai ≥ 0 and σ > 0, where Kσ is

defined by Kσ = 1 for σ ≥ 1 and Kσ = 2 for σ ∈ (0, 1).

P r o o f.

Case 1. m = 2.
Without loss of generality, suppose a1 ≥ a2. Let g(x) = Kσ(1 + x)σ − (1 + xσ),
x ∈ [1,+∞), then

g(1) = Kσ2
σ − 2 =

{
2σ − 2 ≥ 0, σ ≥ 1,
2σ+1 − 2 ≥ 0, σ ∈ (0, 1)

and for x ∈ [1,∞), we get

g′(x) = σxσ−1[Kσ(1 + 1/x)σ−1 − 1]

≥
{

0, σ ≥ 1,
σxσ−1[2(1 + 1/1)0−1 − 1] = 0, σ ∈ (0, 1).
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We get that g(x) ≥ g(1) for all x ≥ 1 and so 1 + xσ ≤ Kσ(1 + x)σ for all x ∈
[1,+∞). Hence aσ1 +aσ2 = aσ2 [1+(a1/a2)

σ] ≤ Kσa
σ
2 [1+a1/a2]

σ = Kσ(a1+a2)
σ.

Case 2. m > 2.
It is easy to see that

m∑
i=1

aσi = aσ1 + aσ2 +

m∑
i=3

aσi

≤ Kσ(a1 + a2)
σ +

m∑
i=3

aσi

≤ Kσ

(
(a1 + a2)

σ +

m∑
i=3

aσi

)

≤ Kσ

(
(a1 + a2)

σ + aσ3 +

m∑
i=4

aσi

)

≤ Kσ

(
Kσ(a1 + a2 + a3)

σ +

m∑
i=4

aσi

)

≤ K2
σ

(
(a1 + a2 + a3)

σ +

m∑
i=4

aσi

)

≤ . . .

≤ Km−1
σ

(
m∑
i=1

ai

)σ

.

The proof is complete. �

Remark 1� It is easy to see that

m∑
i=1

φ(ai) ≤ Km−1
p−1 φ

( m∑
i=1

ai

)
,

m∑
i=1

φ−1(ai) ≤ Km−1
q−1 φ−1

( m∑
i=1

ai

)
.

����� 2.2�

(
m∑
i=1

ai

)σ

≤ Lm−1
σ

(
m∑
i=1

aσi

)
for all ai ≥ 0 and σ > 0, where Lσ is

defined by Lσ = 2σ−1 for σ ≥ 1 and Lσ = 1 for σ ∈ (0, 1).

P r o o f.

Case 1. m = 2.
Without loss of generality, suppose a1 ≥ a2. Let

g(x) = (1 + x)σ − Lσ(1 + xσ), x ∈ [1,+∞),

756



A MULTI-POINT BOUNDARY VALUE PROBLEM FOR DIFFERENTIAL EQUATION

then

g(1) = 2σ − 2Lσ =

{
2σ − 2σ = 0, σ ≥ 1,
2σ+1 − 2 ≤ 0, σ ∈ (0, 1)

and for x ∈ [1,∞), we get

g′(x) = σxσ−1[(1 + 1/x)σ−1 − Lσ ]

=

{
σxσ−1[(1 + 1/x)σ−1 − 2σ−1] ≤ 0, σ ≥ 1,
σxσ−1[(1 + 1/x)σ−1 − 1] ≤ 0, σ ∈ (0, 1).

We get that g(x) ≤ g(1) for all x ≥ 1 and so (1 + x)σ ≤ Lσ(1 + xσ) for all
x ∈ [1,+∞). Hence (a1 + a2)

σ = aσ2 (1 + (a1/a2))
σ ≤ Lσa

σ
2 [1 + (a1/a2)

σ) =
Lσ(a

σ
1 + aσ2 ).

Case 2. m > 2.
It is easy to see that(

m∑
i=1

ai

)σ

=

(
a1 +

m∑
i=2

ai

)σ

≤ Lσ

(
aσ1 +

(
m∑
i=2

ai

)σ)

≤ Lσ

[
aσ1 + Lσ

(
aσ2 +

(
m∑
i=3

ai

)σ)]

≤ L2
σ

(
aσ1 + aσ2 +

(
m∑
i=3

ai

)σ)

≤ . . . . . .

≤ Lm−1
σ

(
m∑
i=1

aσi

)
.

The proof is complete. �

Remark 2� It is easy to see that

φ

(
m∑
i=1

ai

)
≤ Lm−1

p−1

m∑
i=1

φ(ai), φ−1

(
m∑
i=1

ai

)
≤ Lm−1

q−1

m∑
i=1

φ−1(ai).

The following assumptions are supposed in this section.

(H1) There exist continuous nonnegative functions a, b and c so that

|f(t, x, y)| ≤ a(t) + b(t)φ(|x|) + c(t)φ(|y|), (t, x, y) ∈ [0, 1]× R
2;
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(H2) αi, βi ∈ R for all i = 1, . . . ,m, the inequality holds:⎛
⎝Lm−1

p−1

m∑
i=1

φ(|βi|) +
1∫

0

b(s) ds

⎞
⎠φ

(
m∑
i=1

|αi|+ 1

)
+

1∫
0

c(s) ds < 1.

Consider the following boundary value problem⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x′(t) = φ−1(y(t)), t ∈ (0, 1),
y′(t) = f(t, x(t), φ−1(y(t))), t ∈ (0, 1),

x(0) =
m∑
i=1

αiφ
−1(y(ξi)),

y(1) = φ

(
m∑
i=1

βix(ξi)

)
.

(7)

It is easy to show that if (x, y)T is a solution of BVP(7), then x is a solution of
BVP(6).

Choose X = C0[0, 1]× C0[0, 1]. Denote the norm of (x, y)T ∈ X by

‖(x, y)T‖ = max

{
‖x‖ = max

t∈[0,1]
|x(t)|, ‖y‖ = max

t∈[0,1]
|y(t)|

}
.

Let Y = X × R
2. Denote the norm of (x, y, a, b)T ∈ Y by

‖(x, y, a, b)T‖ = max

{
max
t∈[0,1]

|x(t)|, max
t∈[0,1]

|y(t)|, |a|, |b|
}
.

Then X and Y are real Banach spaces. Let

D(L) = {(x, y)T ∈ C1(0, 1)× C1(0, 1)} ⊂ X.

Define the linear operator L : X → Y and the nonlinear operator N : X → Y by

L

(
x
y

)
(t) =

⎛
⎜⎜⎝

x′(t)
y′(t)
x(0)
y(1)

⎞
⎟⎟⎠ , (x, y) ∈ D(L)

and

N

(
x
y

)
(t) =

⎛
⎜⎜⎜⎜⎜⎜⎝

φ−1(y(t))
f(t, x(t), φ−1(y(t)))
m∑
i=1

αiφ
−1(y(ξi))

φ

(
m∑
i=1

βix(ξi)

)

⎞
⎟⎟⎟⎟⎟⎟⎠

, (x, y) ∈ X,

respectively. It is easy to see that (x, y)T is a solution of BVP(7) if and only if
(x, y)T is a solution of the operator equation L(x, y)T = N(x, y)T .
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����� 2.3� Suppose that (H1) and (H2) hold. Then

Ω1 = {(x, y)T : L(x, y)T = λN(x, y)T , (x, y)T ∈ D(L) for some λ ∈ (0, 1)}
is bounded if

1 >

⎛
⎝Lm−1

p−1

m∑
i=1

φ(|βi|) +
1∫

0

b(s) ds

⎞
⎠φ

(
m∑
i=1

|αi|+ 1

)
+

1∫
0

c(s) ds.

P r o o f. For (x, y)T ∈ Ω1, we get L(x, y)T = λN(x, y)T , i.e.,⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x′(t) = λφ−1(y(t)), t ∈ (0, 1),
y′(t) = λf(t, x(t), φ−1(y(t))), t ∈ (0, 1),

x(0) = λ
m∑
i=1

αiφ
−1(y(ξi)),

y(1) = λφ

(
m∑
i=1

βix(ξi)

)
.

(8)

It follows from Lemma 2.1 and Lemma 2.2 that

|y(1)| = λ

∣∣∣∣∣φ
(

m∑
i=1

βix(ξi)

)∣∣∣∣∣ ≤ Lm−1
p−1

m∑
i=1

φ(|βi|)φ(|x(ξi)|)

≤ Lm−1
p−1

m∑
i=1

φ(|βi|)φ(‖x‖).

Then

|y(t)| =
∣∣∣∣y(1)−

1∫
t

y′(s) ds
∣∣∣∣ ≤ |y(1)|+

1∫
0

|y′(s)| ds

≤ Lm−1
p−1

m∑
i=1

φ(|βi|)φ(‖x‖) +
1∫

0

|f(s, x(s), φ−1(y(s)))| ds

≤ Lm−1
p−1

m∑
i=1

φ(|βi|)φ(‖x‖) +
1∫

0

(a(s) + b(s)φ(|x(s)|) + c(s)|y(s)|) ds

≤ Lm−1
p−1

m∑
i=1

φ(|βi|)φ(‖x‖) +
1∫

0

a(s) ds+

1∫
0

b(s) dsφ(‖x‖) +
1∫

0

c(s) ds‖y‖

=

⎛
⎝Lm−1

p−1

m∑
i=1

φ(|βi|) +
1∫

0

b(s) ds

⎞
⎠φ(‖x‖) +

1∫
0

a(s) ds+

1∫
0

c(s) ds‖y‖.
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On the other hand, we get

|x(0)| =
∣∣∣∣∣λ

m∑
i=1

αiφ
−1(y(ξi))

∣∣∣∣∣ ≤
m∑
i=1

|αi|φ−1(‖y‖).

It follows that

|x(t)| =

∣∣∣∣x(0) +
t∫

0

x′(s) ds
∣∣∣∣ ≤ |x(0)|+

1∫
0

|x′(s)| ds

≤
m∑
i=1

|αi|φ−1(‖y‖) +
1∫

0

φ−1(|y(s)|) ds

≤
(

m∑
i=1

|αi|+ 1

)
φ−1(‖y‖).

Hence

φ(‖x‖) ≤ φ

((
m∑
i=1

|αi|+ 1

)
φ−1(‖y‖)

)
= φ

(
m∑
i=1

|αi|+ 1

)
‖y‖.

It follows that

|y(t)| ≤
⎛
⎝Lm−1

p−1

m∑
i=1

φ(|βi|) +
1∫

0

b(s) ds

⎞
⎠φ

(
m∑
i=1

|αi|+ 1

)
‖y‖+

1∫
0

a(s) ds

+

1∫
0

c(s) ds‖y‖.

We get

‖y‖ ≤
⎛
⎝Lm−1

p−1

m∑
i=1

φ(|βi|) +
1∫

0

b(s) ds

⎞
⎠φ

(
m∑
i=1

|αi|+ 1

)
‖y‖+

1∫
0

a(s) ds

+

1∫
0

c(s) ds‖y‖.
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So ⎡
⎣1−

⎛
⎝Lm−1

p−1

m∑
i=1

φ(|βi|) +
1∫

0

b(s) ds

⎞
⎠φ

(
m∑
i=1

|αi|+ 1

)
−

1∫
0

c(s) ds

⎤
⎦ ‖y‖

≤
1∫

0

a(s) ds.

Then

‖y‖ ≤

1∫
0

a(s) ds

1−
(
Lm−1
p−1

m∑
i=1

φ(|βi|) +
1∫
0

b(s) ds

)
φ

(
m∑
i=1

|αi|+ 1

)
−

1∫
0

c(s) ds

=: M1.

Hence

‖x‖ ≤
(

m∑
i=1

|αi|+ 1

)
φ−1(‖y‖) ≤

(
m∑
i=1

|αi|+ 1

)
φ−1(M1) =: M2.

It follows that

‖(x, y)T‖ ≤ max{M1, M2}.
It follows that Ω1 is bounded. �

����� �� ([3]) Let X and Y be Banach spaces. Suppose L : D(L) ⊂ X → Y
is a Fredholm operator of index zero with KerL = {0}, N : X → Y is L-compact
on any open bounded subset of X. If 0 ∈ Ω ⊂ X is a open bounded subset and
Lx �= λNx for all x ∈ D(L) ∩ ∂Ω and some λ ∈ [0, 1], then there is at least one
x ∈ Ω so that Lx = Nx.

����	�� L1� Suppose that (H1), (H2) hold. Then BVP(6) has at least one
solution.

P r o o f. Let Ω be a non-empty open bounded subset of X such that Ω ⊃ Ω1

centered at zero. It is easy to see that KerL = {0}, L is a Fredholm operator of
index zero and N is L-compact on Ω. Thus Lemma M implies that L(x, y)T =
N(x, y)T has at least one solution (x, y)T ∈ D(L) ∩ Ω, So x is a solution of
BVP(6). The proof is complete. �

Now, suppose

(H3) αi ≥ 0, βi ≤ 0 for all i = 1, . . . ,m.

(H4) f(t, x, y) ≤ 0 for all t ∈ [0, 1], (x, y)T ∈ R
2, and there exist exist

continuous nonnegative functions a, b and c so that

|f(t, x, y)| ≤ a(t) + b(t)φ(|x|) + c(t)φ(|y|), (t, x, y) ∈ [0, 1]× R
2;
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����� 2.4� If (H3), (H4) hold and (x, y) is a solution of BVP(8), then there
exists a ξ ∈ [0, 1] such that y(ξ) = 0.

P r o o f.

Case 1. y(t) > 0 for all t ∈ [0, 1].
At this case, (H4) implies that y(t) is decreasing on [0, 1]. It follows that x(t) is
increasing on [0, 1]. Then (8) and (H3) implies that

x(0) = λ

m∑
i=1

αiφ
−1(y(ξi)) ≥ λ

m∑
i=1

αiφ
−1(y(1)) ≥ 0. (9)

Then x(t) > 0 for all t ∈ [0, 1]. On the other hand, one sees from (H3) that

y(1) = λφ−1

(
m∑
i=1

βix(ξi)

)
≤ λφ−1

(
m∑
i=1

βi

)
φ−1(x(0)) ≤ 0, (10)

a contradiction.

Case 2. y(t) < 0 for all t ∈ [0, 1].
At this case, (H4) implies that y(t) is decreasing on [0, 1]. It follows that x(t) is
decreasing on [0, 1]. Then (8) and (H3) implies that

x(0) = λ

m∑
i=1

αiφ
−1(y(ξi)) ≤ λ

m∑
i=1

αiφ
−1(y(0)) ≤ 0. (11)

On the other hand, one sees that

y(1) = λφ−1

(
m∑
i=1

βix(ξi)

)
≥ λφ−1

(
m∑
i=1

βi

)
φ−1(x(0)) ≥ 0, (12)

a contradiction. �

It follows from Case 1 and Case 2 that there exists a ξ ∈ [0, 1] such that
y(ξ) = 0.

����� 2.5� Suppose that (H3) and (H4) hold. Then

Ω1 = {(x, y)T : L(x, y)T = λN(x, y)T , (x, y)T ∈ D(L) for some λ ∈ (0, 1)}
is bounded if

1−
1∫

0

b(s) dsφ

(
m∑
i=1

αi + 1

)
−

1∫
0

c(s) ds > 0.
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P r o o f. For (x, y)T ∈ Ω1, we get L(x, y)T = λN(x, y)T , then one sees (8). It
follows from Lemma 2.4 that there is ξ ∈ [0, 1] such that y(ξ) = 0. Then

|y(t)| =

∣∣∣∣y(ξ) +
t∫

ξ

y′(s) ds
∣∣∣∣ ≤

1∫
0

|y′(s)| ds

≤
1∫

0

|f(s, x(s), φ−1(y(s)))| ds

≤
1∫

0

(a(s) + b(s)φ(|x(s)|) + c(s)|y(s)|) ds

≤
1∫

0

a(s) ds+

1∫
0

b(s) dsφ(‖x‖) +
1∫

0

c(s) ds‖y‖.

It is easy to get

‖x‖ ≤
(

m∑
i=1

αi + 1

)
φ−1(‖y‖).

Thus

‖y‖ ≤
1∫

0

a(s) ds+

1∫
0

b(s) dsφ

(
m∑
i=1

αi + 1

)
‖y‖+

1∫
0

c(s) ds‖y‖.

It follows that⎛
⎝1−

1∫
0

b(s) dsφ

(
m∑
i=1

αi + 1

)
−

1∫
0

c(s) ds

⎞
⎠ ‖y‖ ≤

1∫
0

a(s) ds.

Since

1−
1∫

0

b(s) dsφ

(
m∑
i=1

αi + 1

)
−

1∫
0

c(s) ds > 0

we get

‖y‖ ≤

1∫
0

a(s) ds

1−
1∫
0

b(s) dsφ

(
m∑
i=1

αi + 1

)
−

1∫
0

c(s) ds

=: M1.

Then

‖x‖ ≤
(

m∑
i=1

αi + 1

)
φ−1(M1) =: M2.
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Hence ‖(x, y)T‖ ≤ max{M1, M2}. So Ω1 is bounded. �

����	�� L2� Suppose that (H3), (H4) hold. Then BVP(6) has at least one
solution if

1∫
0

b(s) dsφ

(
m∑
i=1

|αi|+ 1

)
+

1∫
0

c(s) ds < 1.

P r o o f. Let Ω be a non-empty open bounded subset of X such that Ω ⊃ Ω1

centered at zero. It is easy to see that KerL = {0}, L is a Fredholm operator of
index zero and N is L-compact on Ω. Thus Lemma M implies that L(x, y)T =
N(x, y)T has at least one solution (x, y)T ∈ D(L) ∩ Ω, So x is a solution of
BVP(6). The proof is complete. �

3. Examples

Now, we present some examples to illustrate the main results.

Example 1. Consider the following BVP{
x′′(t) = a(t) + b(t)x(t) + c(t)x′(t), t ∈ (0, 1),
x(0) = 1

2x
′(1/2), x′(1) = 1

2x(
1
2 ),

(13)

where a, b, c are continuous functions. We find from Theorem L1 that if⎛
⎝1

2
+

1∫
0

|b(s)| ds
⎞
⎠ 3

2
+

1∫
0

|c(s)| ds < 1,

then BVP(13) has at least one solution.

Example 2. Consider the BVP problem{
(φ3(x

′))′ = −[a(t) + b(t)φ3(x(t)) + c(t)φ3(|x′(t)|)], t ∈ (0, 1),
x(0) = 1

2x
′(1/2), x′(1) = 1

4x(1/4) +
1
3x(1/2),

(14)

where a, b, c are nonnegative continuous functions and φ3(x) = x2 for x ≥ 0
and = −x2 for x < 0. We find p = 3 and q = 3/2. Then by application of
Theorem L2, BVP(14) has at least one solution if

1∫
0

b(s) dsφ3

(
3

2

)
+

1∫
0

c(s) ds < 1.
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