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ABSTRACT. We prove a fixed point theorem for contractive mappings of Boyd
and Wong type in generalized metric spaces, a concept recently introduced in
[BRANCIARI, A.: A fixed point theorem of Banach-Caccioppoli type on a class
of generalized metric spaces, Publ. Math. Debrecen 57 (2000), 31–37].
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1. Introduction

In 2000 B r a n c i a r i [1] introduced a generalization of a metric space called
generalized metric space by replacing the triangle inequality by a more general
inequality. As such, every metric space is a generalized metric space but the
converse is not true (see [1, Example 1]). We give here more examples which
suggests that as a structure it may be weaker than a metric space. However the
interesting point to note is that two very important fixed point theorems, namely
Banach’s fixed point theorem and Ciric’s fixed point theorem have already been
established in such a space ([1], [6]).

In this paper we continue in this direction and prove a fixed point theorem
for contractive mappings of B o y d and W o n g [2] (which is the most general
one in the sense that it contains other types of contractive mappings ([5], [7]) as
a subclass) in a generalized metric space.

2. Fixed point of contractive mappings

Let ℝ
+ denote the set of all non-negative real numbers and ℕ the set of

positive integers.

2000 Mathemat i c s Sub j e c t C l a s s i f i c a t i on: Primary 54H25, 47H10.
Keywords: generalized metric space, contractive mapping, fixed point.



PRATULANANDA DAS — LAKSHMI KANTA DEY

���������� 1� (cf [1]) Let 𝑋 be a set and 𝑑 : 𝑋2 → ℝ
+ be a mapping such

that for all 𝑥, 𝑦 ∈ 𝑋 and for all distinct points 𝑧1, 𝑧2, . . . , 𝑧𝑘 ∈ 𝑋 (𝑘 ≥ 2) each
of them different from 𝑥 and 𝑦, one has

(i) 𝑑(𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦,

(ii) 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥),

(iii) 𝑑(𝑥, 𝑦) ≤ 𝑑(𝑥, 𝑧1) + 𝑑(𝑧1, 𝑧2) + ⋅ ⋅ ⋅+ 𝑑(𝑧𝑘, 𝑦)

then we will say that (𝑋, 𝑑) is a generalized metric space (or shortly g.m.s).
Throughout this section a g.m.s will be denoted by (𝑋, 𝑑) (or sometime by 𝑋
only).

Any metric space is a g.m.s but the converse is not true ([1]).

In [1] it was claimed that as in a metric space, a topology can be generated
in a g.m.s 𝑋 with the help of the neighborhood basis given by 𝐵 = {𝐵(𝑥, 𝑟) :
𝑥 ∈ 𝑋, 𝑟 ∈ ℝ

+ ∖ {0}} where 𝐵(𝑥, 𝑟) = {𝑦 ∈ 𝑋 : 𝑑(𝑥, 𝑦) < 𝑟} is the open ball
with centre 𝑥 and radius 𝑟.

However consider the following example.

Example 1. Let us define 𝑋 =
{

1
𝑛 : 𝑛 = 1, 2, . . .

} ∪ {0},

𝑑 : 𝑋 ×𝑋 → ℝ
+ : 𝑑(𝑥, 𝑦) =

⎧
⎨

⎩

0 for 𝑥 = 𝑦
1
𝑛 for {𝑥, 𝑦} = {

0, 1
𝑛

}
, 𝑥 ∕= 𝑦

1 for 𝑥 ∕= 𝑦, 𝑥, 𝑦 ∈ 𝑋 ∖ {0}.
Note that (𝑋, 𝑑) satisfies axioms of generalized metric space, i.e. for all 𝑥, 𝑦 ∈ 𝑋

(i) 𝑑(𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦,

(ii) 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥),

(iii) 𝑑(𝑥, 𝑦) ≤ 𝑑(𝑥, 𝑧1) + 𝑑(𝑧1, 𝑧2) + 𝑑(𝑧2, 𝑦), for distinct points 𝑥, 𝑦, 𝑧1, 𝑧2.

Observe that 𝐵
(
1
3 ,

1
2

) ∩ 𝐵 (
1
4 ,

1
2

)
= {0} hence there is no 𝑟 > 0 with 𝐵(0, 𝑟) ⊂

𝐵
(
1
3 ,

1
2

) ∩ 𝐵
(
1
4 ,

1
2

)
. Therefore the family {𝐵(𝑥, 𝑟) : 𝑥 ∈ 𝑋, 𝑟 > 0} is not a

neighborhood basis for any topology on 𝑋.

In view of the above example, it seems more reasonable to construct the
topology in a g.m.s 𝑋 by taking the collection 𝐵 as a subbasis. Further it can
be observed from Example 1 that lim

𝑛→∞ 𝑑(12 ,
1
𝑛 ) = 1 whereas 𝑑(12 , 0) = 1

2 ∕= 1

which shows that 𝑑 is not continuous in a sense presented in [1].

Consider now the following example:

Example 2. Let us define 𝑌 =
{

1
𝑛 : 𝑛 = 1, 2, . . .

} ∪ {0, 2},

𝑑1 : 𝑌 × 𝑌 → ℝ
+ : 𝑑1(𝑥, 𝑦) =

⎧
⎨

⎩

0 for 𝑥 = 𝑦
1
𝑛 for 𝑥 ∈ {0, 2}, 𝑦 = 1

𝑛
1
𝑛 for 𝑥 = 1

𝑛 , 𝑦 ∈ {0, 2}
1 otherwise.
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Note that (𝑌, 𝑑1) is a g.m.s in which the points 0 and 2 do not have any disjoint
open balls.

All this points out to the fact that a g.m.s (which is not a metric space) may
sometimes be perceived as a much weaker structure than a metric space due to
the weakening of the triangle inequality. The results of [1] and [6], in a sense,
prove the existence of fixed points of contraction mappings or quasi-contraction
mappings in more general spaces. Here we continue in this line and prove the
existence of fixed points for contractive mappings of B o y d and W o n g [2]
which plays a prominent role in the literature (see [2], [8], [9]) and is the most
general type of contractive map (see [5], [7]). It should be noted that throughout
we use only the generalized metric axioms (Definition 1) in our investigations.

Before we prove main results, we recall the following definitions.

���������� 2� (cf [1]) A sequence {𝑥𝑛} is said to be g.m.s convergent to a point
𝑥 in (𝑋, 𝑑) if 𝑑(𝑥𝑛, 𝑥) → 0 as 𝑛→ ∞.

���������� 3� (cf [1]) Let (𝑋, 𝑑) be a g.m.s. A sequence {𝑥𝑛}, 𝑛 ∈ ℕ, in 𝑋 is
said to be a g.m.s Cauchy sequence if for any 𝜀 > 0 there exists a natural number
𝑛𝜀 ∈ ℕ such that for all 𝑚,𝑛 ∈ ℕ, 𝑛 ≥ 𝑛𝜀, one has 𝑑(𝑥𝑛, 𝑥𝑛+𝑚) < 𝜀. (𝑋, 𝑑) is
called complete g.m.s if every g.m.s Cauchy sequence is convergent in 𝑋.

Note 1� The convergence of a sequence as defined in Definition 2 (see also
[1], [6]) is actually weaker than the topological convergence (in Example 1, { 1

𝑛}
converges to 0, but 0 is isolated in the topology generated by 𝑑). So instead of
following ([1]), it seems more appropriate to rename the convergence as g.m.s
convergence.

���������� 4� (cf [5]) A mapping 𝑇 : 𝑋 → 𝑋 is said to be contractive if for
any two distinct points 𝑥, 𝑦 ∈ 𝑋, 𝑑(𝑇𝑥, 𝑇𝑦) < 𝑑(𝑥, 𝑦).

We now prove the following fixed point theorem for B o y d and W o n g ’s
contractive mappings ([2]).

�	��
�� 1� Let 𝑋 be a complete g.m.s and let 𝑇 : 𝑋 → 𝑋 satisfy

𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝜓(𝑑(𝑥, 𝑦)) (2.1)

where 𝜓 : 𝑃 → [0,∞) is upper semi-continuous from right on 𝑃 (the closure of
the range of 𝑑) and satisfies 𝜓(𝑡) < 𝑡 for all 𝑡 ∈ 𝑃 ∖ {0}. Then 𝑇 has a unique
fixed point 𝑥0 and 𝑇𝑛𝑥→ 𝑥0 for each 𝑥 ∈ 𝑋.

P r o o f. Given 𝑥 ∈ 𝑋, define

𝑐𝑛 = 𝑑(𝑇𝑛𝑥, 𝑇𝑛−1𝑥). (2.2)

Then by (2.1), the sequence {𝑐𝑛} is decreasing and hence has a limit 𝑐 (say).
We shall show that 𝑐 = 0.

If 𝑐 > 0, we have

𝑐𝑛+1 ≤ 𝜓(𝑐𝑛) (2.3)
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so that

𝑐 ≤ lim sup
𝑡→𝑐+

𝜓(𝑡) ≤ 𝜓(𝑐) (2.4)

which is a contradiction.

For each 𝑥 ∈ 𝑋 consider the sequence {𝑇𝑛𝑥}. First assume that it is even-
tually constant, so there is some 𝑛 ∈ ℕ such that 𝑇𝑚𝑥 = 𝑇𝑛𝑥 = 𝑦 for each
𝑚 > 𝑛. Then 𝑇𝑚−𝑛(𝑇𝑛𝑥) = 𝑇𝑛𝑥, so denoting 𝑘 = 𝑚 − 𝑛, we have 𝑇 𝑘𝑦 = 𝑦
for all 𝑘 ∈ ℕ. It follows that 𝑑(𝑦, 𝑇𝑦) = 𝑑(𝑇 𝑘𝑦, 𝑇 𝑘+1𝑦) = 𝑐𝑘 for all 𝑘, and since
𝑐𝑘 → 0, 𝑑(𝑦, 𝑇𝑦) = 0, so 𝑦 = 𝑇𝑦. Thus 𝑦 is a fixed point of 𝑇 .

If {𝑇𝑛𝑥} is not eventually constant, then it has a subsequence with pairwise
distinct terms. Without loss of generality, assume that {𝑇𝑛𝑥} is this subse-
quence. We will show that {𝑇𝑛𝑥} is a g.m.s Cauchy sequence. By contradiction,
suppose that there is an 𝜀 > 0 and sequences {𝑚(𝑘)}, {𝑛(𝑘)} of positive integers
with 𝑚(𝑘) > 𝑛(𝑘) ≥ 𝑘 such that

𝑑(𝑇𝑚(𝑘)𝑥, 𝑇𝑛(𝑘)𝑥) ≥ 𝜀 for all 𝑘 ∈ ℕ. (2.5)

Since this is true for all 𝑘 ∈ ℕ, we can conclude that for every 𝑘 ∈ ℕ there
will exist 𝑛(𝑘) ≥ 𝑘 and an infinite number of 𝑚(𝑘) > 𝑛(𝑘) for which

𝑑(𝑇𝑚(𝑘)𝑥, 𝑇𝑛(𝑘)𝑥) ≥ 𝜀

3
. (2.6)

For otherwise let 𝑚1(𝑘) > 𝑛(𝑘) be the highest positive integer for which (2.6)
holds. Since 𝑐𝑘 → 0 as 𝑘 → ∞ we can find 𝑚2 ∈ ℕ such that

𝑐𝑘 = 𝑑(𝑇 𝑘𝑥, 𝑇 𝑘−1𝑥) <
𝜀

3
for all 𝑘 ≥ 𝑚2. (2.7)

Now if 𝑚0 = max{𝑚1,𝑚2} then for any 𝑖, 𝑗 > 𝑚0,

𝑑(𝑇 𝑖𝑥, 𝑇 𝑗𝑥) = 𝑑(𝑇 𝑖𝑥, 𝑇 𝑖+1𝑥)

<
𝜀

3
< 𝜀 if 𝑗 = 𝑖+ 1, or,

𝑑(𝑇 𝑖𝑥, 𝑇 𝑗𝑥) ≤ 𝑑(𝑇 𝑖𝑥, 𝑇 𝑖+1𝑥) + 𝑑(𝑇 𝑖+1𝑥, 𝑇𝑛𝑥) + 𝑑(𝑇𝑛𝑥, 𝑇 𝑗𝑥)

<
𝜀

3
+
𝜀

3
+
𝜀

3
= 𝜀 if 𝑗 > 𝑖+ 1

which contradicts (2.5).

Now in the view of (2.6) we can choose 𝑚(𝑘) as the least positive integer
greater than 𝑛(𝑘) + 2 for which

𝑑𝑘 = 𝑑(𝑇𝑚(𝑘)𝑥, 𝑇𝑛(𝑘)𝑥) ≥ 𝜀

3
for all 𝑘 ∈ ℕ. (2.8)

Assume that 𝑘 ≥ 𝑚2. Now if
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(i) 𝑚 ≥ 𝑛+ 5 then clearly

𝑑𝑘 = 𝑑(𝑇𝑚𝑥, 𝑇𝑛𝑥) ≤ 𝑑(𝑇𝑚𝑥, 𝑇𝑚−1𝑥) + 𝑑(𝑇𝑚−1𝑥, 𝑇𝑚−2𝑥) + 𝑑(𝑇𝑚−2𝑥, 𝑇𝑛𝑥)

< 𝑐𝑚 + 𝑐𝑚−1 +
𝜀

3
(in view of (2.8))

< 2𝑐𝑘 +
𝜀

3
.

(ii) If 𝑚 = 𝑛+ 3 then, by (2.7), 𝑑(𝑇𝑚−2𝑥, 𝑇𝑛𝑥) < 𝜀
3
, so

𝑑𝑘 = 𝑑(𝑇𝑚𝑥, 𝑇𝑛𝑥) ≤ 𝑑(𝑇𝑚𝑥, 𝑇𝑚−1𝑥) + 𝑑(𝑇𝑚−1𝑥, 𝑇𝑚−2𝑥) + 𝑑(𝑇𝑚−2𝑥, 𝑇𝑛𝑥)

< 2𝑐𝑘 +
𝜀

3
(as above).

(iii) If 𝑚 = 𝑛+ 4 then

𝑑𝑘 = 𝑑(𝑇𝑚𝑥, 𝑇𝑛𝑥)

≤ 𝑑(𝑇𝑛𝑥, 𝑇𝑛+1𝑥) + 𝑑(𝑇𝑛+1𝑥, 𝑇𝑛+2𝑥) + 𝑑(𝑇𝑛+2𝑥, 𝑇𝑛+3𝑥) + 𝑑(𝑇𝑛+3𝑥, 𝑇𝑛+4𝑥)

< 3𝑐𝑘 +
𝜀

3
.

Hence 𝑑𝑘 → 𝜀
3
+ as 𝑘 → ∞.

Again

𝑑𝑘 = 𝑑(𝑇𝑚𝑥, 𝑇𝑛𝑥) ≤ 𝑑(𝑇𝑚𝑥, 𝑇𝑚+1𝑥) + 𝑑(𝑇𝑚+1𝑥, 𝑇𝑛+1𝑥) + 𝑑(𝑇𝑛+1𝑥, 𝑇𝑛𝑥)

= 𝑐𝑚+1 + 𝑑(𝑇𝑚+1𝑥, 𝑇𝑛+1𝑥) + 𝑐𝑛+1

≤ 2𝑐𝑘 + 𝜓(𝑑(𝑇𝑚𝑥, 𝑇𝑛𝑥))

= 2𝑐𝑘 + 𝜓(𝑑𝑘). (2.9)

Thus as 𝑘 → ∞, from (2.9), we obtain 𝜀
3 ≤ 𝜓( 𝜀3 ) which contradicts the given

condition since 𝜀 > 0. Therefore in this case {𝑇𝑛𝑥} is g.m.s Cauchy and as 𝑋
is complete, {𝑇𝑛𝑥} converges to a point 𝑥0 in 𝑋.

We shall show that 𝑇𝑥0 = 𝑥0. We divide the proof into two parts. First let
𝑇𝑛𝑥 be different from both 𝑥0 and 𝑇𝑥0 for any 𝑛 ∈ ℕ. Then

𝑑(𝑥0, 𝑇𝑥0) ≤ 𝑑(𝑇𝑥0, 𝑇
𝑛𝑥) + 𝑑(𝑇𝑛𝑥, 𝑇𝑛+1𝑥) + 𝑑(𝑇𝑛+1𝑥, 𝑇𝑥0)

≤ 𝑑(𝑥0, 𝑇
𝑛𝑥) + 𝑐𝑛+1 + 𝜓(𝑑(𝑥0, 𝑇

𝑛𝑥0))

< 𝑑(𝑥0, 𝑇
𝑛𝑥) + 𝑐𝑛+1 + 𝑑(𝑥0, 𝑇

𝑛𝑥0)

→ 0 as 𝑛→ ∞
which implies 𝑇𝑥0 = 𝑥0.

Next assume that 𝑇 𝑘𝑥 = 𝑥0 or 𝑇 𝑘𝑥 = 𝑇𝑥0 for some 𝑘 ∈ ℕ. Obviously then
𝑥0 ∕= 𝑥 and one can easily show that {𝑇𝑛𝑥0} is a sequence with the following
properties

(i) lim
𝑛→∞

𝑑(𝑇𝑛𝑥0, 𝑥0) = 0

(ii) 𝑇𝑛𝑥0 ∕= 𝑥0 for any 𝑛 ∈ ℕ
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(iii) 𝑇 𝑝𝑥0 ∕= 𝑇 𝑟𝑥0 for 𝑝, 𝑟 ∈ ℕ, 𝑝 ∕= 𝑟.

Hence proceeding as above it immediately follows that 𝑥0 is a fixed point of 𝑇 .
That the fixed point of 𝑇 is unique easily follows from the definition of 𝑇 . □

Remark 1� As in [2] we note that if we take 𝜓(𝑡) = 𝛼(𝑡)𝑡 where 𝛼 is a decreasing
function and 𝛼(𝑡) < 1 for 𝑡 > 0 then we can obtain the R a k o t c h ’s fixed point
theorem [7] for contractive mappings 𝑇 : 𝑋 → 𝑋 satisfying the condition

𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝛼(𝑑(𝑥, 𝑦))𝑑(𝑥, 𝑦) for all 𝑥, 𝑦 ∈ 𝑋

where 𝛼 is a mapping as defined above.

Acknowledgement� The authors are thankful to the referee for his/her valu-
able suggestions which considerably improved the presentation of the paper.
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