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ABSTRACT. Using the principle of uniform boundedness in a strictly ./ "-locally
convex spaces, we establish a Banach-Steinhaus-type result for sequentially con-
tinuous linear operators.
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1. Introduction

Let (X, \) and (Y, 1) be two locally convex spaces. An operator T': (X, \) —
(Y, p) is said to be sequentially continuous if T'z,, —, Tz whenever {z,} is a
sequence in X such that x,, —x x; T is said to be (A, u)-bounded if T' sends
A-bounded sets into pu-bounded sets. Clearly, continuous operators are sequen-
tially continuous, and sequentially continuous operators are bounded but in
general, converse implications fail. Let X4, X3 and X§ denote the families
of continuous linear functionals, sequentially continuous linear functionals and
bounded linear functionals on (X, \) respectively. In general, the inclusions
X\ C X§ C X} are strict. Let (X)), (X)) and 65(X,) denote the families
of bounded sets in (X, \), conditionally sequentially compact sets in (X, \) and
convergent sequences in (X, \) to 0, respectively.
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Let o be any family of bounded sets in (X,)\). By (,(\) we denote the
topology on X} generated by the family of semi-norms

Pe(T) = sup |Tx|, Ceo.
zeC

Let B(\, o) denote the topology of uniform convergence on (X3, (,()))-bounded
subsets of X§. A locally convex space (X, 7) is said to be strictly .4 -locally
convex space if there exist a complete norm || - ||y on X, a family o of subsets
of X and a locally convex topology A on X such that

C(Xy) CoCABX)=B(X, | |x) CAB(XN) and T =06(X0).

We can give many examples of such spaces. For example, if we take any Banach
space E, then (E, || - || z) = (E,B(]| - | 5. B(E))) is a strictly 4 -locally convex
space. Assume now that (X, 8(A, o)) and (Y, 8(u, 01)) are two strictly .4 -locally
convex spaces respectively.

Denote by % (Y) the unit ball in (Y, || - ||y-). Let £*(X),Y,) and Z(X,Y)
denote the families of sequentially continuous linear mappings from (X, \) to
(Y, ) and continuous linear mappings from (X, ||| y) to (Y,[-|ly-). Denote
by X’ the space of continuous linear functionals on (X, || y). Put % =
BV, oy (1)

The following proposition shows that if (X, 8(\, o)) is a strictly .4 -locally
convex space, then X5 C X' = (X, | - | )" and every (,(A\)-bounded subset of
X3 is bounded in (X', || - || x/)-

PROPOSITION 1. We have X5 C X' = (X, |- ||y)'. Moreover, Z(X3,(-(\)) C
B )
Proof. See [7]. O

It follows immediately from Proposition 1 that if (Y, 8(u,01)) is a strictly
A -locally convex space, then

VAe F YyeY Pa(y) = §u2|f(y)| < +o00.
€
Thus, the topology S(u,01) is generated by the family #24, A € %, of semi-
norms on Y. It follows also from the definition of strictly .4 -locally convex
space and Proposition 1 that the topologies p and 3(u, 01) are coarser than the
norm || - ||y-. Let T,,: X — Y be a sequence of linear operators. {T},} is said to
be (o1, pu)-bounded if

VAe # 3C, >0 Ve e % (X) Vfe A YneN |f(T,z)| < Ch.

Let us recall now the principle of uniform boundedness in a strictly .4 "-locally
convex space established in [7].
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THEOREM 2. Let (X,5(N\,0)), (Y,B(u,01)) be two strictly A -locally convex
spaces and let T),: X — Y be a sequence of (A, p)-sequentially continuous linear
operators, n € N, such that the sequence {T,,x} is bounded in (Y, B(u,01)) for
each x € X. Then {T,} is (o1, 1)-bounded.

Using this principle, we will establish a Banach-Steinhaus type result in
strictly .4 -locally convex spaces for sequentially continuous linear operators.

2. Banach-Steinhaus properties
of strictly ./ "-locally convex spaces

Assume for the moment that X, Y are two Banach spaces and assume also
that there exists a sequence T},: X — Y of continuous linear operators such that
for some x € X, the sequence {T,,x} do not converge in (Y,| - ||y). Then, we
cannot apply the Banach-Steinhaus theorem in Banach spaces. But, as we have
seen before, if there exist a locally convex topology p coarser than the norm
| - |ly and a family o; of subsets of Y such that

C(Yu) cor c B, |- ly) € BV,

then p and B(u, 01) are coarser than the norm || - ||,.. Consequently, the sequence
{T,x} can converge to Tz in (Y,u) or in (Y, B(u,01)) for every x € X even
if it is not converge in (Y, || - ||y ). Thus, we can apply the Banach-Steinhaus
theorem in the strictly .4 -locally convex space (Y, 5(u,01)). We prove under
the assumptions: 7T,,: X — Y is a sequence of (A, u)-sequentially continuous
linear operators and {7,z } converges to Tz in (Y, B(u,01)) for each x € X that
the limit operator T is (8(\, o), B(p, 01))-sequentially continuous. It is Banach-
Steinhaus theorem in strictly .4 -locally convex spaces.

THEOREM 3. Let (X,5(N\,0)), (Y,B(u,01)) be two strictly A -locally convex
spaces and let T),: X — 'Y be a sequence of (A, p)-sequentially continuous linear
operators, n € N, such that the sequence {T,,x} converges to Tx in (Y, 5(p,01))
for each x € X. Then the limit operator T is (B(\, o), A(u, 01))-sequentially
continuous.

Proof. Since {T,z} converges to Tz in (Y, B(i, 1)) for every z € X, then the
sequence {1z} is bounded in (Y, 5(u, 01)) for each 2 € X. Consequently, using
Theorem 2, we deduce that {7} is (o1, u)-bounded. Hence,

VAe F; 3C1 >0 Ve e (X)) Vfe A VneN |f(T,z)| <Ch.

Let A € .#;. Then the set {foT, : fe€ A, neN}is (,(N)-bounded.
Now let {xr} be a sequence in X such that zr — x in (X, 5(\,0)), and
e > 0. Since {foT, : f € A n € N} is (,(\)-bounded, it follows that
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klirglo f(Thxr) = f(Thx) uniformly in f € A, and n € N. Hence, there is kg € N
such that -
Vie A VYneN Vk>ky |f(Thrr) — f(Thz)| < 3
Fix k > kg. Since nh_}rr()l() f(Thxy) = f(Txy) uniformly in f € A and nh_}rr()l() f(Thx) =
f(Tz) uniformly in f € A, there is ny € N such that
f @) = f(Tx)] < 5o |f(Toge) = f(T)| < 5, forall feA
Therefore,

[f (Tay) = f(T)| <[ (Twr) = f (Tagw) [+ f (Tog2r) = f (Tog @) |1 f (Tng ) — f (T)].

This shows that |f(Tx) — f(Tx)| < €, for all f € A. Since A € .%; is arbitrary,

then klim Tz =Tx in (Y, B(u,01)). Thus, T is (B(A, o), B(u, 01))-sequentially
—00

9
37

continuous. In particular, if X, Y are two Banach spaces, setting A = || - || i,
o=B(X),p=1"|y, o1 =AB(Y), we recapture the Banach-Steinhaus theorem
in Banach spaces. In this case S(\,0) = || - || x, B(p,01) = || - ||y O
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the paper.

REFERENCES

[1] CUI CHENGRI—SONGHO HAN: Banach-Steinhaus properties of locally convex spaces,
Kangweon-Kyungki Math. J. 5 (1997), 227-232.
[2] HORVATH, J.: Topological Vector Spaces and Distributions, Addison-Wesley, Read-
ing, MA-Palo Alto-London-Don Mills, Ont, 1966.
] WILANSKY, A.: Modern Methods in TVS, McGraw-Hill, Diisseldorf, 1978.
(4] KOTHE, G.: Topological Vector Spaces, I, Springer-Verlag, New York, 1983.
] SNIPES, R.: S-barrelled topological vector spaces, Canad. Math. Bull. 21 (1978), 221-227.
] HSIANG, W. H: Banach-Steinhaus theorems of locally convex spaces based on sequential
equicontinuity and essentially uniform boundedness, Acta Sci. Math. (Szeged) 52 (1988),
415-435.
[7] LAHRECH, S.: On the Principle of uniform boundedness in a strictly A -locally convex
spaces, Int. J. Pure Appl. Math. 1 (2004), 12-17.
[8] RONGLU LI—MIN-HYUNG CHO: Banach-Steinhaus type theorem which is valid for
every locally convez space, Appl. Funct. Anal. 1 (1993), 146-147.

Received 2. 7. 2006 Department of Mathematics
Faculty of Science
Mohamed First University
Oujda (GAFO Laboratory)
MOROCCO

E-mail: lahrech@sciences.univ-oujda.ac.ma

498




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [498.898 708.661]
>> setpagedevice




