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PARANORM 𝐼-CONVERGENT SEQUENCE SPACES
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ABSTRACT. In this article we introduced the sequence spaces 𝑐𝐼(𝑝), 𝑐𝐼0(𝑝),

𝑚𝐼(𝑝) and 𝑚𝐼
0(𝑝) for 𝑝 = (𝑝𝑘), a sequence of positive real numbers. We study

some algebraic and topological properties of these spaces. We prove the decom-
position theorem and obtain some inclusion relations.
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1. Introduction

The notion of 𝐼-convergence was studied at initial stage by K o s t y r k o ,
Š a l á t , W i l c z y ń s k i [3]. Later on it was studied by Š a l á t , T r i p a t h y
and Z i m a n [8], [9], D e m i r c i [1] and many others.

Let 𝑋 be a non-empty set. Then a family of sets 𝐼 ⊆ 2𝑋 (power sets of 𝑋) is
said to be an ideal if 𝐼 is additive i.e. 𝐴, 𝐵 ∈ 𝐼 =⇒ 𝐴 ∪ 𝐵 ∈ 𝐼 and hereditary
i.e. 𝐴 ∈ 𝐼, 𝐵 ⊆ 𝐴 =⇒ 𝐵 ∈ 𝐼.

A non-empty family of sets F ⊂ 2𝑋 is said to be a filter on 𝑋 if and only if
Φ /∈ F , for each 𝐴, 𝐵 ∈ F we have 𝐴∩𝐵 ∈ F and for each 𝐴 ∈ F and 𝐵 ⊃ 𝐴,
implies 𝐵 ∈ F .

An ideal 𝐼 ⊆ 2𝑋 is called non-trivial if 𝐼 ∕= 2𝑋 .

A non-trivial ideal 𝐼 ⊂ 2𝑋 is called admissible if and only if 𝐼 ⊃ {{𝑥} :

𝑥 ∈ 𝑋
}

.

A non-trivial ideal 𝐼 is maximal if there cannot exists any non-trivial ideal
𝐽 ∕= 𝐼 containing 𝐼 as a subset.

For each ideal 𝐼, there is a filter F (𝐼) corresponding to 𝐼 i.e. F (𝐼) =
{𝐾 ⊆ ℕ : 𝐾𝑐 ∈ 𝐼}, where 𝐾𝑐 = ℕ− 𝐾.

Throughout 𝑤 denote the class of all sequences.
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A sequence (𝑥𝑘) ∈ 𝑤 is said to be 𝐼-convergent to the number 𝐿 if for every
𝜀 > 0,

{
𝑘 ∈ ℕ : ∣𝑥𝑘 − 𝐿∣ ≥ 𝜀

} ∈ 𝐼. We write 𝐼- lim 𝑥𝑘 = 𝐿.

A sequence (𝑥𝑘) ∈ 𝑤 is said to be 𝐼-null if for every 𝜀 > 0,
{

𝑘 ∈ ℕ : ∣𝑥𝑘∣≥ 𝜀
}

∈ 𝐼. We write 𝐼- lim 𝑥𝑘 = 0.

A sequence (𝑥𝑘) ∈ 𝑤 is said to be 𝐼-Cauchy if for every 𝜀 > 0, there exists a
number 𝑚 = 𝑚(𝜀) such that

{
𝑘 ∈ ℕ : ∣𝑥𝑘 − 𝑥𝑚∣ ≥ 𝜀

} ∈ 𝐼.

A sequence (𝑥𝑘) ∈ 𝑤 is said to be 𝐼-bounded if there exists 𝑀 > 0 such that{
𝑘 ∈ ℕ : ∣𝑥𝑘∣ > 𝑀

} ∈ 𝐼.

Let (𝑥𝑘) and (𝑦𝑘) be two sequences. We say that 𝑥𝑘 = 𝑦𝑘 for almost all k
relative to 𝐼 (a.a.k.r.I ), if {𝑘 ∈ ℕ : 𝑥𝑘 ∕= 𝑦𝑘} ∈ 𝐼.

2. Definitions and notations

Throughout the article ℓ∞, 𝑐𝐼 , 𝑐𝐼0, 𝑚𝐼 , 𝑚𝐼
0 represent the classes of bounded,

𝐼-convergent, 𝐼-null, bounded 𝐼-convergent, and bounded 𝐼-null sequence respec-
tively.

A sequence space 𝐸 is said to be solid (or normal) if (𝛼𝑘𝑥𝑘) ∈ 𝐸 whenever
(𝑥𝑘) ∈ 𝐸 and for all sequence 𝛼𝑘 of scalars with ∣𝛼𝑘∣ ≤ 1, for all 𝑘 ∈ ℕ.

A sequence space 𝐸 is said to be symmetric if (𝑥𝑘) ∈ 𝐸 implies (𝑥𝜋(𝑘)) ∈ 𝐸,
where 𝜋 is a permutation of ℕ.

A sequence space 𝐸 is said to be sequence algebra if (𝑥𝑘) ★ (𝑦𝑘) = (𝑥𝑘𝑦𝑘) ∈ 𝐸
whenever (𝑥𝑘), (𝑦𝑘) ∈ 𝐸.

A sequence space 𝐸 is said to be 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑐𝑒𝑓𝑟𝑒𝑒 if (𝑦𝑘) ∈ 𝐸 whenever
(𝑥𝑘) ∈ 𝐸 and 𝑥𝑘 = 0 implies 𝑦𝑘 = 0.

Let 𝐾 = {𝑘1 < 𝑘2 < . . . } ⊆ ℕ and 𝐸 be a sequence space. A 𝐾-step space of
𝐸 is a sequence space 𝜆𝐸

𝐾 =
{

(𝑥𝑘𝑛
) ∈ 𝑤 : (𝑘𝑛) ∈ 𝐸

}
.

A canonical preimage of a sequence
{

(𝑥𝑘𝑛
)
} ∈ 𝜆𝐸

𝐾 is a sequence {𝑦𝑛} ∈ 𝑤
defined as

𝑦𝑛 =

{
𝑥𝑛, if 𝑛 ∈ 𝐾;

0, otherwise.

A canonical preimage of a step space 𝜆𝐸
𝐾 is a set of canonical preimages of all

elements in 𝜆𝐸
𝐾 , i.e. 𝑦 is in canonical preimage of 𝜆𝐸

𝐾 if and only if 𝑦 is canonical
preimage of some 𝑥 ∈ 𝜆𝐸

𝐾 .

A sequence space 𝐸 is said to be monotone if it contains the canonical preim-
ages of its step spaces.

The notion of paranormed sequence space was studied at the initial stage
by N a k a n o [7] and S i m o n s [10]. Later on it was further investigated by
M a d d o x [6], L a s c a r i d e s [4], [5], T r i p a t h y and S e n [11] and many
others.
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In this article, we introduce the following sequence spaces. Let 𝑝 = (𝑝𝑘) be a
sequence of positive real numbers. Then for a given 𝜀 > 0,

𝑐𝐼(𝑝) =
{

(𝑥𝑘) ∈ 𝑤 : {𝑘 ∈ ℕ : ∣𝑥𝑘 − 𝐿∣𝑝𝑘 ≥ 𝜀} ∈ 𝐼, for some 𝐿 ∈ 𝐶
}

;

𝑐𝐼0(𝑝) =
{

(𝑥𝑘) ∈ 𝑤 : {𝑘 ∈ ℕ : ∣𝑥𝑘∣𝑝𝑘 ≥ 𝜀} ∈ 𝐼
}

;

ℓ∞ =
{

(𝑥𝑘) ∈ 𝑤 : sup
𝑘

∣𝑥𝑘∣𝑝𝑘 < ∞}
.

We write

𝑚𝐼(𝑝) = 𝑐𝐼(𝑝) ∩ ℓ∞(𝑝);

𝑚𝐼
0(𝑝) = 𝑐𝐼0(𝑝) ∩ ℓ∞(𝑝).

L a s c a r i d e s [4] defined the following sequence spaces:

ℓ∞{𝑝} =
{

(𝑥𝑘) ∈ 𝑤 : there exists 𝑟 > 0 such that sup
𝑘

∣𝑥𝑘𝑟∣𝑝𝑘 𝑡𝑘 < ∞
}

;

𝑐0{𝑝} =
{

(𝑥𝑘) ∈ 𝑤 : there exists 𝑟 > 0 such that lim
𝑘→∞

∣𝑥𝑘𝑟∣𝑝𝑘 𝑡𝑘 = 0
}

;

ℓ{𝑝} =
{

(𝑥𝑘) ∈ 𝑤 : there exists 𝑟 > 0 such that
∞∑

𝑘=1

∣𝑥𝑘𝑟∣𝑝𝑘 𝑡𝑘 > ∞
}

,

where 𝑡𝑘 = 𝑝−1
𝑘 , for all 𝑘 ∈ ℕ.

The following results will be used for establishing some results of this article.

����� 1� A sequence space 𝐸 is said solid implies 𝐸 is monotone.

(One may refer to K a m t h a n and G u p t a [2, p. 53].)

����� 2� ( Š a l á t , T r i p a t h y and Z i m a n [8, Lemma 2.5]) Let 𝐾 ∈ F (𝐼)
and 𝑀 ⊆ ℕ. If 𝑀 /∈ 𝐼, then 𝑀 ∩ 𝐾 /∈ 𝐼.

����� 3� (K o s t y r k o , Š a l á t , W i l c z y ń s k i [3, Lemma 5.1]) If 𝐼 ⊂ 2ℕ

and 𝑀 ⊆ ℕ. If 𝑀 /∈ 𝐼, then 𝑀 ∩ 𝐾 /∈ 𝐼.

����� 4� (L a s c a r i d e s [4, Proposition 1]) Let ℎ = inf
𝑘

𝑝𝑘, 𝐻 = sup
𝑘

𝑝𝑘. Then

the following conditions are equivalent:

(i) 𝐻 < ∞ and ℎ > 0;

(ii) 𝑐0(𝑝) = 𝑐0 or ℓ∞(𝑝) = ℓ∞;
(iii) ℓ∞{𝑝} = ℓ∞(𝑝);

(iv) 𝑐0{𝑝} = 𝑐0(𝑝);

(v) ℓ{𝑝} = ℓ(𝑝).
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3. Main results

������� 1� Let (𝑝𝑘) ∈ ℓ∞. Then 𝑐𝐼(𝑝), 𝑐𝐼0(𝑝), 𝑚𝐼(𝑝) and 𝑚𝐼
0(𝑝) are linear

spaces.

P r o o f. Let (𝑥𝑘), (𝑦𝑘) ∈ 𝑐𝐼(𝑝) and 𝛼, 𝛽 be two scalars. Then for a given 𝜀 > 0,
we have

{
𝑘 ∈ ℕ : ∣𝑥𝑘 − 𝐿1∣𝑝𝑘 ≥ 𝜀

2𝑀1
, for some 𝐿1 ∈ 𝐶

} ∈ 𝐼;
{

𝑘 ∈ ℕ : ∣𝑦𝑘 − 𝐿2∣𝑝𝑘 ≥ 𝜀
2𝑀2

, for some 𝐿2 ∈ 𝐶
} ∈ 𝐼,

where

𝑀1 = 𝐷 ⋅ max
{

1, sup
𝑘

∣𝛼∣𝑝𝑘

}
;

𝑀2 = 𝐷 ⋅ max
{

1, sup
𝑘

∣𝛽∣𝑝𝑘

}

and
𝐷 = max{1, 2𝐺−1} and 𝐺 = sup

𝑘
𝑝𝑘 ≥ 0.

Let

𝐴1 =
{

𝑘 ∈ ℕ : ∣𝑥𝑘 − 𝐿1∣𝑝𝑘 < 𝜀
2𝑀1

, for some 𝐿1 ∈ 𝐶
} ∈ 𝐼;

𝐴2 =
{

𝑘 ∈ ℕ : ∣𝑦𝑘 − 𝐿2∣𝑝𝑘 < 𝜀
2𝑀2

, for some 𝐿2 ∈ 𝐶
} ∈ 𝐼,

be such that 𝐴𝑐
1, 𝐴𝑐

2 ∈ 𝐼.

Then 𝐴3 =
{

𝑘 ∈ ℕ : ∣(𝛼𝑥𝑘 + 𝛽𝑦𝑘) − (𝛼𝐿1 + 𝛽𝐿2)∣𝑝𝑘 < 𝜀
} ⊇ {

𝑘 ∈ ℕ :

∣𝛼∣𝑝𝑘 ∣𝑥𝑘 − 𝐿1∣𝑝𝑘 < 𝜀
2𝑀1

∣𝛼∣𝑝𝑘𝐷
} ∩ {

𝑘 ∈ ℕ : ∣𝛽∣𝑝𝑘 ∣𝑦𝑘 − 𝐿2∣𝑝𝑘 < 𝜀
2𝑀2

∣𝛽∣𝑝𝑘𝐷
}

.

Thus 𝐴𝑐
3 = 𝐴𝑐

1 ∩ 𝐴𝑐
2 ∈ 𝐼. Hence (𝛼(𝑥𝑘) + 𝛽(𝑦𝑘)) ∈ 𝑐𝐼(𝑝). Therefore 𝑐𝐼(𝑝) is a

linear space. The rest of the results follows similarly. □
Note 1� Let 𝐼 = 𝐼𝛿 and (𝑝𝑘) /∈ ℓ∞. Consider 𝐽 = {𝑛𝑖 ∈ ℕ : 𝑖 ∈ ℕ} be an
infinite set such that lim

𝑖→∞
𝑝𝑘𝑖

= ∞. Let 𝐷 = {𝑛𝑖 : 𝑖 ∈ ℕ} ⊂ 𝐽 such that

𝛿(𝐷) = 0. Consider the sequence (𝑥𝑘) defined by

𝑥𝑘 =

{
0, if 𝑘 ∈ 𝐷;

1, otherwise.

Then stat- lim 𝑥𝑘 = 1, so (𝑥𝑘) ∈ 𝑐𝐼(𝑝). For any scalar 𝜆 ≥ 1, we have
stat- lim(𝜆𝑥𝑘) = ∞. Therefore 𝜆(𝑥𝑘) /∈ 𝑐𝐼(𝑝). Thus 𝑐𝐼(𝑝) is not a linear space.
Therefore the condition (𝑝𝑘) ∈ ℓ∞ is necessary in Theorem 1.

������� 2� Let (𝑝𝑘) ∈ ℓ∞, then 𝑚𝐼(𝑝) and 𝑚𝐼
0(𝑝) are paranormed spaces,

paranormed by 𝑔((𝑥𝑘)) = sup
𝑘

∣𝑥𝑘∣
𝑝𝑘
𝑀 , where 𝑀 = max

{
1, sup

𝑘
𝑝𝑘
}
.

The proof of the result is easy, so omitted.
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������� 3� 𝑚𝐼(𝑝) is a closed subspace of ℓ∞(𝑝).

P r o o f. Let (𝑥
(𝑛)
𝑘 ) be a Cauchy sequence in 𝑚𝐼(𝑝) such that 𝑥(𝑛) → 𝑥. We

show that 𝑥 ∈ 𝑚𝐼(𝑝).

Since (𝑥
(𝑛)
𝑘 ) ∈ 𝑚𝐼(𝑝), then there exists 𝑎𝑛 such that

{
𝑘 ∈ ℕ : ∣𝑥(𝑛)

𝑘 − 𝑎𝑛∣𝑝𝑘 ≥ 𝜀
} ∈ 𝐼.

We need to show that

(i) (𝑎𝑛) converges to 𝑎,

(ii) if 𝑈 =
{

𝑘 ∈ ℕ : ∣𝑥𝑘 − 𝑎∣𝑝𝑘 < 𝜀
}

, then 𝑈 𝑐 ∈ 𝐼.

(i) Since (𝑥
(𝑛)
𝑘 ) is a Cauchy sequence in 𝑚𝐼(𝑝) then for a given 𝜀 > 0, there

exists 𝑘0 ∈ ℕ such that

sup
𝑘

∣∣𝑥(𝑛)
𝑘 − 𝑥

(𝑚)
𝑘

∣∣
𝑝𝑘
𝑀 <

𝜀

3
, for all 𝑛, 𝑚 ≥ 𝑘0.

Given 𝜀 > 0, we have

𝐵𝑛𝑚 =
{

𝑘 ∈ ℕ : ∣𝑥(𝑛)
𝑘 − 𝑥

(𝑚)
𝑘 ∣𝑝𝑘 <

(
𝜀
3

)𝑀}
;

𝐵𝑚 =
{

𝑘 ∈ ℕ : ∣𝑥(𝑚)
𝑘 − 𝑎𝑚∣𝑝𝑘 <

(
𝜀
3

)𝑀}

𝐵𝑛 =
{

𝑘 ∈ ℕ : ∣𝑥(𝑛)
𝑘 − 𝑎𝑛∣𝑝𝑘 <

(
𝜀
3

)𝑀}
.

Then 𝐵𝑐
𝑛𝑚, 𝐵𝑐

𝑚, 𝐵𝑐
𝑛 ∈ 𝐼.

Let 𝐵𝑐 = 𝐵𝑐
𝑛𝑚 ∩ 𝐵𝑐

𝑚 ∩ 𝐵𝑐
𝑛, where 𝐵 =

{
𝑘 ∈ ℕ : ∣𝑎𝑚 − 𝑎𝑛∣𝑝𝑘 < 𝜀

}
. Then

𝐵𝑐 ∈ 𝐼.

We choose 𝑘0 ∈ 𝐵𝑐. Then for each 𝑛, 𝑚 ≥ 𝑘0, we have
{

𝑘 ∈ ℕ : ∣𝑎𝑚 − 𝑎𝑛∣𝑝𝑘 < 𝜀
} ⊇

[{
𝑘 ∈ ℕ : ∣𝑎𝑚 − 𝑥

(𝑚)
𝑘 ∣𝑝𝑘 <

(
𝜀
3

)𝑀}

∩ {
𝑘 ∈ ℕ : ∣𝑥(𝑚)

𝑘 − 𝑥
(𝑛)
𝑘 ∣𝑝𝑘 <

(
𝜀
3

)𝑀}

∩ {
𝑘 ∈ ℕ : ∣𝑥(𝑛)

𝑘 − 𝑎𝑛∣𝑝𝑘 <
(
𝜀
3

)𝑀}]
.

Then (𝑎𝑛) is a Cauchy sequence of scalars in 𝐶, so there exists a scalar 𝑎 in 𝐶
such that 𝑎𝑛 → 𝑎, as 𝑛 → ∞.

(ii) Let 0 < 𝛿 < 1 be given. Then we show that if 𝑈 =
{

𝑘 ∈ ℕ : ∣𝑥𝑘 − 𝑎∣𝑝𝑘

< 𝛿
}

, then 𝑈 𝑐 ∈ 𝐼. Since 𝑥(𝑛) → 𝑥, then there exists 𝑞0 ∈ ℕ such that

𝑃 =
{

𝑘 ∈ ℕ :
∣∣(𝑥(𝑞0)

𝑘 ) − (𝑥𝑘)
∣∣ <

(
𝛿
3𝐷

)𝑀}
, (1)

implies 𝑃 𝑐 ∈ 𝐼.

The number 𝑞0 can be so chosen that together with (1), we have 𝑄 =
{

𝑘 ∈ ℕ :

∣𝑎𝑞0 − 𝑎∣𝑝𝑘 <
(

𝛿
3𝐷

)𝑀}
such that 𝑄𝑐 ∈ 𝐼.
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Since
{

𝑘 ∈ ℕ : ∣𝑥(𝑞0)
𝑘 − 𝑎𝑞0 ∣𝑝𝑘 ≥ 𝛿

} ∈ 𝐼. Then we have a subset 𝑆 of ℕ such

that 𝑆𝑐 ∈ 𝐼, where 𝑆 =
{

𝑘 ∈ ℕ : ∣𝑥(𝑞0)
𝑘 − 𝑎𝑞0 ∣𝑝𝑘 <

(
𝛿
3𝐷

)𝑀}
.

Let 𝑈 𝑐 = 𝑃 𝑐 ∪ 𝑄𝑐 ∪ 𝑆𝑐, when 𝑈 =
{

𝑘 ∈ ℕ : ∣𝑥𝑘 − 𝑎∣𝑝𝑘 < 𝛿
}

.

Therefore for each 𝑘 ∈ 𝑈 𝑐, we have
{

𝑘 ∈ ℕ : ∣𝑥𝑘 − 𝑎∣𝑝𝑘 < 𝛿
} ⊇

[{
𝑘 ∈ ℕ :

∣
∣(𝑥𝑘) − (

𝑥
(𝑞0)
𝑘

)∣∣𝑝𝑘 <
(

𝛿
3𝐷

)𝑀}

∩ {
𝑘 ∈ ℕ :

∣∣(𝑥(𝑞0)
𝑘

)− 𝑎𝑞0

∣∣𝑝𝑘 <
(

𝛿
3𝐷

)𝑀}

∩ {
𝑘 ∈ ℕ : ∣𝑎𝑞0 − 𝑎∣𝑝𝑘 <

(
𝛿
3𝐷

)𝑀}]
.

Then the result follows. □

Since the inclusions 𝑚𝐼(𝑝) ⊂ ℓ∞(𝑝) and 𝑚𝐼
0(𝑝) ⊂ ℓ∞(𝑝) are strict, so in view

of Theorem 3, we have the following result.

������� 4� The spaces 𝑚𝐼(𝑝) and 𝑚𝐼
0(𝑝) are nowhere dense subsets of ℓ∞(𝑝).

������� 5� The spaces 𝑐𝐼0(𝑝) and 𝑚𝐼
0(𝑝) are both solid and monotone.

P r o o f. Let (𝑥𝑘) ∈ 𝑐𝐼0(𝑝) and (𝛼𝑘) be a sequence of scalars with ∣𝛼𝑘∣ ≤ 1, for
all 𝑘 ∈ ℕ. Since ∣𝛼𝑘∣𝑝𝑘 ≤ max

{
1, ∣𝛼𝑘∣𝐺

} ≤ 1, for all 𝑘 ∈ ℕ, we have,

∣𝛼𝑘𝑥𝑘∣𝑝𝑘 ≤ ∣𝑥𝑘∣𝑝𝑘 , for all 𝑘 ∈ ℕ.

The space 𝑐𝐼0(𝑝) is solid follows from the following inclusion relation.
{

𝑘 ∈ ℕ : ∣𝑥𝑘∣𝑝𝑘 ≥ 𝜀
} ⊇ {

𝑘 ∈ ℕ : ∣𝛼𝑘𝑥𝑘∣𝑝𝑘 ≥ 𝜀
}

.

The space 𝑐𝐼0(𝑝) is monotone follows by Lemma 1.

The other part follows similarly. □

	�
��
 1� The spaces 𝑐𝐼(𝑝) and 𝑚𝐼(𝑝) are neither monotone nor solid, if 𝐼 is
neither maximal nor 𝐼 = 𝐼𝑓 .

P r o o f. We prove this result with the help of the following example. □

Example 1. Let 𝐼 = 𝐼𝛿 . Let 𝑝𝑘 = 1 if 𝑘 is even and 𝑝𝑘 = 2, if 𝑘 is odd.

Consider the 𝐾th-step spaces 𝐸𝐾 of 𝐸 defined as follows:

Let (𝑥𝑘) ∈ 𝐸 and (𝑦𝑘) ∈ 𝐸𝐾 be such that

𝑦𝑘 =

{
𝑥𝑘, if 𝑘 is odd;

1, otherwise.

Consider the sequence (𝑥𝑘) as 𝑥𝑘 = 𝑘−1, for all 𝑘 ∈ ℕ. Then (𝑥𝑘) ∈ 𝑍(𝑝), but
its 𝐾th-step space preimage does not belong to 𝑍(𝑝), where 𝑍 = 𝑐𝐼 and 𝑚𝐼 .

Thus 𝑐𝐼(𝑝) and 𝑚𝐼(𝑝) are not monotone. The spaces 𝑐𝐼(𝑝) and 𝑚𝐼(𝑝) are not
solid follows by Lemma 1.
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	�
��
 2� If I is neither maximal nor 𝐼 = 𝐼𝑓 , then the spaces 𝑍(𝑝) are not
symmetric, where 𝑍 = 𝑐𝐼0, 𝑐𝐼 , 𝑚𝐼

0 and 𝑚𝐼 .

P r o o f. We prove the result with the help of the following example. □

Example 2. Let 𝐼 = 𝐼𝑐. Let 𝐴0 =
{

𝑘 : 𝑘 = 𝑠2 or 𝑡3, for 𝑠, 𝑡 ∈ ℕ
}

=
{

𝑘 ∈ ℕ :

𝑘 = 𝑠2, for 𝑠 ∈ ℕ
} ∪ {

𝑘 ∈ ℕ : 𝑘 = 𝑡3, for 𝑡 ∈ ℕ
}

, then
∑

𝑘∈𝐴0

𝑘−1 < ∞.

Let 𝑝𝑘 = 1, if 𝑘 is even and 𝑝𝑘 = 2, if 𝑘 is odd.

Consider the sequence (𝑥𝑘) defined as follows:

𝑦𝑘 =

{
𝑘−1 if 𝑘 = 𝑡3, 𝑡 ∈ ℕ,

0 otherwise.

Consider the rearrangement (𝑦𝑘) of (𝑥𝑘) defined by

(𝑦𝑘) = (𝑥1, 𝑥2, 𝑥3, 𝑥8, 𝑥4, 𝑥5, 𝑥27, 𝑥6, 𝑥7, 𝑥64, 𝑥8, 𝑥9, . . . ).

Then (𝑦𝑘) /∈ 𝑍(𝑝), but (𝑥𝑘) ∈ 𝑍(𝑝), where 𝑍 = 𝑐𝐼0, 𝑐𝐼 , 𝑚𝐼
0 and 𝑚𝐼 .

������� 6� Let (𝑝𝑘) and (𝑞𝑘) be two sequences of positive real numbers. Then
𝑚𝐼

0(𝑝) ⊇ 𝑚𝐼
0(𝑞) if and only if lim inf

𝑘∈𝐾

𝑝𝑘

𝑞𝑘
> 0, where 𝐾𝑐 ⊆ ℕ such that 𝐾 ∈ 𝐼.

P r o o f. Let lim inf
𝑘∈𝐾

𝑝𝑘

𝑞𝑘
> 0 and (𝑥𝑘) ∈ 𝑚𝐼

0(𝑞). Then there exists 𝛽 > 0 such that

𝑝𝑘 > 𝛽𝑞𝑘, for all sufficiently large 𝑘 ∈ 𝐾.

Since (𝑥𝑘) ∈ 𝑚𝐼
0(𝑞), for a given 𝜀 > 0, we have

𝐵0 =
{

𝑘 ∈ ℕ : ∣𝑥𝑘∣𝑞𝑘 ≥ 𝜀
} ∈ 𝐼.

Let 𝐺0 = 𝐾𝑐 ∪ 𝐵0. Then 𝐺0 ∈ 𝐼.

Then for all sufficiently large 𝑘 ∈ 𝐺0,
{

𝑘 ∈ ℕ : ∣𝑥𝑘∣𝑝𝑘 ≥ 𝜀
} ⊆ {

𝑘 ∈ ℕ : ∣𝑥𝑘∣𝛽𝑞𝑘 ≥ 𝜀
} ∈ 𝐼.

Therefore (𝑥𝑘) ∈ 𝑚𝐼
0(𝑝).

The converse part of the result follows obviously. □

The following result follows from Theorem 6.

��������� 1� Let (𝑝𝑘) and (𝑞𝑘) be two sequences of positive real numbers.
Then 𝑚𝐼

0(𝑝) = 𝑚𝐼
0(𝑞) if and only if lim inf

𝑘∈𝐾

𝑝𝑘

𝑞𝑘
> 0, and lim inf

𝑘∈𝐾

𝑞𝑘
𝑝𝑘

> 0 where

𝐾 ⊆ ℕ such that 𝐾𝑐 ∈ 𝐼.

������� 7� Let ℎ = inf
𝑘

𝑝𝑘 and 𝐻 = sup
𝑘

𝑝𝑘, then the following results are
equivalent:

(a) 𝐺 < ∞ and ℎ > 0;

(b) 𝑐𝐼0(𝑝) = 𝑐𝐼0.
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P r o o f. Suppose first that ℎ > 0 and 𝐺 < ∞, then the inequalities min{1, 𝑠ℎ} ≤
𝑠𝑝𝑘 ≤ max{1, 𝑠𝐺} hold for any 𝑠 > 0 and for all 𝑘 ∈ ℕ.

Therefore the equivalent of (a) and (b) is obvious. □

	�
��
 3� The spaces 𝑚𝐼
0(𝑝) and 𝑚𝐼(𝑝) are not separable.

P r o o f. Let 𝑀 = {𝑚1 < 𝑚2 < . . . } be an infinite subset of of ℕ such that
𝑀 ∈ 𝐼.

Let

𝑝𝑘 =

{
1, if 𝑘 ∈ 𝑀 ;

2, otherwise.

Let 𝑃0 =
{

(𝑥𝑘) : 𝑥𝑘 = 0, or 1, for 𝑘 = 𝑚𝑗, 𝑗 ∈ ℕ and 𝑥𝑘 = 0, otherwise
}

.
Since 𝑀 is infinite, so 𝑃0 is uncountable.

Consider the class of open balls 𝐵1 =
{

𝐵
(
𝑧, 1

2

)
: 𝑧 ∈ 𝑃0

}
. Let 𝐶1 be an open

cover of 𝑚𝐼
0(𝑝) or 𝑚𝐼(𝑝) containing 𝐵1. Since 𝐵1 is uncountable, so 𝐶1 cannot

be reduced to a countable subcover for 𝑚𝐼
0(𝑝) as well as 𝑚𝐼(𝑝). Thus 𝑚𝐼

0(𝑝) and
𝑚𝐼(𝑝) are not separable. □

������� 8� Let 𝐺 = sup
𝑘

𝑝𝑘 < ∞ and 𝐼 an admissible ideal. Then the follow-
ings are equivalent:

(a) (𝑥𝑘) ∈ 𝑐𝐼(𝑝);

(b) there exists (𝑦𝑘) ∈ 𝑐(𝑝) such that 𝑥𝑘 = 𝑦𝑘, for a.a.k.r.I;

(c) there exists (𝑦𝑘) ∈ 𝑐(𝑝) and (𝑧𝑘) ∈ 𝑐𝐼0(𝑝) such that 𝑥𝑘 = 𝑦𝑘 + 𝑧𝑘, for all
𝑘 ∈ ℕ and

{
𝑘 ∈ ℕ : ∣𝑦𝑘 − 𝐿∣𝑝𝑘 ≥ 𝜀

} ∈ 𝐼;

(d) there exists a subset 𝐾 = {𝑘1 < 𝑘2 < . . . } of ℕ such that 𝐾 ∈ F (𝐼) and
lim

𝑛→∞
∣𝑥𝑘𝑛

− 𝐿∣𝑝𝑘𝑛 = 0.

P r o o f.

(a) =⇒ (b). Let (𝑥𝑘) ∈ 𝑐𝐼(𝑝). Then there exists 𝐿 ∈ 𝐶 such that
{

𝑘 ∈ ℕ : ∣𝑥𝑘 − 𝐿∣𝑝𝑘 ≥ 𝜀
} ∈ 𝐼.

Let (𝑚𝑡) be an increasing sequence with 𝑚𝑡 ∈ ℕ such that
{

𝑘 ≤ 𝑚𝑡 : ∣𝑥𝑘 − 𝐿∣𝑝𝑘 ≥ 1
𝑡

} ∈ 𝐼.

Define a sequence (𝑦𝑘) as follows;

𝑦𝑘 = 𝑥𝑘, for all 𝑘 ≤ 𝑚1.

For 𝑚𝑡 < 𝑘 ≤ 𝑚𝑡+1, 𝑡 ∈ ℕ,

𝑦𝑘 =

{
𝑥𝑘, if ∣𝑥𝑘 − 𝐿∣𝑝𝑘 < 𝑡−1;

𝐿, otherwise.
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Then (𝑦𝑘) ∈ 𝑐(𝑝) and form the following inclusion
{

𝑘 ≤ 𝑚𝑡 : 𝑥𝑘 ∕= 𝑦𝑘
} ⊆ {

𝑘 ∈ ℕ : ∣𝑥𝑘 − 𝐿∣𝑝𝑘 ≥ 𝜀
} ∈ 𝐼.

We get 𝑥𝑘 = 𝑦𝑘, for a.a.k.r.I.

(b) =⇒ (c). For (𝑥𝑘) ∈ 𝑐𝐼(𝑝), then there exists (𝑦𝑘) ∈ 𝑐(𝑝) such that
𝑥𝑘 = 𝑦𝑘, for a.a.k.r.I. Let 𝐾 =

{
𝑘 ∈ ℕ : 𝑥𝑘 ∕= 𝑦𝑘

}
, then 𝐾 ∈ 𝐼.

Define (𝑧𝑘) as follows:

𝑧𝑘 =

{
𝑥𝑘 − 𝑦𝑘, if 𝑘 ∈ 𝐾;

0, if 𝑘 /∈ 𝐾.

Then (𝑧𝑘) ∈ 𝑐𝐼0(𝑝) and (𝑦𝑘) ∈ 𝑐(𝑝).

(c) =⇒ (d). Suppose (c) holds. Let 𝜀 > 0 be given.

Let 𝑃1 =
{

𝑘 ∈ ℕ : ∣𝑧𝑘∣𝑝𝑘 ≥ 𝜀
}

and 𝐾 = 𝑃 𝑐
1 = {𝑘1 < 𝑘2 < . . . } ∈ F (𝐼).

Then we have
lim

𝑛→∞
∣𝑥𝑘𝑛

− 𝐿∣𝑝𝑘𝑛 = 0.

(d) =⇒ (a). Let 𝐾 = {𝑘1 < 𝑘2 < . . . } ∈ F (𝐼) and lim
𝑛→∞

∣𝑥𝑘𝑛
− 𝐿∣𝑝𝑘𝑛 = 0.

Then for any 𝜀 > 0, and Lemma 2, we have
{

𝑘 ∈ ℕ : ∣𝑥𝑘 − 𝐿∣𝑝𝑘 ≥ 𝜀
} ⊆ 𝐾𝑐 ∪ {

𝑘 ∈ 𝐾 : ∣𝑥𝑘 − 𝐿∣𝑝𝑘 ≥ 𝜀
}

.

Thus (𝑥𝑘) ∈ 𝑐𝐼(𝑝). □
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