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ON ESTIMATIONS OF DISPERSION
OF RATIO BLOCK SEQUENCES
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ABSTRACT. Using new characteristics of an infinite subset of positive integers
we give some estimations of the dispersion of the related block sequence.
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1. Introduction

Denote by N and R the set of all positive integers and positive real numbers,
respectively. For X C N let X(n) = #{z € X : 2 < n}. In the whole paper
we will assume that X is infinite. Denote by R(X) = {Z e X, ye X}
the ratio set of X and say that a set X is (R)-dense if R(X) is (topologically)
dense in the set RT. Let us notice that the concept of (R)-density was defined
and first studied in papers [9] and [10]. Define

d(X) = lim inf X(n)’ d(X) = limsup X7(2n)

n—0o0 n n—oo

d(X) = lim Xfl”)

the lower asymptotic density, upper asymptotic density, and asymptotic density
(if defined), respectively. Relations between (R)-density and asymptotic density
were studied, among others, in papers [3], [4], [6] and [7].
Now let X = {z1,x2,...} where x,, < x,41 are positive integers. The follow-
ing sequence
Ty Ty T2 Ty T2 T3 Ty T2 In

(1)

’ ) ) ) ) R ) 5.
Ty T2 T2 T3 T3 T3 Tn Tn Tn
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is called the block sequence of the set X. Thus the block sequence is formed by
blocks X1, X5,...,X,,,... where X,, = (’51 T2 "”)

Tn ' Tn’ P Zn
Distribution functions of block sequences were studied in [8].
For every n € N let
T1 Ty —X Tip1 — T Ly — Ty
D(Xn)—max{ P e nl}

) ) ) ) )

Tn Tn Tn Tn

the maximum distance between two consecutive terms in the nth block. In this
paper we will consider the following characteristics, called the dispersion of the
sequence X

D(X) =liminf D(X,,).

Relations between the density of the block sequence and the dispersion of the
block sequence were studied in [11], [1] and [2]. Much more information about
the mentioned concepts and their relations can be found in the monograph [5].
Notice that the (R)-density of the set X is equivalent to the density of the block
sequence (1) in the set (0,1).

Let X C N. Then X can be written in the form X = {J (¢, d,) NN, where

n=1
¢n < dp < cp+1 are positive integers for every n € N.

Let us introduce the following characteristics of the set X:

dn — tn . — tn
) = liminf " - L b =lmsup B .
and . .
[(X) = lim inf ZZH’ [(X) = limsup ZZH‘

The aim of this note is to estimate the dispersion of X by b(X), b(X), I(X), [(X).

2. Results

We will start with the following simple property of D(X).
LEMMA 1. Let X = {zy < w3 <---} CN. Then

liminf *" 7 < D(X) < limsup G Ent (2)

n—0oo Tn n— oo Tn
Proof. By the definition of D(X,), D(X,) > """ ""~". Therefore
D(X) > liminf ™~ 771

n—o00 Tn
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On the other hand, if D(X,,) = *"_""~" for i <n, we have

Ti = Ti-1 i~ Ti-1
Tn o Z;
Hence D(X) is not greater then the limes inferior of some subsequence of

(“;“”) which is clearly not greater then the limes superior of the sequence

(fn;?nfl>‘ D

When estimating the value D(X) the following lemma is often useful.

LEMMA 2. Let X = {x1,22,...} = U (cn,dn) NN and let ¢,, < d,, < cpy1 be
n=1
positive integers for n € N. Then
n - dn . n - dn
liminf " < D(X) < limsup Cntl . (3)
n—oo dn+1 n—oo dn+1
Proof. By Theorem 1 (see [11])
4 —dil ':1,2,...,
D(X) = lim inf "¢ y ! nt (4)
n—0o0 n+1

Using this result we immediately have the lower bound in (3).
Let

M(X):{nEN: Cn+1 — dp = max{c;y1 — d; : 2':1,2,...,71}}.

From (4) we have
m - dm
D(X) < liminf "%
m—oo, mEM(X) dm+1

(see [11, Remark 1]). Clearly

—d —d
lim inf Ol ™ < lim sup ntl "
m—oo, meM (X) dm+1 n—o00 dn+1
and the estimation of the upper bound follows. O

The following corollary is a straightforward consequence of the Lemma 1. It
gives a partial characterization of sets whose dispersion is equal to zero.

COROLLARY 1. The following implications hold for every set X = {x; <
To < .. } C N.

(i) If lim “7** =1 then D(X) = 0.
(ii) If D(X) = 0 then liminf “7*" = 1.

n—00 n
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Proof.
(i) Suppose that the set X = {z; < 23 < ...} C Nissuch that lim “"*' =1.
n—oo n
Consequently
lim sup Tn T Il iy sup <1 — x"1> =0,
n—oo Tn n—o0 Ln
then by Lemma 1 we have D(X) = 0.
(ii) Let D(x) = 0. Hence
— Ty 1
lim inf " xnlzl—. . )
n—00 Tp liminf *»
n—oo “n—1
then from Lemma 1 it follows that liminf 7' = 1. d
n—o0 n

Remark 1. The reverse implications to (i) and (ii) in the previous theorem do
not hold. This is shown by the following examples.

(i) There exists a set X = {z1 < 22 < ...} C N such that D(X) = 0 and
lim sup m;“ = 00.

n—0o0

Put X = U (cn,dn) NN where ¢; =1, d; = 3 and

n=1

Cn="n"dp_1, and dp=(n—1)-d>_,

n—

for every n > 2. Then

n - dn .
D(X) < limsup Cntl = lim (

n—00 dpnt1 n—0o0 n-d? n—oo dy
On the other hand

1)-d
lim sup Tntl _ lim sup Grtl _ lim (n+1)-dn

(ii) There exists a set X = {z; < x2 < ...} C N such that liminf “?** =1

n— 00 n
and D(X) # 0, moreover for every a € (0,1) there exists a set X = {x; <
xy < ---} C Nsuch that liminf “?** =1 and D(X) = a.
n— 00 n
oo
First, let us consider the case 0 < o < 1. Put X = J (¢p, d,,) NN where ¢, =
n=1
nd,_1 and d,, = [;cn} for every n > 1 (d; is given). Then lim c”grd" =a,
N— 00 n+1
since from Lemma 2 we immediately have D(X) = «.
oo
Now let @« = 1. Then put X = | (¢n,dn) NN where ¢, = nd,—1 and
n=1

d, = ¢, + 2 for every n > 1.
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THEOREM 1. Let X = {z1,22,...} = U (cn,dn) NN and let ¢,, < d;, < Cpy1
n=1
be positive integers for n € N. Then
b(X) b(X)
<d(X) < 5
b(X)+1~ ( )_b(X)+1 ©)
and
b(X) b(X)
I(X) <d(X) < I(X). 6
)41/ a0 < 00 (6)

Proof. First, we are going to prove (5). Let € > 0 be given. Then there exists
such a kg € N that for all k£ > kg the inequalities

dy, — ci

b(X)—e< <b(X)+e

Crt1 — di
hold. These inequalities can be rewritten to the form

b(X)(Crt1 — k) — e(Chy1 — di)
<(dip — cr)(b(X) +1)
< (dy, — ex) (b(X) +1)
<b(X)(ekt1 — k) + e(crr1 — di)

which, taking into account that cx41 — di < cx41 — g, yield

b(X)—¢ b(X)+e¢
—c) <dp —cp < —Ck). 7
b(X) + 1 (Cka1 —cr) < dp — bX) + 1 (k41 — k) (7)
ko—1
Let us denote K = OZ (di — ¢;). Then for all sufficiently large n € N we have
i=1

X(Cn) =K+ z_:(dl —CZ‘).

i=ko

By summing up the inequalities (7) for k = ko, ko + 1,...,n — 1 we get

b(X)—e b(X)+e
K+ b(X)+1(C" —Cpy) < X(epn) < K + b(X)+1<Cn_Ck°)‘ (8)

Now, as d(X) = liminf Xii"), the limit process for n — oo applied to (8)

n—0o0

proves (5).
To prove (6), first notice that d(X) = lim sup

n—o0

X(dn)

o and for n > ko it is

X(dn) =K+ i(dl —CZ‘).

i=ko
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Again, summing up the inequalities (7), now for k = ko, ko + 1,...,n we have
b(X)—e b(X)+e
K+ Crnt1l — Cry) < X(d,,) < K + Cni1 —C 9
) 1 Cre1 ok < X () <K+ 0T e —aw) O
and the limit process for n — oo applied to (9) proves (6). d

COROLLARY 2. If b(X) > 1 then X is (R)-dense, i.e. the block sequence is
dense in (0,1).

Proof. Let b(X) > 1. Then (5) implies d(X) > }. Then, by [6, Theorem 1],
X is (R)-dense. O
COROLLARY 3. If b(X) > l&) then X is (R)-dense, i.e. the block sequence is
dense in (0,1).

Proof. It is proved in [6, Theorem 1] that if d(X) + d(X) > 1 then X is
(R)-dense. Summing up the left sides of inequalities (5) and (6) we have

b(X)
d(X)+d(X) > 14+ 1(X)).
() d(x) = O A+I(X))
Notice that for b(X) > . (;() the right-hand side of the above inequality is greater
than or equal to one which yields the (R)-density of X. O

The following theorem shows that the upper bound in Corollary 2 cannot be
improved.

THEOREM 2. For every ¢ > 0 there exists a set X C N such that b(X) >1—¢
and X is not (R)-dense.

Proof. Let € > 0. Then there are real numbers 1 < a < b such that a(“b__ll) >

1 — . Let us consider the set
X = ([a""], [@"*'b"]) NN,
n=1

In [4, Theorem 1] it is shown that R(X) N (a,b) = 0, i.e. X is not (R)-dense set.
An easy calculation shows that

_ a™tyn — anbn a—1
b(X) = ,}LH;O qnFlpntl _ gntipn a(b—1) >1-e
d
The next theorems states the upper bounds for dispersion D(X).
THEOREM 3. Let X = {z1,22,...} = U (cn,dn) NN and let ¢, < dy, < i1
n=1

be positive integers for n € N. Then
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(i) D(X)<1-— l&)
(i) If b(X) > 0 then D(X) <} x)hyx) -

Proof
(i) Let € > 0 be given. Then there exists an ng such that for all n > ng we
have {(X) +¢ > C:’i’zl . According to Lemma 1

n - Un . 1 1
D(X)glirnsupC +1—d = lim sup (1— )gl—l(X

n—o0 Cn+1 n—o0

1

and so D(X) <1-— 1(x)"

(ii) Similarly, for given e > 0 (where ¢ < b(X)) and sufficiently large n we
have

dn — Cp, Cn+1
b(X) — d (X)) - .
(X) E<cn+1_dn an (X)—e< d,
Since
D(X) < timsup 7 gimsup 1 [, -
n—oo Cn+1 n—oo " h d Cn+1
n+1 n n
it follows that ) L
D(X) < :

(X) b(X)—e I(X)—c¢

which proves the upper bound for D(X), as € was arbitrary. (]

In the next theorem we improve the estimations and give lower bound
for D(X).

oo

THEOREM 4. Let X = {z1,22,...} = U (cn,dn) NN and let ¢,, < dp, < i1
n=1

be positive integers for n € N. Then

D(X) < (1 - ) -max {0, (1 — (I(X)—1)-b(X))} (10)

I(X)
and

D(X) > (1 — ) -max {0, (1 — (I(X) —1)-b(X))}. (11)

1
1[(X)

Proof. First observe that

Cnt1 = dn _ 1 1 <1 B <Cn+2 B 1) dpy1 — Cn+1)
dn—i—l C;’izl dn—i—l Cn42 — dn+1

Taking into account (3), in virtue of the definition of [(X), [(X), b(X), b(X)
we can complete the proof by the same way as in the proof of the previous
theorem. 0
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Remark, in the case {(X) = {(X) = {(X) and b(X) = b(X) = b(X) we have

D(X) = (1 - Z&)) S = (I(X) = 1) - (X))

For example, let us consider the set X = | ([s"t"] , [s”“t"]) NN for arbi-

n=1
trary real numbers 1 < s < ¢. An easy calculation shows that
s—1 t—1
()= M=t ad  DE)='_
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