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their properties are studied. It is shown that if the set of all pseudo-rank functions

on a Boolean lattice is nonempty then it is a Choquet simplex.
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1. Introduction

A real valued function D on a lattice L is called a dimension function, if the

range of D has either an upper bound or a lower bound and for all a, b ∈ L,

D(a∨ b) +D(a∧ b) = D(a) +D(b), see v o n N e um a n n [12, p. 58]. The the-

ory of dimension functions is studied in various structures. V o n N e um a n n

[12] introduced dimensionality in continuous geometries by using perspectivity,

whereas I w am u r a [6] used the concept of a relation called the p-relation.

K a p l a n s k y [7], M u r r a y and v o n N e um a n n [11] and others have in-

troduced dimensionality in rings of operators by using equivalence of projections.

M a e d a [10] generalized the work of v o n N e um a n n [12] and K a p l a n s k y

[7] for a certain class of lattices. At the same time L o om i s [8] gave an ab-

stract setting to the M u r r a y , v o n N e um a n n dimension theory by using

complete orthocomplemented lattices. G o o d e a r l [3] developed the dimen-

sion theory for a certain class of modules. V o n N e um a n n [12, p. 231] has

introduced the concept of a rank-function on a regular ring, which generalizes
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the dimension function. G o o d e a r l [2], [4] has introduced and developed the

study of pseudo-rank functions on regular rings, which is a generalization of rank

functions.

In this paper we introduce and study the concept of a pseudo-rank function

on a bounded lattice L on the lines of G o o d e a r l [4]. In Section 2, we obtain

some basic properties of pseudo-rank functions and the set of all pseudo-rank

functions on L and show how new pseudo-rank functions can be constructed

from some given ones. In Section 3 we consider the set P(L) of all pseudo-rank

functions as a subset of the real vector space R
L equipped with the product

topology. It is proved that P(L) is a compact convex subset of RL. We also

show that if L is a Boolean lattice with nonempty P(L) then the convex cone

in R
L with base P(L) is a lattice. A necessary and sufficient condition for two

pseudo-rank functions to lie in disjoint faces of P(L) are given. Further it is

shown that P(L) is a Choquet simplex.

2. Pseudo-rank functions

A lattice L is said to have the zero element, if there exists an element, denoted

by 0, such that 0 ≤ x for all x ∈ L. L is said to have the unit element, if there

exists an element, denoted by 1, such that x ≤ 1 for all x ∈ L. If L has both 0 and

1, then L is called a bounded lattice. A bounded lattice is called complemented

if for any a ∈ L, there exists b ∈ L such that a ∧ b = 0 and a ∨ b = 1. Then

b is called a complement of a. A distributive complemented lattice is called

a Boolean lattice. We say that x1, . . . , xn ∈ L are completely orthogonal, if

xi ∧
∨
j �=i

xj = 0 for each i. The undefined terms are from G r ä t z e r [5] and

M a e d a and M a e d a [9].

���������� 1� A pseudo-rank function f on a bounded lattice L is a mapping

f : L → [0, 1] such that

(a) f(1) = 1.

(b) f(x) ≤ f(y) for all x, y ∈ L such that x ≤ y.

(c) f(x ∨ y) = f(x) + f(y) for all x, y ∈ L with x ∧ y = 0.

Clearly, f(0) = 0 and f(
n∨

i=1
xi) =

n∑
i=1

f(xi) whenever x1, . . . , xn ∈ L are

completely orthogonal.

A pseudo-rank function f with the property f(x) > 0, for x �= 0 is called a

rank function on L.

706



PSEUDO-RANK FUNCTIONS ON CERTAIN LATTICES

The following proposition is evident.

�	�
������� 1� Let L be a bounded lattice and f be a pseudo-rank function

on L. Suppose that {x1, . . . , xn} and {y1, . . . , yk} are sets of completely orthog-

onal elements in L. If x1 ∨ · · · ∨ xn ≤ y1 ∨ · · · ∨ yk, then
n∑

i=1

f(xi) ≤
k∑

i=1

f(yi).

A lattice L is called relatively complemented, if for a, b, c ∈ L with a ∈ [b, c]

there exists d ∈ L such that a ∧ d = b and a ∨ d = c. Then d is called a relative

complement of a in [b, c].

�	�
������� 2� Let L be a relatively complemented bounded lattice and f be a

pseudo-rank function on L. Suppose that x1, . . . , xn ∈ L. Then f(x1∨· · ·∨xn) ≤
k∑

i=1
f(xi).

P r o o f. We prove the proposition for n = 2. Let a and b be relative comple-

ments of x1 ∧ x2 in [0, x1] and in [0, x2] respectively. Then a ∧ b ≤ x1 ∧ x2.

Taking meet with a, we get a ∧ b = 0. Also, 0 = a ∧ x1 ∧ x2 = a ∧ x2. Now,

f(x1 ∨ x2) = f(a ∨ (x1 ∧ x2) ∨ x2) = f(a ∨ x2) = f(a) + f(x2) ≤ f(x1) + f(x2).

By using induction, we get the result. �

Two elements x, y ∈ L are called perspective (in notation x ∼ y) if there exists

z ∈ L such that x ∧ z = y ∧ z = 0 and x ∨ z = y ∨ z = 1.

We note that if f is a pseudo-rank function on L, then x ∼ y implies f(x) =

f(y). The proof of the following lemma is evident.

��

� 1� Let f be a pseudo-rank function on a bounded lattice L. Let x ∈ L be

such that f(x) �= 0. Then the function P (y) = f(y)/f(x) defines a pseudo-rank

function on (x].

An element x in a lattice L is called a dually distributive element, if x∧(y∨z) =
(x ∧ y) ∨ (x ∧ z) for all y, z ∈ L, see G r ä t z e r [5, p. 181]. An element x in a

bounded lattice L is called a central element, if there exist two lattices L1 and

L2 and an isomorphism between L and the direct product L1L2 such that x

corresponds to the element [11, 02] ∈ L1L2. It is known that z ∈ L is a central

element if and only if z is a neutral element having a complement (see M a e d a

and M a e d a [9, Theorem 4.13]).

��

� 2� Let f be a pseudo-rank function on a bounded lattice L. Let x ∈ L,

be a dually distributive element in L such that f(x) �= 0. The function Q(y) =

f(x ∧ y)/f(x) defines a pseudo-rank function on L.
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P r o o f. Clearly, Q(1) = f(x ∧ 1)/f(x) = 1. If a, b ∈ L and a ≤ b then x ∧ a ≤
x ∧ b implies Q(a) ≤ Q(b). Moreover, if a ∧ b = 0 for some a, b ∈ L, then

f(a∨ b) = f(a) + f(b) and so Q(a∨ b) = Q(a) +Q(b). Thus Q is a pseudo-rank

function on L. �

��

� 3� Let f be a pseudo-rank function on a bounded lattice L. Let x ∈ L,

be a central element in L such that f(x) = 1. Then f(x ∧ y) = f(y) for all

y ∈ L.

P r o o f. Since x is a central element, there exists a complement x′ of x. Clearly,
1 = f(1) = f(x ∨ x′) = f(x) + f(x′) = 1 + f(x′). Hence f(x′) = 0. For any

y ∈ L, f(x′ ∧ y) ≤ f(x′) = 0. Hence f(y) = f(y ∧ 1) = f [y ∧ (x ∨ x′)] =

f [(y ∧ x) ∨ (y ∧ x′)] = f(y ∧ x) + f(y ∧ x′) = f(y ∧ x). �

��

� 4� Let L be a bounded lattice and {x1, . . . , xn} be a set of completely

orthogonal elements in L. Suppose I, J are nonempty subsets of {1, . . . , n}.
Let αi and βj be nonzero real numbers. For each i ∈ I and j ∈ J, let Pi and

Qj be pseudo-rank functions on (xi] and (xj] respectively. If
∑
i∈I

αiPi(xi ∧ y) =
∑
j∈J

βjQj(xj ∧ y) for every y ∈ L, then I = J, αi = βi and Pi = Qi for each i.

P r o o f. Let t ∈ J . Then using xj ∧xt = 0 for j �= t, Qj(0) = 0 and Qj(xj) = 1,

we get
∑
i∈I

αiPi(xi ∧ xt) =
∑
j∈J

βjQj(xj ∧ xt) = βt �= 0. Hence Ps(xs ∧ xt) �= 0

for some s ∈ I. This implies xs ∧ xt �= 0 and so s = t, i.e. t ∈ I. Thus J ⊆ I.

Similarly we get I ⊆ J .

Given s ∈ I, y ∈ (xs], then using xi ∧ y = 0 for i �= s we get, αsPs(y) =∑
i∈I

αiPi(xi ∧ y) =
∑
j∈J

βjQj(xj ∧ y)) = βsQs(xs ∧ y) = βsQs(y). In particular,

αs = αsPs(xs) = βsQs(xs) = βs. Consequently, Ps(y) = Qs(y) for every

y ∈ (xs]. Thus Ps = Qs. �

��

� 5� Let L be a bounded lattice and {x1, . . . , xn} be a set of completely or-

thogonal central elements in L. Suppose I, J are nonempty subsets of {1, . . . , n}.
Let αi and βj be nonzero real numbers. For each i ∈ I and j ∈ J, let Pi and

Qj be pseudo-rank functions on L such that Pi(xi) = 1 and Qj(xj) = 1. If∑
i∈I

αiPi(y) =
∑
j∈J

βjQj(y) for every y ∈ L, then I = J, αi = βi and Pi = Qi for

each i.

P r o o f. Let t ∈ J . Then using Lemma 3 and xj ∧ xt = 0 for j �= t we get

Qj(xt) = Qj(xj ∧ xt) = 0. Hence
∑
i∈I

αiPi(xt) =
∑
j∈J

βjQj(xt) = βtQt(xt) =
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βt �= 0. Hence Ps(xt) �= 0 for some s ∈ I. This implies xs ∧ xt �= 0 and so s = t,

i.e. t ∈ I. Thus J ⊆ I. Similarly we get I ⊆ J .

Given s ∈ I, y ∈ L we have by using Lemma 3, αsPs(y) = αsPs(xs ∧ y) =∑
i∈I

αiPi(xi∧xs∧y) =
∑
i∈I

αiPi(xs∧y) =
∑
j∈J

βjQj(xs∧y) =
∑
j∈J

βjQj(xj∧xs∧y) =
βsQs(xs ∧ y) = βsQs(y). In particular, αs = αsPs(xs) = βsQs(xs) = βs.

Consequently, Ps(y) = Qs(y) for every y ∈ L. Thus Ps = Qs. �

��

� 6� Let L be a bounded lattice and {x1, . . . , xn} be a set of completely

orthogonal central elements in L. Let f be a pseudo-rank function on L such

that
n∑

i=1
f(xi) = 1 and f(xi) �= 0 for all i.

(a) There exist unique pseudo-rank functions Pi on (xi] such that

f(y) =
n∑

i=1
f(xi)Pi(xi ∧ y) for all y ∈ L.

(b) There exist unique pseudo-rank functions Qi on L such that Qi(xi) = 1

and f(y) =
n∑

i=1
f(xi)Qi(y) for all y ∈ L.

P r o o f. Since {x1, . . . , xn} is a set of completely orthogonal elements in L,

f(x1 ∨ · · · ∨ xn) =
n∑

i=1

f(xi) = 1. As x1, . . . , xn are central elements, so is

x1 ∨ · · · ∨ xn and hence f(y) = f((x1 ∨ · · · ∨ xn) ∧ y) for all y ∈ L by Lemma 3.

Clearly, the set {x1∧y, . . . , xn∧y} is a completely orthogonal subset of L. Hence

f(y) = f((x1 ∧ y) ∨ · · · ∨ (xn ∧ y)) =
n∑

i=1
f(xi ∧ y).

(a) For each i, by Lemma 1, Pi(y) = f(y)/f(xi) defines a pseudo-rank func-

tion Pi on (xi]. Given any y ∈ L, we then have f(xi ∧ y) = f(xi)Pi(xi ∧ y) for

each i. Hence f(y) =
n∑

i=1
f(xi)P (xi ∧ y). Uniqueness follows from Lemma 4.

(b) For each i, by Lemma 2, Qi(y) = f(xi ∧ y)/f(xi) defines a pseudo-rank

function Qi on L. We note that Qi(xi) = 1. Given any y ∈ L, we then have

f(xi ∧ y) = f(xi)Qi(y) for all i. Hence f(y) =
n∑

i=1
f(xi)Qi(y). Uniqueness

follows from Lemma 5. �

����	�
 1� Let L be a bounded lattice and {x1, . . . , xn} be a set of completely

orthogonal central elements in L such that x1 ∨ · · · ∨ xn = 1.

(a) Suppose I is a nonempty subsets of {1, . . . , n}. Let αi be positive real

numbers such that
∑
i∈I

αi = 1. For each i ∈ I, let Pi be a pseudo-rank

709



M. P. WASADIKAR — S. K. NIMBHORKAR

function on (xi]. Then f(y) =
∑
i∈I

αiPi(xi ∧ y) is a pseudo-rank function

on L.

(b) Let αi, 1 ≤ i ≤ n, be nonnegative real numbers such that
∑
i∈I

αi = 1.

For each i ∈ I, let Pi be a pseudo-rank function on (xi]. Then f(y) =
n∑

i=1

αiPi(xi ∧ y) is a pseudo-rank function on L.

(c) Every pseudo-rank function on L may be uniquely obtained as in (a). More-

over, if there exists at least one pseudo-rank function on each (xi], then

every pseudo-rank function on L may be obtained as in (b).

P r o o f. (a) and (b) follow immediately from the definition of a pseudo-rank

function.

(c) Let f be a pseudo-rank function on L. Let I be the set of those i ∈
{1, . . . , n} for which f(xi) �= 0. Put αi = f(xi) for all i ∈ I. Then

∑
i∈I

αi =
∑
i∈I

f(xi) = f(x1 ∨ · · · ∨ xn) = f(1) = 1. By Lemma 6 there exist pseudo-rank

functions Pi on (xi] for each i ∈ I such that f(x) =
∑
i∈I

αiPi(xi∧y) for all y ∈ L.

Thus f has a representation as in (a).

Suppose that there exists at least one pseudo-rank function on each (xi]. Put

αi = f(xi) for all i = 1, . . . , n. For i ∈ {1, . . . , n}− I, let Pi be any pseudo-rank

function on (xi]. Then f(x) =
∑
i∈I

αiPi(xi ∧ y) =
n∑

i=1
αiPi(xi ∧ y) for all y ∈ L,

which represents f as in (b). �

We recall some terms from B i r k h o f f [1, p. 5]. The length of a poset P

is defined as the least upper bound of the lengths of the chains in P and it is

denoted by l(P ). If l(P ) is finite, then the poset P is said to be of finite length.

Let P be a poset of finite length with 0 and a ∈ P . The height of a, denoted by

h(a), is defined as the least upper bound of all chains in [0, a].

It is known that in a modular lattice, h(a ∨ b) + h(a ∧ b) = h(a) + h(b).

��	����	� 1� Let L be a modular lattice of finite length. Let xi, 1 ≤ i ≤ n, be

completely orthogonal nonzero central elements in L such that x1 ∨ · · · ∨ xn = 1.

Let αi, 1 ≤ i ≤ n, be nonnegative real numbers such that
∑

αi = 1. Then

f(y) =
n∑

i=1

αi[h(xi ∧ y)/h(xi)] defines a pseudo-rank function on L.

P r o o f. Clearly, for each y ∈ L, h(xi ∧ y) ≤ h(xi), so f(y) ∈ [0, 1]. It is clear

that f(1) = 1 and if y, z ∈ L, y ≤ z then f(y) ≤ f(z). Let y, z ∈ L, y ∧ z = 0.

710



PSEUDO-RANK FUNCTIONS ON CERTAIN LATTICES

Then using successively that xi are central and L is modular of finite length, we

have f(y ∨ z) =
n∑

i=1

αih[xi ∧ (y ∨ z)]/h(xi) =
n∑

i=1

αih[(xi ∧ y) ∨ (xi ∧ z)]/h(xi) =

n∑
i=1

αi[h(xi ∧ y) + h(xi ∧ z)]/h(xi) = f(y) + f(z). �

The proof of the following lemma follows from the definition of a pseudo-rank

function.

��

� 7� Let L1, L2 be two bounded lattices, f : L1 → L2 be a 0, 1-homo-

morphism. If g is a pseudo-rank function on L2, then g ◦ f is a pseudo-rank

function on L1.

��

� 8� Let f be a pseudo-rank function on a relatively complemented bounded

lattice L. The set A = {x ∈ L : f(x) = 0} is an ideal of L.

P r o o f. Since f(0) = 0, A is nonempty. Clearly, if x ≤ y and y ∈ A, then

x ∈ A. Let x, y ∈ A. Then f(x ∨ y) ≤ f(x) + f(y) shows that A is an ideal

of L. �

��

� 9� If f , g are pseudo-rank functions on a complemented lattice L such

that f(x) ≤ g(x) for all x ∈ L, then f = g.

P r o o f. If f �= g, then f(x) < g(x) for some x ∈ L. We have f(x′) ≤ g(x′).
Hence 1 = f(1) = f(x∨x′) = f(x)+f(x′) < g(x)+g(x′) = g(x∨x′) = g(1) = 1,

a contradiction. �

Remark 1� Let L be a lattice with 0, I be a prime ideal of L. Then the mapping

φ : L → (L − I) ∪ {0} defined by φ(x) = x, if x /∈ I and φ(x) = 0, if x ∈ I is a

meet-homomorphism.

��

� 10� Let f be a pseudo rank function on a relatively complemented

bounded lattice L. Let I be a prime ideal of L, such that I ⊆ ker(f). Then

there exists a unique pseudo-rank function g on (L−I)∪{0} such that g ◦φ = f .

Further g is a rank function iff I = ker(f).

P r o o f. Suppose x, y ∈ L and φ(x) = φ(y). We claim that f(x) = f(y). If

x, y ∈ I, then φ(x) = φ(y) = 0 and f(x) = f(y) = 0. If x, y ∈ L − I, then

φ(x) = φ(y) implies x = y and f(x) = f(y). If x ∈ I and y /∈ I, then φ(x) = 0

and φ(y) = y. Hence φ(x) = φ(y) implies y = 0 which contradicts y /∈ I.

Define a map g : (L− I)∪{0} → [0, 1], by g(x) = f(x). As g(x) = f(x) for all

x ∈ L− I, g is a rank function iff f(x) > 0 for all x ∈ L− I, which is equivalent

to I = ker(f). �
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����	�
 2� Let L be a modular lattice of finite length. Then the function N

on L defined by N(x) = h(x)/h(1) is a pseudo-rank function on L, where h(x)

denotes the height of x.

P r o o f. Clearly N(1) = 1 and for x, y ∈ L, x ≤ y implies N(x) ≤ N(y).

Let x, y ∈ L be such that x ∧ y = 0. Using L is modular we get N(x ∨ y) =

h(x ∨ y)/h(1) = [h(x) + h(y)]/h(1) = N(x) +N(y).

Thus N is a pseudo-rank function on L. �

3. Properties of the set of pseudo-rank functions

���������� 2� For a bounded lattice L, we denote the set of all pseudo-rank

functions on L by P(L) (this set might be empty). We consider it as a subset of

the real vector space RL = {f : f : L → R} equipped with the product topology.

We note that R
L is a Hausdorff topological vector space. The topology on

R
L can be described in terms of convergence of nets. Given a net {fi} in R

L,

and some f ∈ R
L, we have fi → f if and only if fi(x) → f(x) for all x ∈ L. A

partial order can be defined on R
L by f ≤ g iff for each x ∈ L, f(x) ≤ g(x).

���������� 3� Let E be a real vector space. A convex combination of points

x1, . . . , xn ∈ E, is any linear combination of the form α1x1 + · · · + αnxn such

that αi ∈ R, αi ≥ 0,
n∑

i=1

αi = 1. A convex subset of E is any subset K ⊆ E

such that for 0 ≤ α ≤ 1, and any x, y ∈ K, αx+ (1 − α)y ∈ K. A convex cone

in E is a subset C ⊆ E, such that 0 ∈ C and αx + βy ∈ C for all x, y ∈ C

and nonnegative real numbers α and β. A convex cone C is called strict, if

C ∩ (−C) = 0. A subset A of E is called an affine subspace, if it is closed

under linear combinations of the form
n∑

i=1

αixi, where xi ∈ A and
∑

αi = 1.

A hyperplane in E is an affine subspace of the form V + x, such that V is a

linear subspace of E of codimension 1. A base for a strict cone in C is a convex

K ⊆ C such that K is contained in a hyperplane not containing the origin and

C = {αx : x ∈ K and α ≥ 0}.
�	�
������� 3� For a bounded lattice L, the set P(L) is a compact convex

subset of RL.

P r o o f. Clearly, P(L) is a convex set.
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We note that P(L) is contained in W = [0, 1]L, which is compact by Ti-

chonoff’s theorem. Thus it is sufficient to show that P(L) is closed in W . Let

Ni be a net in P(L), which converges to some N ∈ W . Since Ni(1) → N(1),

we have N(1) = 1. For x, y ∈ L with x ≤ y, we have Ni(x) ≤ Ni(y) and so

N(x) ≤ N(y). Similarly, if x ∧ y = 0, then N(x ∨ y) = N(x) + N(y). Thus

N ∈ P(L), so P(L) is closed in W . �

A convex subset F of a convex set K is called a face of K if for x, y ∈ K and

0 < α < 1, αx+ (1− α)y ∈ F implies x, y ∈ F .

��

� 11� Let L be a bounded lattice and X ⊆ L. Then the set F = {N ∈
P(L) : N(x) = 0 for all x ∈ X} is a closed face of P(L).

P r o o f. Let Ni be a net in F converging to some N ∈ P(L). Clearly, for

all x ∈ L, Ni(x) = 0 for each i and so N(x) = 0. Thus N ∈ F , i.e. F

is a closed subset of P(L). If 0 < α < 1, then for any P,Q ∈ F , [αP +

(1− α)Q](x) = 0. Thus F is convex. Suppose that for some α, 0 < α < 1,

and for some P,Q ∈ P(L), αP + (1 − α)Q = N ∈ F . For all x ∈ X, we have

P (x) ≤ α−1
(
[αP + (1− α)Q](x)

)
= α−1N(x) = 0. Thus P (x) = 0, i.e. P ∈ F .

Similarly, Q ∈ F . Therefore, F is a face of P(L). �

A lattice L is called irreducible if 0 and 1 are the only central elements in L.

��

� 12� Let L be a relatively complemented bounded lattice. Let f ∈ P(L) be

such that ker(f) = {0}. If f is an extreme point of P(L) then L is an irreducible

lattice.

P r o o f. Let z ∈ L be a central element such that z �= 0. By [9, Theorem 4.13,

Remark 4.14], z has a complement z′, which is also a central element. We

have f(z) > 0, f(z′) > 0 and f(z) + f(z′) = 1. By Lemma 6, there exist

pseudo-rank functions g1 and g2 on L such that g1(z) = 1, g2(z
′) = 1 and

f(y) = f(z)g1(y) + f(z′)g2(y) for all y ∈ L. Since g1(z) = 1 implies g1(z
′) = 0,

we get g1 �= g2. Thus f is a convex combination of distinct pseudo-rank functions

in P(L). This contradicts the assumption that f is an extreme point. �

�	�
������� 4� Let L be a relatively complemented bounded lattice such that

P(L) is nonempty. Let V be a convex cone in R
L with base P(L).

(a) A mapping f ∈ R
L belongs to V if and only if f ≥ 0, and f(x) = f(y)+f(z)

for all x, y, z ∈ L such that x = y ∨ zand y ∧ z = 0.

(b) For f, g ∈ V , we have f ≤ g iff g − f ∈ V .
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P r o o f.

(a) If f ∈ V , then f = αN for some nonnegative real number α and for some

N ∈ P(L). Clearly, f ≥ 0. If x, y, z ∈ L, such that x = y ∨ z and y ∧ z = 0, then

N(x) = N(y) +N(z) shows that f(x) = f(y) + f(z).

Conversely, suppose f ≥ 0 and f(x) = f(y) + f(z), whenever x = y ∨ z and

y∧z = 0. Let a, b ∈ L with a ≤ b and z be the relative complement of a in [0, b].

Then f(b) = f(a)+ f(z) shows that f(a) ≤ f(b). We note that 0 ≤ f(x) ≤ 1 for

all x ∈ L. Thus if f(1) = 0, then f = 0. In this case, f = 0N for any N ∈ P(L).

Now suppose, f(1) > 0. Put N(x) = f(x)/f(1). Then N satisfies the properties

of a pseudo-rank function on L and we have f = f(1)N ∈ V .

(b) If g − f ∈ V , then g − f ≥ 0 and so f ≤ g. Conversely, suppose f ≤ g.

We note that g − f ≥ 0. Let x, y ∈ L be such that x ∧ y = 0 Then by (a),

f(x ∨ y) = f(x) + f(y) and g(x ∨ y) = g(x) + g(y). Hence (g − f)(x ∨ y) =

(g − f)(x) + (g − f)(y). Hence g − f ∈ V . �

The following proposition is from [4, p. 336].

�	�
������� 5� Let K be a convex subset of a real vector space. Let X ⊆ K

and x ∈ K. Then x lies in the face generated by X in K iff there exists y ∈ K

and real number α, 0 < α < 1, such that αx + (1 − α)y lies in the convex hull

of X.

��	����	� 2� Let L be a relatively complemented bounded lattice. Let P ∈
P(L), X ⊆ P(L). Then P lies in the face generated by X in P(L) iff P ≤ αQ

for some positive real number α and some Q in the convex hull of X.

P r o o f. Suppose that P lies in the face generated by X. Then by Proposition 5,

there exists P ′ ∈ P(L), β ∈ R, 0 < β < 1, such that Q = βP +(1−β)P ′ belongs
to the convex hull of X. Then βP ≤ Q. Thus P ≤ β−1Q.

Conversely, suppose that P ≤ αQ for some positive real number α and some

Q in the convex hull of X. Since, P and αQ lie in the convex cone in R
L, with

base P(L), by Proposition 4, αQ−P lies in this cone also. Hence αQ−P = βP ′

for some P ′ ∈ P(L) and some nonnegative real number β. Then P + βP ′ = αQ

and 1+ β = P (1) + βP ′(1) = αQ(1) = α. Hence γ = α−1 is a real number such

that 0 < γ ≤ 1 and γP + (1− γ)P ′ = Q. Hence by Proposition 5, P lies in the

face generated by X. �

�	�
������� 6� Let L be a Boolean lattice such that P(L) is nonempty. Let V

be the convex cone in R
L with base P(L). Then V is a lattice. For f, g ∈ V and

any w ∈ L, we have
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(a) (f ∧g)(w) = inf
{∑

min{f(ai), g(ai)} : w = a1∨· · ·∨an, where a1, . . . , an

are completely orthogonal elements in L
}

= inf
{ 2∑

i=1

min{f(ai), g(ai)} :

w = a1 ∨ a2, where a1 ∧ a2 = 0
}
.

(b) (f ∨g)(w) = inf
{∑

max{f(ai), g(ai)} : w = a1∨· · ·∨an, where a1, . . . , an

are completely orthogonal elements in L
}

= sup
{ 2∑

i=1

max{f(ai), g(ai)} :

w = a1 ∨ a2, where a1 ∧ a2 = 0
}
.

P r o o f. For all w ∈ L, let h1(w) = inf
{∑

min{f(ai), g(ai)} : w = a1 ∨ · · · ∨
an where a1, . . . , an are completely orthogonal elements in L

}
and h2(w) =

inf
{ 2∑

i=1

min{f(ai), g(ai)} : w = a1 ∨ a2, where a1 ∧ a2 = 0
}
.

We have h1(w) ≤ h2(w). If w = a1∨· · ·∨an, where a1, . . . , an are completely

orthogonal elements in L, then we may renumber so that there is an index k with

f(ai) ≤ g(ai) for all i ≤ k and f(ai) ≥ g(ai) for all i > k. Put x = a1 ∨ · · · ∨ ak
and y = ak+1 ∨ · · · ∨ an. By distributivity of L, x∧ y = 0. Also f(x) ≤ g(x) and

f(y) ≥ g(y). Hence h2(w) ≤ min{f(x), g(x)}+min{f(y), g(y)} = f(x)+ g(y) =∑
min{f(ai), g(ai)}. Thus h2(w) ≤ h1(w) and so h1 = h2.

Clearly, h1 ≥ 0 and h1 ≤ f , h1 ≤ g. Suppose, k ∈ V and k ≤ f , k ≤ g.

Then k = αr for some α ≥ 0 and for some pseudo-rank function r. Let x ∈
L and x = a1 ∨ · · · ∨ an where a1, . . . , an are completely orthogonal. Hence

k(x) = αr(x) = α
n∑

i=1

r(ai) =
n∑

i=1

αr(ai) =
n∑

i=1

k(ai) ≤ ∑
min{f(ai), g(ai)}.

Thus k(x) ≤ h1(x). Therefore h1 = f ∧ g if h1 ∈ V .

To show that h1 ∈ V , it is sufficient to show that h1(x) = h1(y) + h1(z)

whenever, x = y ∨ z and y ∧ z = 0. By the definition of h1, it follows

that for a given ε > 0, there exist completely orthogonal elements y1, . . . , yn
such that y = y1 ∨ · · · ∨ yn and

∑
min{f(yi), g(yi)} < h1(y) + ε/2. Simi-

larly,
∑

min{f(zi), g(zi)} < h1(z) + ε/2 for some completely orthogonal ele-

ments z1, . . . , zm satisfying z = z1 ∨ · · · ∨ zm. Since y ∧ z = 0, it follows by

distributivity of L that y1, . . . , yn, z1, . . . , zm are completely orthogonal. Then

x = y1 ∨ · · · ∨ yn ∨ z1 ∨ · · · ∨ zm shows that h1(x) < h1(y) + h1(z) + ε. Hence

h1(x) ≤ h1(y) + h1(z).

Let x = x1 ∨ · · · ∨ xn for some completely orthogonal elements x1, . . . , xn

and x = y ∨ z for some y, z ∈ L with y ∧ z = 0. By distributivity of L, y =

715



M. P. WASADIKAR — S. K. NIMBHORKAR

y1∨· · ·∨yn for completely orthogonal elements yi = xi∧y, i = 1, . . . , n. Similarly

z = z1∨ · · ·∨ zn for completely orthogonal elements zi = xi∧ z, i = 1, . . . , n and

xi = yi ∨ zi. Then h1(y)+h1(z) ≤
∑

min{f(yi), g(yi)}+
∑

min{f(zi), g(zi)} =∑(
min{f(yi), g(yi)}+min{f(zi), g(zi)}

) ≤ ∑
min{f(yi)+f(zi), g(yi)+g(zi)} =∑

min{f(xi), g(xi)}. Therefore h1(y) + h1(z) ≤ h1(x).

Thus h1(x) = h1(y) + h1(z) for all x, y, z ∈ L with x = y ∨ z. Since h1 ≥ 0,

by Proposition 4, h1 ∈ V .

Similarly, we can prove (b). �

We now give a characterization for two elements P,Q ∈ P(L) to be in disjoint

faces of P(L).

�	�
������� 7� Let L be a Boolean lattice. Let P,Q ∈ P(L) and V be the

convex cone in R
L, with base P(L). Then the following statements are equivalent.

(a) P and Q lie in disjoint faces of P(L).

(b) P ∧Q = 0 in V .

(c) For any x ∈ L and any positive real number ε, there exists a decomposition

x = y ∨ z, y ∧ z = 0 such that P (y) +Q(z) < ε.

P r o o f. Let F be the face generated by P in P(L) and letG be the face generated

by Q in P(L).

(a) =⇒ (b):

If P ∧ Q �= 0, then P ∧ Q = αN for some N ∈ P(L) and some positive real

number α. Then N ≤ α−1P and N ≤ α−1Q. Hence by Corollary 2, N ∈ F ∩G,

a contradiction.

(b) =⇒ (a):

If there is some N ∈ F ∩ G, then by Corollary 2, there exists a positive real

number α such that N ≤ αP and N ≤ αQ. Then we get α−1N ∈ V such that

0 < α−1N ≤ P ∧Q, which is impossible.

(b) =⇒ (c):

If P (x) = 0 then we take y = x and z = 0. If Q(x) = 0, then take y = 0 and

z = x. Suppose, P (x) > 0 and Q(x) > 0. Then by decreasing ε if necessary, we

may also assume that ε < P (x) and ε < Q(x).

Since (P ∧ Q)(x) = 0, by Proposition 6, there exists a decomposition x =

y ∨ z with y ∧ z = 0 such that [min{P (y), Q(y)}] + min[{P (z), Q(z)} < ε. If

P (y) ≤ Q(y) and P (z) ≤ Q(z), then it follows that P (x) = P (y) + P (z) < ε

< P (x), which is impossible. Similarly, we cannot have both Q(y) ≤ P (y) and

Q(z) ≤ P (z). Thus by interchanging y and z if necessary, we may assume that

P (y) < Q(y) and Q(z) < P (z). Hence P (y) +Q(z) < ε.

716



PSEUDO-RANK FUNCTIONS ON CERTAIN LATTICES

(c) =⇒ (b):

Follows from Proposition 6. �

���������� 4� If A,B are convex subsets of a real vector space E, a mapping

f : A → B is called an affine map if f preserves convex combinations. A simplex

in a real vector space E is a convex subset K ⊆ E such that K is affinely

isomorphic to a base for a lattice cone in some real vector space. A Choquet

simplex is a compact simplex in a locally convex, Hausdorff topological vector

space.

����	�
 3� If L is a Boolean lattice such that P(L) is nonempty, then P(L)

is a Choquet simplex.

P r o o f. We know that R
L is a locally convex, Hausdorff topological vector

space. It follows from Proposition 3 that P(L) is a closed, convex subset of RL.

Moreover, P(L) is contained in the closed hyperplane {f ∈ R
L : f(1) = 1},

which misses the origin. Let V be the convex cone in R
L, with base P(L), and

let ≤V be the partial order on R
L induced by V . For any f, g ∈ V , Proposition 4

shows that f ≤V g iff f ≤ g. Consequently, it follows from Proposition 6 that

V is a lattice cone. Therefore P(L) is a base for a lattice cone. Therefore P(L)

is a Choquet simplex. �
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