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PARANORM [-CONVERGENT SEQUENCE SPACES
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ABSTRACT. In this article we introduced the sequence spaces c!(p), cé(p),
m!(p) and mé (p) for p = (pr), a sequence of positive real numbers. We study
some algebraic and topological properties of these spaces. We prove the decom-
position theorem and obtain some inclusion relations.
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1. Introduction

The notion of I-convergence was studied at initial stage by Kostyrko,
Saldt, Wilczynski [3]. Later on it was studied by Salat, Tripathy
and Ziman [8], [9], Demirci [1] and many others.

Let X be a non-empty set. Then a family of sets I C 2% (power sets of X) is
said to be an ideal if I is additive i.e. A,B € = AU B € I and hereditary
ie. Ael, BCA — Bel.

A non-empty family of sets .# C 2% is said to be a filter on X if and only if
® ¢ 7, for each A, B € F we have ANB € .% and for each A € . and B D A,
implies B € .Z.

An ideal I C 2% is called non-trivial if I # 2%.

A non-trivial ideal I C 2% is called admissible if and only if I > {{z} :
reX }

A non-trivial ideal I is maximal if there cannot exists any non-trivial ideal
J # I containing [ as a subset.

For each ideal I, there is a filter .%#(I) corresponding to I ie. F(I) =
{KCN: K°¢e I}, where K=N- K.

Throughout w denote the class of all sequences.
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A sequence (zy) € w is said to be I-convergent to the number L if for every
e>0,{keN: |z, —L|>e} €. Wewrite [-limz) = L.

A sequence (zj) € w is said to be I-null if for every € > 0, {k € N : [z4|> ¢}
€ I. We write I-limx, = 0.

A sequence (1) € w is said to be I-Cauchy if for every € > 0, there exists a
number m = m(e) such that {k € N: |y —x,,| >} € L.

A sequence (1) € w is said to be I-bounded if there exists M > 0 such that
{keN: |z >M} el

Let (zx) and (yx) be two sequences. We say that x, = yi for almost all k
relative to I (a.a.k.r.1),if {k e N: xz #y,} € I.

2. Definitions and notations
Throughout the article 4o, ¢!, cé, m!, m{) represent the classes of bounded,
I-convergent, I-null, bounded I-convergent, and bounded I-null sequence respec-
tively.

A sequence space E is said to be solid (or normal) if (ayxr) € E whenever
(z1) € E and for all sequence ay, of scalars with |ay| < 1, for all & € N.

A sequence space E is said to be symmetric if (xy) € E implies (z,)) € E,
where 7 is a permutation of N.

A sequence space F is said to be sequence algebra if (zy) * (yx) = (zryr) € E
whenever (xy), (yr) € E.

A sequence space E is said to be convergencefree if (yr) € E whenever
(zx) € E and x, = 0 implies y, = 0.

Let K ={k; <k < ...} CNand E be a sequence space. A K-step space of
E is a sequence space A\ = {(zy,) € w: (k) € E}.

A canonical preimage of a sequence {(z,)} € A% is a sequence {y,} € w

defined as
Ty, if n€ K;
Yn =

0, otherwise.

A canonical preimage of a step space A% is a set of canonical preimages of all
elements in A%, i.e. y is in canonical preimage of AE. if and only if y is canonical
preimage of some z € \Z.

A sequence space F is said to be monotone if it contains the canonical preim-
ages of its step spaces.

The notion of paranormed sequence space was studied at the initial stage
by Nakano [7] and Simons [10]. Later on it was further investigated by
Maddox [6], Lascarides [4], [5], Tripathy and Sen [11] and many
others.
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In this article, we introduce the following sequence spaces. Let p = (px) be a
sequence of positive real numbers. Then for a given € > 0,

CI

p)={(zr) ew: {keN: |z, — L|P* > e} €I, for some L € C};
p):{(;z:k)ew: {keN: ]xk|p’“25}€.f};

loo = {(wk) € w: sup|zg[P* < oo}
k

We write
m!(p) = ' (p) N lo (p);
my(p) = c§(p) Nl (p).

Lascarides [4] defined the following sequence spaces:
loo{p} = {(xk) € w : there exists r > 0 such that s%p |zgr PRty < oo};
co{p} = {(xk) € w: there exists r > 0 such that khi& |zgr| PRty = 0};
{p} = {(xk) € w : there exists r > 0 such that k:§1 |xgr|PEty > oo},
where t, = p,;l, for all k € N.

The following results will be used for establishing some results of this article.

LEMMA 1. A sequence space E is said solid implies E is monotone.

(One may refer to Kamthan and Gupta [2, p. 53].)

LEMMA 2. (Salédt, Tripathy and Ziman [8, Lemma 2.5]) Let K € .Z(I)
and M CN. If M ¢ I, then MNK ¢ 1.

LEMMA 3. (Kostyrko, Saldt, Wilczynski [3, Lemma 5.1]) If I C 2N

and M CN. If M ¢ I, then MNK ¢ 1.

LEMMA 4. (Lascarides [4, Proposition 1]) Let h = i%fpk, H =suppy. Then
k

the following conditions are equivalent:

(i) H < o0 and h > 0;

(ii) co(p) = co or b (P) = loo;
(ili) loo{p} = loc(p);

(iv) co{p} = colp);

(v) Hp} = p).
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3. Main results
THEOREM 1. Let (pi) € lo. Then c!(p), ck(p), m!(p) and m{(p) are linear

spaces.

Proof. Let (z), (yx) € ¢! (p) and a, 8 be two scalars. Then for a given & > 0,
we have

{kEN: |z — Lq|PF > 2]@[1, for some L; GC} el
{kEN: |yp — Lo|P* ¢ for some LQEC}EI,

V

= oM,
where
M, =D- max{l,sup |a|PE };
k
My=D- max{l,sup |5|pk}
k
and
D = max{1,2¢71} and G =suppy > 0.
k
Let

Al = {kEN: ]xk—Ll\p’“ <
Ay={keN: |y, — Lo <
be such that Af, AS € I.
Then A3 = {k € N : [(az) + Byi) — (a1 + BLy)|P* < e} D {k € N :
|afPrlay — LaPr < o5 laP* DY N {k e N: [BPr|y, — Lo < 5, |BP*D}.
Thus A§ = A N A§ € I. Hence (a(z) + B(yx)) € ¢! (p). Therefore ¢! (p) is a

linear space. The rest of the results follows similarly. O

Note 1. Let I = I5 and (pr) ¢ foo. Consider J = {n; € N: ¢ € N} be an
infinite set such that lim py, = oco. Let D = {n; : i € N} C J such that

11— 00

d(D) = 0. Consider the sequence (zj) defined by

0, if k€ D;
Ty = .
1, otherwise.

13 .
ong,» for some Ly € C’} el

€
on, forsome Lo € C} el,

Then stat-limz, = 1, so (zx) € c!(p). For any scalar A\ > 1, we have
stat-lim(\zy) = co. Therefore A\(zx) ¢ c!(p). Thus ¢! (p) is not a linear space.
Therefore the condition (pg) € ¢ is necessary in Theorem 1.

THEOREM 2. Let (py) € loo, then m!(p) and m{(p) are paranormed spaces,
paranormed by g((zy,)) = sup |zy| ¥ , where M = max{1,suppy}.
k k

The proof of the result is easy, so omitted.
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THEOREM 3. m!(p) is a closed subspace of oo (D).

Proof. Let (;z:é")) be a Cauchy sequence in m!(p) such that z(™ — z. We
show that z € m!(p).

Since (x,(:“)) € m!(p), then there exists a,, such that
{keN: \x,(:“) —aplPr > e} el
We need to show that
(i) (an) converges to a,
(i) if U={k € N: |z —a[P* <e}, then U € I.
(i) Since (;z:i")) is a Cauchy sequence in m!(p) then for a given £ > 0, there
exists kg € N such that

PL
Sl;p|$§€n) - :l;gcm)| Mo ;, for all n,m > k.

Given € > 0, we have
Bum = {k e N: [oj” — 2™ P < (5)"}:
By ={keN: \x,(cm) —an|Pt < (;)M}
B,={keN: |z —a,m < ()"},
Then B;,,,, By, By, € 1.
Let B¢ = BS, N B N BE, where B = {k € N: |ay —an[?* < e}. Then

Bc el
We choose kg € B¢. Then for each n,m > kg, we have

(ke Jom —anl <e} 2 [{k €N Jam — a1 < (5)")

N {k eEN: |x§§m) —;z:i")\p’“ < (g)M}

N{keN: |$§€n) —a,|P* < (;)M}}

Then (a,) is a Cauchy sequence of scalars in C, so there exists a scalar a in C
such that a,, = a, as n — oc.

(ii) Let 0 < § < 1 be given. Then we show that if U = {k € N: |z} — a|P*
< 5}, then U¢ € I. Since (™ — z, then there exists ¢y € N such that

P={keN: @) - @] < (H)"} (1)

implies P¢ € I.
The number gy can be so chosen that together with (1), we have @ = {k eN:
lag, — alPx < (3‘5D)M} such that Q¢ € I.
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Since {k e N: |$§€q0) — Qg |PF > (5} € I. Then we have a subset S of N such
that S¢ € I, where S = {k € N: \x,(f(’) — ag,[PF < (3‘;)M}.

Let U¢ = P°UQ°U S, when U = {kGN: |z — alPF < 6}.

Therefore for each k € U€, we have

{keN: Jay—a <8} 2[{keN: |(@e) - (@)™ < ()"}
A {keN: y(xgm))—aqor”" ()"
N{keN: Jag, —alP < ()"}
Then the result follows. 0

Since the inclusions m!(p) C £ (p) and m}(p) C oo (p) are strict, so in view
of Theorem 3, we have the following result.

THEOREM 4. The spaces m!(p) and m{(p) are nowhere dense subsets of £, (p).

THEOREM 5. The spaces c}(p) and m}(p) are both solid and monotone.

Proof. Let (z3) € cl(p) and () be a sequence of scalars with |ay| < 1, for
all k € N. Since |a|P* < max{1, |ox|} < 1, for all k € N, we have,
lagxg|P* < |ag|P, for all ke N.

The space cf(p) is solid follows from the following inclusion relation.

{k eN: |zpPk > 5} D {k €N: |agxg|P* > 5}.

The space c}(p) is monotone follows by Lemma 1.

The other part follows similarly. O

RESULT 1. The spaces ¢! (p) and m!(p) are neither monotone nor solid, if I is
neither mazimal nor I = Iy.

Proof. We prove this result with the help of the following example. O

Ezample 1. Let I = Is5. Let pi, = 1 if k is even and p; = 2, if k is odd.
Consider the Kth-step spaces Ex of E defined as follows:
Let (z) € E and (yx) € Ex be such that

g, if k is odd;
Yk = 1, otherwise.
Consider the sequence (z) as ¥, = k™!, for all k € N. Then (zx) € Z(p), but
its K'th-step space preimage does not belong to Z(p), where Z = ¢! and m/?.

Thus ¢! (p) and m!(p) are not monotone. The spaces ¢! (p) and m!(p) are not
solid follows by Lemma 1.
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REsuLT 2. If I is neither maximal nor I = Iy, then the spaces Z(p) are not
symmetric, where Z = c}, ct,ml and m?.

Proof. We prove the result with the help of the following example. (]

Example 2. Let I = 1.. Let Ag = {k : k=352 or t3, for s,t € N} = {k eN:
k=s? for se NJU{keN: k=13 for t € N}, then Y k' < oc.
kEAg
Let pr. = 1, if k is even and p; = 2, if k£ is odd.
Consider the sequence (z) defined as follows:
kL oif k=113, teN,
Yk = .
0 otherwise.
Consider the rearrangement (yi) of (xy) defined by
(yk) = (.’171, T2, X3,X8,L4,L5,T27,Le, L7, LG4, L]y LY, ... )
Then (yi) ¢ Z(p), but (zx) € Z(p), where Z = cl, ¢!, m{ and m!.

THEOREM 6. Let (pr) and (qi) be two sequences of positive real numbers. Then
m(p) 2 md(q) if and only if li}cn}?f ot >0, where K¢ € N such that K € 1.
€

Proof. Let liin iI?f b >0and (2x) € m{(q). Then there exists 3 > 0 such that
c ,

pr > Bqx, for all sufficiently large k € K.
Since (z1) € m{(q), for a given ¢ > 0, we have

By ={keN: |az|%* > ¢} €I
Let Go = K°U By. Then Gy € 1.
Then for all sufficiently large k € Gy,
{k e N: |z Pk 25} - {k eN: ]xk|6q’“ 25} el
Therefore (xx) € m{(p).

The converse part of the result follows obviously. O

The following result follows from Theorem 6.

COROLLARY 1. Let (pr) and (qx) be two sequences of positive real numbers.

Iy — o1 : £ Vi i Pk ek
Then my(p) = mgy(q) if and only if hgé}?f o >0, and hgé}?f o > 0 where

K C N such that K€ € 1.

THEOREM 7. Let h = infp, and H = sup pg, then the following results are
equivalent: i k

(a) G < o0 and h > 0;
(b) c5(p) = c5-

491



BIOND CHANDRA TRIPATHY — BIPAN HAZARIKA

Proof. Suppose first that h > 0 and G < oo, then the inequalities min{1, sh} <
sPk < max{1,s%} hold for any s > 0 and for all k € N.

Therefore the equivalent of (a) and (b) is obvious. O

REsuLT 3. The spaces mi(p) and m!(p) are not separable.

Proof. Let M = {m; < my < ...} be an infinite subset of of N such that
M e 1.

Let
)L, it ke M;
P = 2, otherwise.
Let Py = {([Ek) 2, =0, orl, for k=mj, jeN and z;, =0, otherwise}.
Since M is infinite, so Py is uncountable.
Consider the class of open balls By = {B(z,3) : z € Py}. Let Cy be an open

cover of m{(p) or m!(p) containing B;. Since B is uncountable, so C; cannot

be reduced to a countable subcover for m{(p) as well as m!(p). Thus m{(p) and

m!(p) are not separable. O

THEOREM 8. Let G = suppr < oo and I an admissible ideal. Then the follow-
ings are equivalent: k

(a) (wr) € ! (p);
(b) there exists (yx) € c(p) such that i = yi, for a.a.k.r.I;

(c) there exists (yx) € c(p) and (21) € cb(p) such that x) = yy + 2x, for all
keNand {keN: |y, — L[Pr > e} € I;

(d) there exists a subset K = {k1 < ko < ...} of N such that K € #(I) and
lim |z, — L[Ps = 0.
n—oo
Proof.
(a) = (b). Let (x1) € ¢! (p). Then there exists L € C such that
{keN: |z, — LI’ > ¢} eI
Let (m;) be an increasing sequence with m; € N such that
{k<m: |zp—LIPr >} €l
Define a sequence (yy) as follows;
Yk = Tk, for all k< mj.
For my <k <myyq, t €N,

xg, if |xg — LIP* <t_1;
k= .
4 L, otherwise.
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Then (yx) € ¢(p) and form the following inclusion
{kgmt:xk#yk}g{kEN: |z, — LIP* ZE}EI.

We get xp = yg, for a.a.k.r.1.
(b) = (c). For (z) € c!(p), then there exists (yr) € c(p) such that
T = Y, for a.a.k.r.l. Let K = {k eN: xp # yk}, then K € I.

Define (zj) as follows:

e =y, if ke K;
o, it k¢ K.
Then (zi) € cb(p) and (yx) € c(p).
(¢) = (d). Suppose (c) holds. Let € > 0 be given.
Let PL ={k € N: [zt >c} and K = Pf = {k1 <ks < ...} € Z(I).
Then we have
nh_}n;o |xg, — L|PE» = 0.

(d) = (a). Let K ={k1 < ko <...} € F(I) and nhHH;O |z, — L|P*» = 0.
Then for any € > 0, and Lemma 2, we have
{keN: |z —LPP* >e} CKU{ke K: |o, — LIP* > ¢}.
Thus (x1) € ¢! (p). O
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