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1. Introduction

A real valued function D on a lattice L is called a dimension function, if the
range of D has either an upper bound or a lower bound and for all a,b € L,
D(aVvb)+ D(aAb) = D(a)+ D(b), see von Neumann [12, p. 58]. The the-
ory of dimension functions is studied in various structures. Von Neumann
[12] introduced dimensionality in continuous geometries by using perspectivity,
whereas Iwamura [6] used the concept of a relation called the p-relation.

Kaplansky [7], Murray and von Neumann [11] and others have in-
troduced dimensionality in rings of operators by using equivalence of projections.
Maeda [10] generalized the work of von Neumann [12] and Kaplansky
[7] for a certain class of lattices. At the same time Loomis [8] gave an ab-
stract setting to the Murray, von Neumann dimension theory by using
complete orthocomplemented lattices. Goodearl [3] developed the dimen-
sion theory for a certain class of modules. Von Neumann [12, p. 231] has
introduced the concept of a rank-function on a regular ring, which generalizes
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the dimension function. Goodearl [2], [4] has introduced and developed the
study of pseudo-rank functions on regular rings, which is a generalization of rank
functions.

In this paper we introduce and study the concept of a pseudo-rank function
on a bounded lattice L on the lines of Goodearl [4]. In Section 2, we obtain
some basic properties of pseudo-rank functions and the set of all pseudo-rank
functions on L and show how new pseudo-rank functions can be constructed
from some given ones. In Section 3 we consider the set P(L) of all pseudo-rank
functions as a subset of the real vector space RY equipped with the product
topology. It is proved that P(L) is a compact convex subset of RF. We also
show that if L is a Boolean lattice with nonempty P(L) then the convex cone
in RE with base P(L) is a lattice. A necessary and sufficient condition for two
pseudo-rank functions to lie in disjoint faces of P(L) are given. Further it is
shown that P(L) is a Choquet simplex.

2. Pseudo-rank functions

A lattice L is said to have the zero element, if there exists an element, denoted
by 0, such that 0 < x for all x € L. L is said to have the unit element, if there
exists an element, denoted by 1, such that x < 1 for all z € L. If L has both 0 and
1, then L is called a bounded lattice. A bounded lattice is called complemented
if for any a € L, there exists b € L such that a Ab =0 and a Vb = 1. Then
b is called a complement of a. A distributive complemented lattice is called

a Boolean lattice. We say that z1,...,x, € L are completely orthogonal, if
xz; A\ z; = 0 for each i. The undefined terms are from Gréatzer [5] and
J#i

Maeda and Maeda [9].

DEFINITION 1. A pseudo-rank function f on a bounded lattice L is a mapping
f: L —[0,1] such that

(a) f(1)=1.
(b) f(x) < f(y) for all z,y € L such that = < y.
(c) flxVy)=f(z)+ f(y) forall z,y € L with x Ay =0.

3

Clearly, f(0) = 0 and f(V ;) = > f(x;) whenever z1,...,2, € L are
i=1 i=1
completely orthogonal.

A pseudo-rank function f with the property f(x) > 0, for x # 0 is called a
rank function on L.
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The following proposition is evident.

PROPOSITION 1. Let L be a bounded lattice and f be a pseudo-rank function
on L. Suppose that {x1,...,x,} and {y1,...,yx} are sets of completely orthog-

n k
onal elements in L. If x1 V-V @, <y V- Vg, then > f(x;) < > flys).
i=1 i=1

A lattice L is called relatively complemented, if for a,b,c € L with a € [b, (]
there exists d € L such that a Ad =b and a V d = c. Then d is called a relative
complement of a in [b, c|.

PROPOSITION 2. Let L be a relatively complemented bounded lattice and f be a
pseudo-rank function on L. Suppose that x1,...,z, € L. Then f(x1V---Vz,) <

k
;f(xi)'

Proof. We prove the proposition for n = 2. Let a and b be relative comple-
ments of 1 Az in [0,21] and in [0, z9] respectively. Then a A b < x1 A zs.
Taking meet with a, we get a Ab = 0. Also, 0 = aAx; Azy = a A xy. Now,
fl@iVaz) = flaV(zi Axa) Vaz) = flaVzz) = fla) + f(z2) < f(z1) + f(z2).
By using induction, we get the result. O

Two elements z,y € L are called perspective (in notation x ~ y) if there exists
z€Lsuchthat tAz=yAz=0andaxVz=yVz=1.

We note that if f is a pseudo-rank function on L, then = ~ y implies f(z) =
f(y). The proof of the following lemma is evident.

LEMMA 1. Let f be a pseudo-rank function on a bounded lattice L. Let x € L be
such that f(x)# 0. Then the function P(y) = f(y)/f(x) defines a pseudo-rank
function on (z].

An element z in a lattice L is called a dually distributive element, if zA(yVz) =
(xANy)V(xAz)forall y,z € L,see Gratzer [5, p. 181]. An element x in a
bounded lattice L is called a central element, if there exist two lattices L; and
Lo and an isomorphism between L and the direct product L;L, such that z
corresponds to the element [11,05] € Ly Lo. It is known that z € L is a central
element if and only if z is a neutral element having a complement (see Maeda
and Maeda [9, Theorem 4.13]).

LEMMA 2. Let f be a pseudo-rank function on a bounded lattice L. Let x € L,
be a dually distributive element in L such that f(x) # 0. The function Q(y) =
flx Ay)/f(x) defines a pseudo-rank function on L.
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Proof. Clearly, Q(1) = f(x A1)/f(z) =1. Ifa,b € L and a < b then z Aa <
x A b implies Q(a) < Q(b). Moreover, if a A b = 0 for some a,b € L, then
flavb) = f(a)+ f(b) and so Q(a Vb) = Q(a) + Q(b). Thus Q is a pseudo-rank

function on L. O

LEMMA 3. Let f be a pseudo-rank function on a bounded lattice L. Let x € L,
be a central element in L such that f(x) = 1. Then f(zx ANy) = f(y) for all
y € L.

Proof. Since z is a central element, there exists a complement z’ of x. Clearly,
1=f(1)=f(xva) = f(x)+ f(a') = 1+ f(z’). Hence f(z') = 0. For any
y €L, f(' Ay) < f(a') = 0. Hence f(y) = flynl) = flyn(zVa)] =
flynz) vy =flynz)+ flyna') = fly Ana). O

LEMMA 4. Let L be a bounded lattice and {x1,...,x,} be a set of completely
orthogonal elements in L. Suppose I, J are nonempty subsets of {1,...,n}.

Let o; and [3; be nonzero real numbers. For each i € I and j € J, let P; and

Q; be pseudo-rank functions on (x;] and (z,] respectively. If > c;Pi(x; Ny) =
i€l

> BiQj(x; Ny) for everyy € L, then I = J, o; = B; and P; = Q; for each i.

jeJ

Proof. Let t € J. Then using z; Azy =0 for j # ¢, Q;(0) =0 and Q,(x;) =1,

we get > a;Pi(xi ANay) = ) B;Q (xj ANay) = By # 0. Hence Py(xg Aay) # 0
iel jeJ

for some s € I. This implies s A xy # 0 and so s = t, i.e. t € I. Thus J C I.

Similarly we get I C J.

Given s € I, y € (x4], then using x; Ay = 0 for ¢ # s we get, asPs(y) =
Zlaipi(xi ANy) = Z]ﬂj@j (xj Ay)) = BsQs(xs Ay) = BsQs(y). In particular,
i€ JjE
as = asPs(zs) = BsQs(xs) = Ps. Consequently, Ps(y) = Qs(y) for every

y € (zs]. Thus Ps = Q. O
LEMMA 5. Let L be a bounded lattice and {x1,...,x,} be a set of completely or-
thogonal central elements in L. Suppose I, J are nonempty subsets of {1,...,n}.

Let o; and [3; be nonzero real numbers. For each i € I and j € J, let P; and
Q; be pseudo-rank functions on L such that P;j(x;) = 1 and Q,(x;) = 1. If

Yoo Pi(y) =) B;Q;(y) for everyy € L, then I = J, a; = B; and P; = Q; for
el jeJ
each 1.

Proof Let t € J. Then using Lemma 3 and z; Az = 0 for j # ¢t we get
Qj(zy) = Qj(x; Nxy) = 0. Hence Y o;Pi(zy) = ZJﬂJQj(xt) = 6:Q¢(xy) =
Jje

icl
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Bt # 0. Hence Ps(z:) # 0 for some s € I. This implies x5 A z; # 0 and so s = t,
i.e. t € I. Thus J C I. Similarly we get I C J.

Given s € I, y € L we have by using Lemma 3, asPs(y) = asPs(zs AN y) =

Y aiPi(zinz Ay) = Y aiPi(zAy) = 30 BiQi(xsAy) = D BQi(xi xsN\y) =
i€l i€l jeJ jeJ

BsQs(xs Ny) = BsQs(y). In particular, as = asPs(zs) = BsQs(zs) = Bs.
Consequently, Ps(y) = Qs(y) for every y € L. Thus Py = Q. d

LEMMA 6. Let L be a bounded lattice and {x1,...,x,} be a set of completely
orthogonal central elements in L. Let f be a pseudo-rank function on L such

that > f(z;) =1 and f(x;) # 0 for all i.
i=1
(a) There exist unique pseudo-rank functions P; on (x;] such that
fly) = ;f(%)ﬂ(% Ay) forally € L.
(b) There exist unique pseudo-rank functions Q; on L such that Q;(z;) = 1
and f(y) = ;f(xi)Qi(y> forally € L.

Proof. Since {z1,...,2,} is a set of completely orthogonal elements in L,
n

flwy vV ---Va,) = > f(r;) = 1. As xy,...,z, are central elements, so is
i=1

x1V---Va, and hence fly)=f((x1V---Va,)Ay) for all y € L by Lemma 3.
Clearly, the set {z1 Ay, ..., x, Ay} is a completely orthogonal subset of L. Hence

F@) = flla Ay Ve vien Ay)) = 2 flzi Ay).

(a) For each i, by Lemma 1, P;(y) = f(y)/f(z;) defines a pseudo-rank func-
tion P; on (z;]. Given any y € L, we then have f(x; Ay) = f(x;)Pi(z; Ay) for

each i. Hence f(y) = > f(xz;)P(xz; Ay). Uniqueness follows from Lemma 4.
i=1

(b) For each i, by Lemma 2, Q;(y) = f(x; Ay)/f(x;) defines a pseudo-rank
function @; on L. We note that @;(x;) = 1. Given any y € L, we then have

flzi Ny) = f(x)Qi(y) for all i. Hence f(y) = i f(z;)Q;(y). Uniqueness
i=1

follows from Lemma 5. (I
THEOREM 1. Let L be a bounded lattice and {x1,...,x,} be a set of completely
orthogonal central elements in L such that x1V ---V x, = 1.
(a) Suppose I is a nonempty subsets of {1,...,n}. Let a; be positive real
numbers such that > a; = 1. For each i € I, let P; be a pseudo-rank
i€l
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function on (x;]. Then f(y) = > a;P;j(x; Ay) is a pseudo-rank function
i€l
on L.
(b) Let o, 1 < i < n, be nonnegative real numbers such that » a; = 1.
iel
For each i € I, let P; be a pseudo-rank function on (x;]. Then f(y) =
n
> a;Pi(z; Ny) is a pseudo-rank function on L.
i=1
(¢) Every pseudo-rank function on L may be uniquely obtained as in (a). More-
over, if there exists at least one pseudo-rank function on each (x;], then
every pseudo-rank function on L may be obtained as in (b).

Proof. (a) and (b) follow immediately from the definition of a pseudo-rank
function.

(c) Let f be a pseudo-rank function on L. Let I be the set of those i €
{1,...,n} for which f(x;) # 0. Put oy = f(x;) for all i € I. Then ) o; =

i€l
S f(z) = f(x1V---Va,) = f(1) = 1. By Lemma 6 there exist pseudo-rank
i€l
functions P; on (x;] for each i € I such that f(x) = > «;P;(x; Ay) for ally € L.
i€l

Thus f has a representation as in (a).

Suppose that there exists at least one pseudo-rank function on each (x;]. Put
a; = f(x;) foralli =1,...,n. Fori € {1,...,n} — I, let P; be any pseudo-rank
function on (z;]. Then f(z) = > a;Pi(zi Ny) = > a;Pi(z; Ay) for all y € L,

il i=1

which represents f as in (b). O

We recall some terms from Birkhoff [1, p. 5. The length of a poset P
is defined as the least upper bound of the lengths of the chains in P and it is
denoted by I(P). If [(P) is finite, then the poset P is said to be of finite length.
Let P be a poset of finite length with 0 and a € P. The height of a, denoted by
h(a), is defined as the least upper bound of all chains in [0, a.

It is known that in a modular lattice, h(a V b) + h(a A b) = h(a) + h(b).

COROLLARY 1. Let L be a modular lattice of finite length. Let x;, 1 <i <mn, be
completely orthogonal nonzero central elements in L such that x1V---Vx, = 1.
Let a;, 1 < i < n, be nonnegative real numbers such that > a; = 1. Then

fy) = > ay[h(x; Ay)/h(x;)] defines a pseudo-rank function on L.
i=1

Proof. Clearly, for each y € L, h(z; ANy) < h(z;), so f(y) € [0,1]. It is clear
that f(1) =1 and if y,z € L, y < z then f(y) < f(z). Let y,z € L, y Az =0.
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Then using successively that z; are central and L is modular of finite length, we
have f(yV z) = > a;hlz; A (y V 2)|/h(z;) = > ahl(x; Ay) V (x; A 2)]/h(z;) =
i=1 i=1

1

:1 ai[h(wi A y) + b A 2))/h(x) = f(y) + F(2). O

The proof of the following lemma follows from the definition of a pseudo-rank
function.

LEMMA 7. Let L1, Ly be two bounded lattices, f: L1 — Lo be a 0, 1-homo-
morphism. If g is a pseudo-rank function on Lo, then g o f is a pseudo-rank
function on L.

LEMMA 8. Let f be a pseudo-rank function on a relatively complemented bounded
lattice L. The set A={x € L: f(x)=0} is an ideal of L.

Proof. Since f(0) = 0, A is nonempty. Clearly, if x < y and y € A, then
x € A Let x,y € A. Then f(xVy) < f(x)+ f(y) shows that A is an ideal
of L. 0

LEMMA 9. If f, g are pseudo-rank functions on a complemented lattice L such
that f(z) < g(z) for all x € L, then f = g.

Proof. If f # g, then f(x) < g(z) for some x € L. We have f(z') < g(z').

Hence 1 = f(1) = f(zVa') = f(z)+ f(2') < g(z)+g(2") = g(xVva') = g(1) =1
a contradiction. O

Remark 1. Let L be a lattice with 0, I be a prime ideal of L. Then the mapping
¢: L — (L —1)U{0} defined by ¢(x) =z, if ¢ [ and ¢(x) =0,if z € [ isa

meet-homomorphism.

LeEMMA 10. Let f be a pseudo rank function on a relatively complemented
bounded lattice L. Let I be a prime ideal of L, such that I C ker(f). Then
there exists a unique pseudo-rank function g on (L—1I)U{0} such that gogp = f.
Further g is a rank function iff I = ker(f).

Proof. Suppose z,y € L and ¢(x) = ¢(y). We claim that f(z) = f(y). If
x,y € I, then ¢(x) = ¢(y) = 0 and f(z) = f(y) = 0. If z,y € L — I, then
¢(z) = ¢(y) implies = y and f(x) = f(y). f x € [ and y ¢ I, then ¢(x) =0
and ¢(y) = y. Hence ¢(x) = ¢(y) implies y = 0 which contradicts y ¢ I.

Define a map g: (L—I)U{0} — [0,1], by g(x) = f(x). As g(z) = f(z) for all
x € L—1, gis arank function iff f(x) > 0 for all z € L — I, which is equivalent
to I = ker(f). O
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THEOREM 2. Let L be a modular lattice of finite length. Then the function N
on L defined by N(x) = h(x)/h(1) is a pseudo-rank function on L, where h(x)
denotes the height of x.

Proof. Clearly N(1) =1 and for z,y € L, x < y implies N(z) < N(y).

Let z,y € L be such that x Ay = 0. Using L is modular we get N(z Vy) =
h(z Vy)/h(1) = [h(z) + h(y)]/h(1) = N(z) + N(y).

Thus N is a pseudo-rank function on L. O

3. Properties of the set of pseudo-rank functions

DEFINITION 2. For a bounded lattice L, we denote the set of all pseudo-rank
functions on L by P(L) (this set might be empty). We consider it as a subset of
the real vector space R = {f : f: L — R} equipped with the product topology.

We note that R” is a Hausdorff topological vector space. The topology on
RE can be described in terms of convergence of nets. Given a net {f;} in R,
and some f € R, we have f; — f if and only if f;(z) — f(z) for allx € L. A
partial order can be defined on RY by f < g iff for each z € L, f(z) < g(z).

DEFINITION 3. Let E be a real vector space. A conver combination of points

r1,...,T, € F,is any linear combination of the form ayxz1 + - -+ 4+ a,x, such
n

that a; € R, o; > 0, > oy = 1. A convex subset of E is any subset K C E
i=1

such that for 0 < o <1, and any z,y € K, ax + (1 — o)y € K. A convez cone

in F is a subset C C F, such that 0 € C and az + By € C for all z,y € C

and nonnegative real numbers o and S. A convex cone C is called strict, if

CN(=C) =0. A subset A of FE is called an affine subspace, if it is closed

n
under linear combinations of the form Y a;x;, where z; € A and > «o; = 1.

A hyperplane in E is an affine subspacle (1)f the form V + z, such that V is a
linear subspace of F of codimension 1. A base for a strict cone in C' is a convex
K C C such that K is contained in a hyperplane not containing the origin and
C={ar: x€ K and a > 0}.

PROPOSITION 3. For a bounded lattice L, the set P(L) is a compact convex
subset of RE.

Proof. Clearly, P(L) is a convex set.
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We note that P(L) is contained in W = [0,1]*, which is compact by Ti-
chonoff’s theorem. Thus it is sufficient to show that P(L) is closed in W. Let
N; be a net in P(L), which converges to some N € W. Since N;(1) — N(1),
we have N(1) = 1. For z,y € L with z < y, we have N;(z) < N,(y) and so
N(xz) < N(y). Similarly, if z Ay = 0, then N(z V y) = N(z) + N(y). Thus
N € P(L), so P(L) is closed in W. O

A convex subset F' of a convex set K is called a face of K if for x,y € K and
0<a<l,ar+(1—a)yec F implies z,y € F.

LEMMA 11. Let L be a bounded lattice and X C L. Then the set F = {N €
P(L): N(x)=0 forall x € X} is a closed face of P(L).

Proof. Let N; be a net in F converging to some N € P(L). Clearly, for
all z € L, Nj(z) = 0 for each i and so N(z) = 0. Thus N € F, ie. F
is a closed subset of P(L). If 0 < a < 1, then for any P,Q € F, [aP +
(1 —a)Q](z) = 0. Thus F is convex. Suppose that for some a, 0 < o < 1,
and for some P,Q € P(L), aP+ (1 —a)Q = N € F. For all z € X, we have
P(z) <o !([aP + (1 - 2)Q](z)) = a *N(xz) = 0. Thus P(z) =0, i.e. P € F.
Similarly, @ € F. Therefore, F is a face of P(L). O

A lattice L is called irreducible if 0 and 1 are the only central elements in L.

LEMMA 12. Let L be a relatively complemented bounded lattice. Let f € P(L) be
such that ker(f) = {0}. If f is an extreme point of P(L) then L is an irreducible
lattice.

Proof. Let z € L be a central element such that z # 0. By [9, Theorem 4.13,
Remark 4.14], z has a complement 2/, which is also a central element. We
have f(z) > 0, f(2/) > 0 and f(z) + f(2’) = 1. By Lemma 6, there exist
pseudo-rank functions g; and g, on L such that ¢g1(z) = 1, g2(2’) = 1 and

fy) = f(2)g1(y) + f(2")g2(y) for all y € L. Since g1(z) = 1 implies g1(z’) = 0,
we get g1 # g2. Thus f is a convex combination of distinct pseudo-rank functions
in P(L). This contradicts the assumption that f is an extreme point. O

PROPOSITION 4. Let L be a relatively complemented bounded lattice such that
P(L) is nonempty. Let V be a convex cone in RY with base P(L).

(a) A mapping f € R¥ belongs to V if and only if f > 0, and f(z) = f(y)+f(2)
for all x,y,z € L such thatx =y V zand y A z = 0.

(b) For f,g eV, we have f < g iffg— feV.
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Proof.

(a) If f € V, then f = aN for some nonnegative real number « and for some
N € P(L). Clearly, f > 0. If z,y,2z € L, such that t =y V z and y A z = 0, then
N(x) = N(y) + N(z) shows that f(z) = f(y) + f(2).

Conversely, suppose f > 0 and f(z) = f(y) + f(z), whenever x = y V z and
yAz=0. Let a,b € L with a < b and z be the relative complement of @ in [0, b].
Then f(b) = f(a)+ f(z) shows that f(a) < f(b). We note that 0 < f(z) <1 for
all z € L. Thus if f(1) =0, then f = 0. In this case, f = ON for any N € P(L).
Now suppose, f(1) > 0. Put N(z) = f(z)/f(1). Then N satisfies the properties
of a pseudo-rank function on L and we have f = f(1)N € V.

(b) If g— f € V, then g — f > 0 and so f < g. Conversely, suppose f < g.
We note that ¢ — f > 0. Let z,y € L be such that x Ay = 0 Then by (a),
flevy) = f(x)+ f(y) and g(z Vy) = g(x) + g(y). Hence (¢ — f)(zVy) =
(9—f)@)+(9—f)(y). Hence g — f € V. O

The following proposition is from [4, p. 336].

PROPOSITION 5. Let K be a convex subset of a real vector space. Let X C K
and x € K. Then x lies in the face generated by X in K iff there exists y € K
and real number o, 0 < a < 1, such that ax + (1 — a)y lies in the conver hull
of X.

COROLLARY 2. Let L be a relatively complemented bounded lattice. Let P €
P(L), X CP(L). Then P lies in the face generated by X in P(L) iff P < aQ
for some positive real number o and some @ in the convex hull of X.

Proof. Suppose that P lies in the face generated by X. Then by Proposition 5,
there exists P’ € P(L), 8 € R, 0 < 8 < 1, such that @ = BP+ (1 — ) P’ belongs
to the convex hull of X. Then SP < Q. Thus P < 87!Q.

Conversely, suppose that P < a) for some positive real number o and some
Q in the convex hull of X. Since, P and aQ lie in the convex cone in RY, with
base P(L), by Proposition 4, a@) — P lies in this cone also. Hence a@Q) — P = P’
for some P’ € P(L) and some nonnegative real number 3. Then P 4+ P’ = aQ
and 1+ 3 = P(1) + 8P'(1) = aQ(1) = a. Hence v = a~! is a real number such
that 0 <y <1 and vP + (1 —v)P’ = Q. Hence by Proposition 5, P lies in the
face generated by X. O

PROPOSITION 6. Let L be a Boolean lattice such that P(L) is nonempty. Let V
be the convex cone in RL with base P(L). Then 'V is a lattice. For f,g € V and
any w € L, we have
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(a) (fAg)(w)= inf{Zmin{f(ai),g(ai)} s w=ayV---Vay, whereay,...,a,
are completely orthogonal elements in L} = inf{ii1 min{ f(a;), g(a;)} :
w=aiV as, whereal/\aQ:O}. )

(b) (fVg)(w)= inf{z max{ f(a;),g(a;)}: w=a1V---Va,, whereay,...,a,
are completely orthogonal elements in L} = sup{ Zé max{ f(a;),g(a;)} :

w = a1 V as, where a1 A\ as = 0}.

Proof. For all w € L, let hy(w) = inf{Zmin{f(ai),g(ai)} cw=a V-V

a, where aq,...,a, are completely orthogonal elements in L} and ho(w) =

1nf{ Z min{ f(a;),g9(a;)} : w=ay Vay, where a; A ag = O}.

We have hi(w) < hg(w). Ifw=a1V---Vay,, where ay,...,a, are completely
orthogonal elements in L, then we may renumber so that there is an index k£ with
fla;) < gl(a;) for all i <k and f(a;) > g(a;) foralli > k. Put x =a1 V- Vay
and y = ag41 V- -+ Vay,. By distributivity of L, z Ay = 0. Also f(z) < g(x) and
f(y) = g(y). Hence ha(w) < min{f(z), g(z)} + min{f(y), 9(y)} = f(z) +9(y) =
> - min{ f(a;), g(a;)}. Thus ha(w) < hy(w) and so hy = ho.

Clearly, hy > 0 and hy < f, hy < g. Suppose, k € Vand k < f, k < g.
Then k& = ar for some a > 0 and for some pseudo-rank function r. Let xz €
Land z = a1 V- \/ a, where ay,...,a, are completely orthogonal. Hence
k(z) = ar(z) = OéZ r(ai) = Zlow“(az) Zk(az) < Y min{f(a:),g(a:)}.
Thus k(z) < hy(z). Therefore hi=fAgif h1 € V

To show that hy € V, it is sufficient to show that hq(z) = hi(y) + hi(z)
whenever, * = y V z and y A z = 0. By the definition of hy, it follows
that for a given £ > 0, there exist completely orthogonal elements y1,..., 4,
such that y = y; V -+ Vy, and > min{f(y;),9(v:)} < hi(y) + /2. Simi-
larly, > min{f(z),9(zi)} < hi(z) + €/2 for some completely orthogonal ele-
ments z1,..., 2, satisfying z = z; V--- V z,,. Since y A z = 0, it follows by
distributivity of L that yi1,...,yn, 21, .., 2m are completely orthogonal. Then
r=y1 V- Vy,Vz1V---Vz, shows that hi(z) < hi1(y) + h1(2) + . Hence
hi(z) < hi(y) + ha(2).

Let x = 1 V --- V &, for some completely orthogonal elements x1,...,x,
and x = y V z for some y,z € L with y A z = 0. By distributivity of L, y =
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y1V- - -Vy, for completely orthogonal elements y; = z;Ay, ¢ = 1, ..., n. Similarly
z =2z V---Vz, for completely orthogonal elements z; = z; Az,i=1,...,n and
20 =4,V 2. Then h(y) +hi(2) < 3 min{f(y), 9y} + 3 min{f(z), g(z0)} =
> (min{ f (), g(ya) }+min{f(2:), 9(2:)}) < 3 min{f(yi)+f(2:), 9(vi) +9(2:)} =
> min{ f(x;), g(z;)}. Therefore hy(y) + hi(z) < hq(z).

Thus hi(x) = h1(y) + hi(z) for all z,y,z € L with x =y V 2. Since hy > 0,
by Proposition 4, h; € V.

Similarly, we can prove (b). O

We now give a characterization for two elements P, Q € P(L) to be in disjoint
faces of P(L).

PROPOSITION 7. Let L be a Boolean lattice. Let P,Q € P(L) and V be the
convex cone in RL | with base P(L). Then the following statements are equivalent.

(a) P and Q lie in disjoint faces of P(L).

(b) PAQ=0inV.

(¢) For any x € L and any positive real number e, there exists a decomposition
r=yVz, yAz=0 such that P(y) + Q(z) < ¢.

Proof. Let F be the face generated by P in P(L) and let G be the face generated
by @ in P(L).
(a) = (b):
If PANQ # 0, then PAQ = aN for some N € P(L) and some positive real
number a. Then N < a™'P and N < a~'Q. Hence by Corollary 2, N € FNG,
a contradiction.
(b) = (a):
If there is some N € F N G, then by Corollary 2, there exists a positive real
number « such that N < aP and N < aQ. Then we get a ' N € V such that
0 < a !N < PAQ, which is impossible.
(b) = (o)
If P(x) = 0 then we take y = z and z = 0. If Q(z) = 0, then take y = 0 and
z = x. Suppose, P(z) > 0 and Q(z) > 0. Then by decreasing ¢ if necessary, we
may also assume that e < P(x) and € < Q(x).

Since (P A Q)(xz) = 0, by Proposition 6, there exists a decomposition x =
y V z with y A z = 0 such that [min{P(y),Q(y)}] + min[{P(2),Q(2)} < e. If
P(y) < Q(y) and P(z) < Q(z), then it follows that P(z) = P(y) + P(2) < ¢
< P(z), which is impossible. Similarly, we cannot have both Q(y) < P(y) and
Q(z) < P(z). Thus by interchanging y and z if necessary, we may assume that
P(y) < Q(y) and Q(z) < P(z). Hence P(y) + Q(z) < e.
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(c) = (b):
Follows from Proposition 6. O

DEFINITION 4. If A, B are convex subsets of a real vector space E, a mapping
f: A — Biscalled an affine map if f preserves convex combinations. A simplex
in a real vector space E is a convex subset K C FE such that K is affinely
isomorphic to a base for a lattice cone in some real vector space. A Choquet
simplex is a compact simplex in a locally convex, Hausdorff topological vector
space.

THEOREM 3. If L is a Boolean lattice such that P(L) is nonempty, then P(L)
is a Choquet simplex.

Proof. We know that R” is a locally convex, Hausdorff topological vector
space. It follows from Proposition 3 that P(L) is a closed, convex subset of RE.
Moreover, P(L) is contained in the closed hyperplane {f € RF : f(1) = 1},
which misses the origin. Let V be the convex cone in R, with base P(L), and
let <y be the partial order on R” induced by V. For any f, g € V, Proposition 4
shows that f <y ¢ iff f < g. Consequently, it follows from Proposition 6 that
V is a lattice cone. Therefore P(L) is a base for a lattice cone. Therefore P(L)
is a Choquet simplex. O
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