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EVALUATION OF INFINITE SERIES
INVOLVING SPECIAL PRODUCTS
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ABSTRACT. The aim of the paper is the investigation of special infinite series

of the form .

min maon
o s+a s+b
sl;[O ( ) sl;[O ( ) P(TL)
= mi+ma)n+ 0
(s+a+b)
s=0

where (a,b,m1,ma,0,c, P(n)) € R* x C x {£1} x Q[n] and {fn(n)}

sequence of rational functions. A general summation method for the sum above

n€eNg 1S a

in the case of the special choice of parameters a, b and f,(n) is included. We find

the 2m-tuple of rational numbers a;, 3; (1 <4 < m, 1 < j < m) for which

1, A1,y oovy Qi
m+1Fm
+1 ( ﬂ1+1?"’7/6m+1 x>¢Q
x>€@
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MARIAN GENCEV

1. Introduction

The generalized hypergeometric function ,F, with parameters ai,...,ap,

bi,...,by € Cis given by the infinite series

P ai, ..., Qp
prq b b
I q

where the Pochhammer symbol («),, is defined by the relation

s

(as)n o

n!

(bs)n

N
N——
I
3
||M8
o
=]
=

W
Il
—

(a)o :=1, (@) =(a+n—1) - (a)p—1, neN.

If p = g+ 1, then the series in (1) has a finite radius of convergence. Some basic
results we can find in the reference [4] which gives the state of the art on the
arithmetic natur of values of generalized hypergeometric functions, both from
the qualitative point of view (irrationality, transcendence, linear and algebraic
independence) and from the quantitative one (approximation measures, linear
independence measures, measures of algebraic independence).

Some certain basic results concerning the function (1) can be found in [1],
[11], [21], [22] or [23]. Factorial and Cantor series appear in [8], [9], [10] and [14]
or in the book of Shidlovski [19].

2. Summation technique

In this section we present a summation technique which is the generalization
of the papers [7], [12] or [18]. The results concerning the summation techniques
for the series involving special products or the theory of Lehmer’s or Gosper’s
sums and Apéry-like series we can find in [2, §1.7], [3], [5], [6], [16], [17], [20]
and [24].

The following theorem gives the information about the structure of the values
of the sums (2) and (3) and other infinite series involving special products in the

form (Z)il, where (2) denotes the generalized binomial coefficient.
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J
THEOREM 2.1. Let (a,b,0,m1,mz) € RY x RY x C x N and P(n) = > a;n’
5=0

€ C[n] be a polynomial. Set

S = Z (iz_limz)n+1s_1 . Q”P(n) (2>
n=0 [I  (s+a+d)
and
(m14+ma)n
o (s +a+0b)
=3 . T+

as an absolutely convergent infinite series. Define
(Z + 1)a+b . Zrmlfafl 1
, Tla,b) =
(21 = 0(z + 1)(matma))r (a+b+1)Bla+1,b+1)
and let 3 be the set defined as follows:

Or(2) =

3={GeC: ¢ =0G+)™ ™, (Gl < Ry €RT, 10 < (5, i |-

(R0+1)7n1+7n2

Then

(1) there exist the numbersc GC 0<j<J,1<r<J+1, such that

=

5L v*(1 - )"
Sy = 7(a,b) ZZ% / (1 Gzms (1 gymayr da; (4)
7=0r=1 0
(2) there exist the numbers c 6 C,0<5j<J,1<r<J+1, such that
J j+1
(a,b) 220(2)2Res¢r(g). (5)
j=0r=1 (€3

Proof. First, recall that if |Z]| < 1, J € Ny, {ak}izo C Z, then there exist the
integer coefficients C,. ; such that

Now, we consider the sums S; and Sy separately.
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(1) From the definition of the Beta function B(z,y), assumptions on a, b,

my, ma, 6 and in the virtue of the fact that

1
/xm1”+“(1 — )" dy = B(min +a+ 1,man + b+ 1)
0

min mon

Fla+1) [[(s+a)-T(b+1) [[ (s+0)

s=1 s=1
(m1+m2)n+1
F'a+b+2) I (s+a+0b)

s=1

min mon

[I(s+a) [[(s+0)

-1 s=1 s=1
=7""(a,b
( ’ )(m1+m2)n+1

I (s+a+b)

s=1
together with the absolute convergence of the sum S; we obtain

1

J oo ‘
S1 = 7(a,b) Z a; Z 0™n’ /:1;“(1 —2)b (2™ (1 — z)™)" dz
j=0 n=0

0

J j+1 ) 1 .fEa(l o .fU)b
=71(a,b) ZZC’”J / (1= B (1 — g)ma)" dz
j=01r=1 5

and (4) follows.

(2) To prove the identity (5) we use the integral representation of the gener-

alized binomial coefficient:

ny._ I(n+1) 1 )
(k>'_r(k+1>r(n—k+1)_2m ]{(C+1> ¢-*d¢,  ReR*
[CI=R

where n,k € R and k£ > —1. This gives

(m1+ma)n

I (s+a+b)
s=0 _ B(a7 b) f (C + 1)(m1+m2)n+a+b . C—(m1n+a+1) dC

min maon 2
];[0(5+a) 1:[0(3+b) |C‘:R
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where (a,b,m1,ms) € RT x R* x N2, Therefore, setting R = Ry, the properties
of 6, Ry and the definition of the set 3 allow us to write

>~ J . (¢ + 1)matmz n +1 a+b
S S ]( (r G

n=0 j=0 I ‘:
_ (CHDT Q5 (0(C+mEmT
- 2771 }{ Z =l gatt an ¢m a
I¢|=Ry I=° n=0
Blah) [ €+ G Cr .
2mi ot 2 (1 - 9(<+1)’"1+’"2)T ¢
‘ClZRG ]:0 r=1 le
B SRS e "
= o Ca+1 . (le _ (C+ 1>m1+m2)r
I¢I=Ro J=0r=1
c(,z,). i=a; C,(,Q,)
_ B(a,b) 2 ]{ (Cperbgrmemet
o 1 my o 1)mit+me
27 ]Orl e (¢ 0(C+1) )
J j+1
(a,b) ZZC(Q)ZRGS(Z)T(C)
7=0r=1 CE3
The proof of Theorem 2.1 is complete. OJ

Some summation results of Theorem 2.1 are presented in the next example.

Ezample 2.1.
2’ Vi1 i K =1,
i on ) V3 —1 if K=1,
e (2:;2) (2n+3) m_1 if K =2,
2477“/3 _ é if K =3.
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Ezxample 2.2. The following identities hold true

27 if T(n)=1,

i Tn 1 if T(n)=n(2n+3),

n=0 ﬁ (25 + 3)
- {r} if T(n)=n,

where {2} := x — [z] denotes the fractional part of the real number z

Example 2.3. The following identities hold true

o0 ! /2 JA+292+1 Va1
Z ﬁ( )7 (31 Ya_ 241 + 6v/3 arctan 3 +7T\/3>

n=0

and
3

n! % Va—-V2+1 V4 -1
= 3ln + 6v/3 arctan +7v3 ).
6 ( V4429241 V3

>

n=0 ﬁ[ (38 + 2)

Ezxample 2.4. The following identity holds true

Example 2.5. We have

V39 1 1 : _
3n 13 ({’/@’94‘? + ngg_{}B) if K= -81,

Z(}'gn
if K =2T7.
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Example 2.6. Define

pi(r) =1 +r? —2r — 3,
pa(r) == 841r° — 1682r° + 2001r* — 18567 + 1339r% — 7051 + 225,
pa(r) := 1067229r° — 10977573r* + 1858059r° — 154485972
+ 20009367 + 2308535,
pa(r) := 1067229r° — 10977573r* + 1858059r° + 154485972
+ 20009367 — 352350

and
2n n 1
[T(Gs+1)TI] (s+ 3)
o 1= 51 _— s=1 , for all n € Ng. (6)
'+ )
Then
o~ ©on 36 Z r(l+2r) r—1 ps(r)
= In - Z rln (7)
n /
=2 5\ e n) T oL paln)

where the finite sums on the right hand side of (7) are extended over all roots r

of the equations p1(r) = 0 and p2(r) = 0 respectively.
Ezample 2.7. Let k = /148 4+ 4iv/3 and ¢,, be defined as in (6). Then

oo

1 3{’/ 2 (343ikV/3 — 343k + 4116 — 63ik2V/3 — T0K2)
WZ;; 277 (9n + T)pn 64(111x2 — 3108 — 683iv/3K2 + 19124iv/3)
X (—2221W3 — 17092iv/3 + 2961k V/35 — 273ik2 V/35
+ 6016iV/3% + 658ik2V/3 + 5464k V3 — 497x%V/3
— 16136/3 — 4098 + 336K2 + 15180).
(8)

Remark 2.1. For other trivial summation results see [12], [13] and [2, §1.7],
for more complicated cases see [5] or [18]. The methods in all these papers are

different or not so much general as the method presented in Theorem 2.1.
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THEOREM 2.2 (Mertens’ multiplication theorem). If at least one of two

+oo “+o0o
convergent series a := Y. au, and [ := Y. [, converges absolutely, then their

+oo n
Cauchy product > > arfn_k converges to af.
n=0k=0

Using Theorem 2.1 and 2.2 we can sum new infinite series. Certain summa-

tions are presented in the following example.

Example 2.8.

= (3 1, 1, -n 1 32v/2

Z ”n 3Fy ( 1’ 1 ’ = 1+ arcsin ,

= 8 5 53— M 16 31 Vv 8

+oo (Qn) 1 1 n g

> 723F2<1’ . 1) =" +2ve,

a0 8 20 2 1 V2

oo (3n 1

—~ —n 2
oo (3n 1
1 1 — — 2

Z(nn) 4F3< 37 1 ’ 22 " " )Zﬂ'COS

par 20 3™ g N
Example 2.9. Define

G, 1, 1 3 -n -n—1 -n-1! 16
F(n) = Fy ( 107 137 1367 2 y ’1 227 3 )
90 90 95 TMTg, TN—g, —Ntg 729
Then
3n+1
o Il Bs+1)
> o Fn) = 1515,
2437 - (2n + 1)! 3

n=0

where S and Sy are the sums in (7) and (8) respectively.

3. Corollaries for the transcendence

In this section we shall discuss the special values of the generalized hypergeo-

metric function p;4qFay(z) for 2 € Q using Theorem 2.1.

372
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Remark 3.1 (Transformation). The convergent infinite series of the form

+1
00 1 (s+a) [] (s+b)
s=0 s=0 n
Z (m1+m2)n+1 ’ P(n)e
n=0 [T (s+a+b)
s=0

can be transformed and written as the linear combination of generalized hyper-
geometric functions a1 Far(a(f)), where a(f) is a suitable algebraic function
and M = mj 4+ meo. This and Theorem 2.1 enables us to study the algebraic
character of such a special hypergeometric functions at algebraic points. In view
of [15] we obtain

min maon
oo Il (s+a)- II (s+0)
2 : s=1 s=1 ’I’LJ
— (m1+ma)n+1
Jeng O™ IT (s+a+ b)
s=1
k1+a‘ k2+b| N
m1 li<k;<mq’ m2 1<ky<my’
Ho M41E 0 ay(6) for J=0,
kg+a+b
M 2<kg<M+1
k1+a ko+b
J Ay 1<ki<my’ A g 1<ko<mg A
> opx M1 Fu ay(0) for J>0
A=1 At k3+a+b|
M 2<kz<M+1
and
(m1+ma)n
o II (s+a+b)
s=0 J
min mamn n
= n .
sao 0 Il (s+a)- 11 (s +0)
s=0 s=0
a+b+kq | 1
M 1<k, <M’ I
po - M+1Enm az(0) or J=0,
a+k2| b+k3‘
M1 |1<ko<my ™2 l1<kz<my

a+b+kq
At 1<k <M’ A+1

ayj@)] for J>0

J
Dok M1 Fu
=1 b+kg

mo

A @tR2

mq

|
1<kgz<mgy

‘1§k25m1

where M = mq +mg, pj € C (0 < j < J) and a;(0), J € Ny, is a suitable

algebraic function of 6.
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THEOREM 3.1. Let a,b € Qt, P(X) € Q[z] be a polynomial, 6 € Q\ {0} and

A € Ny. Set
)\+k1+a )\+k2+b A1
™ <k <my m2 |y k<o
FVETll) ma, )\(Cb,ble) = M+1FM =FL=T Ska<mg 0
ks+a+b
AN ek <arn
and
a+b+k
@) A+ I
le,mz,A(avb | 0) := m+1Fm . . 0
A+ athka , +k3
" ke <m, "2 |1<ks <mo

Assume that FY

myman (@0 | 0)iz12 are two absolutely convergent series which

sum can be computed using Theorem 2.1. Then

(1) if (a,b) € Nx Q* or (a,b) € Q* x N and a+b ¢ N then FV

my,mao, A

(a,0]0)

is a transcendental number or a computable algebraic number;

2) if (a,b) = (al 51) €QtxQF, a+beN, B = 2ur + 1, B = 2uy with

az’ [

(u1,u2) € Ng x N then Fo

mi,ma,\
3) if (a,b) € NxQV or(a,b €Q+xNandm1>a+1,th6nF(2) a,b| 0
ml,mz,/\
is an algebraic number;
(4) if (a,b) € Q" x Q*, a ¢ N, b¢ N andmy > a+ 1, then F') \(a,b]6)

1s a transcendental number.

(a,b | 0) is an algebraic number;

Proof.

(1) In virtue of Theorem 2.1 we discuss the value of the integral

/ a1 — )b
0/ 1- mel 1 —a)m2)r de ©)

and the value B(a + 1,b+ 1). Without lost of the generality, we may assume

that (a,b) € N x Qt. Then Bla+1,b+1) = , ¢ € Q. Next, suppose
1 (b+2¢)
=1

that b = g; with (31, 32) € N2, (81, 32) = 1. This allows us to use the trans-

(a ) in Theorem 2.1 are algebraic.

formation 1 — 2 = %2 in (9). The coefficients c,
Then Baker’s theorem concerning the linear forrns in logarithms, see [15], and

Remark 3.1 completes the proof of statement (1) of this theorem.
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(2) Suppose that a = !, b= g; with (e, 8;)ij=1.2 € N* and (a1, 0) = 1
= (B1, B2). Using the transformation 1 —z = t%2x the integral (9) gives the form

00 1_F1_o

$B1+B2—1 | (tﬂ2 4 1>r(m1+m2)7 22 T BT
r _ﬁQ/

I ((tﬁz + 1)mitma — Qtﬂzmz)r dt.

Now, assume that §; = 2u; + 1 and 2 = 2uy with (u1,us) € Ng x N. Then the

integral (9) can be easy computed with the residues theorem. Thus, we obtain

P R 1)r(m1+m2)723 —ol—2
J, = 70 Res r
t=Cp ((tP2 + 1)mitmz — Gfama)
p=1

where ((,)1<p<p are all solutions of the equation

((tﬂQ + 1)m1+m2 _ 07552’”2) (tﬁz + 1)*T(m1+m2)+§§ +g; +2 =0.

Thus ({p)1<p<p are, obviously, algebraic numbers. Further, we express the term
B(a+1,b+1) for a € (0,1). From the properties of the Beta function B(z,y),

we obtain immediately that

Fa+1)-I'b+1) T(a+1)-T'(a+b+1—a)

BlatLb+1) == riipie) (@a+b+1)!
a+b
a-T(a) - T'(1—a) El;[l(ﬂ—a)
- (a+0b+1)!
a+b
a [[(6—a)
= . =1 ‘ETF'Q

sin(ma) (a+b+1)

where 7 - Q = {:1; eC: z=mn-A, A€ Q}. Thus the sum of the series
F(l)

mi,ma,A

For a > 1 the proof is analogous as in the case a € (0, 1).

(a,b | 0) is an algebraic number in view of Theorem 2.1 and Remark 3.1.

(3) Theorem 2.1, Remark 3.1 and the algebraic properties of the Beta function
B(z,y) imply the algebraicity of the sum stl)ﬂnZ’A(CL7 b|0).

(4) Theorem 2.1, Remark 3.1 and the algebraic properties of the Beta function
B(z,y) imply the transcendence of the sum F (a,b]0). d

my,ma, A
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Remark 3.2. The proof of the fact that the integral J,. in the proof of The-
orem 3.1 for general (o, 3, m;,7)i=12 € N7 is an algebraic multiple of the
number m may be very hard. On the other hand, the residues theorem implies

that 3, = >~ A; - In B; where A; and B; are suitable complex numbers.
J

COROLLARY 3.1. Let v € Q and M := mq + ma, (m1,ms2) € N2. Define

atk — 1<k<m,

mi
Qf =
b+k—m1
ma

By = THh = 1<k < M.

= mi+1<k<m+ma,

(1) Assume that (a,b) € Nx Q" or (a,b) € Qt* xN anda+b ¢ N, m; >a+1.

Then
a:) ¢ Q.

I 1, A1,y ooy QN
MLEM Br+1, ..., B+ 1
(2) Assume that (a,b) € QT x Q*, b= ﬁ;, a+beN, By =2u;+1, B =2us
with (u1,u2) € Ng x N and mq > a+ 1. Then
x)EQ.

F 1, Q1, ..., QNS
M Bi+1, ..., Bu+1
Proof. Apply Theorem 2.1, Theorem 3.1 and Remark 3.1 to obtain Corol-
lary 3.1. U

]-7 Bh"'?ﬁM

a1,y ...y OO0V

CL’) €eQ iff m+1Fum (

1a ﬁla"'a/gM

A1,y ...y, QDS

x)%@ iff M+1FM(
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