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DIFFERENCE POSETS
AS COMMUTATIVE DIRECTOIDS
WITH SECTIONAL ANTITONE INVOLUTIONS

IvaN CHAJDA

(Commaunicated by Sylvia Pulmannovd)

ABSTRACT. It is shown that every difference poset can be converted into a
total algebra in a manner similar to that which is used for difference lattices.
As a tool applied here we have commutative directoids and posets with sectional
antitone involutions.
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The concept of a difference poset (or briefly a D-poset) was introduced by
F. Koépka [6] in 1992 as a powerful tool for investigations of the so-called
quantum structures (see e.g. [4]). This was firstly applied to fuzzy set models of
quantum mechanics. A long series of papers devoted to D-posets was published
by F. Chovanec and F. Kopka, see e.g. [1], [2], [6], [7] and a complete
list of references in [4]. As a source for our treaty, we refer the compendium [4].

DEFINITION 1. By a D-poset is meant a structure & = (P;<,0, 1,6) such that
(P; <) is a poset with a least element 0 and a greatest element 1 and a partial
binary operation © satisfying the following conditions

(D1) b© a is defined if and only if a < b;
(D2) ifa<bthenboa<band bo (boa) = a;
(D3) ifa<b<cthencob<coaand (cSa)o(cob) =bSa.

If the underlying poset (P;<) is a lattice then the corresponding D-poset
is called a D-lattice. Tt is well-known that every D-lattice (which is a partial
algebra with respect to the operation ©) can be converted into a total algebra
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replacing the partial operation & by a new operation — defined as follows:
r—y=z6(xAy).

The aim of this paper is to show that, similarly, every D-poset can be con-
verted into a total algebra, however, this way is not unique. For this, we need
several new concepts. Let & = (P;<,0) be a poset with a least element 0.

For a € P, the interval [0,a] will be called a section. A mapping f,:
[0,a] — [0, a] is called a sectional mapping. Instead of f,(x), we will write briefly
x® A sectional mapping = — x® on [0,a] is called an antitone involution if

z*=rand x <y = y* <z for z,y € [0,a].

DEFINITION 2. A poset & = (P;<,0,1) with 0 and 1 is said to be with strict
sectional antitone involutions (with strict SAL for brief) if for each a € P there
exists a sectional antitone involution z — 2% on [0, a] and, moreover,

a<b<c implies (b)) =qa. (%)

The fact that &2 is a poset with SAI will be expressed by the notation & =
(Pa Sa 0) 13 (a)aep)-

THEOREM 1.

(a) Let 2 = (P;<,0,1,(%)acp) be a poset with strict SAL Define bSa = a®.
Then (P;<,0,1,0) is a D-poset.

(b) Let & = (P;<,0,1,0) be a D-poset. For every a € P and z € [0,a]
define * = a S x. Then (P;<,0,1,(*)acp) s a poset with strict SAL

Proof.

(a): (D1) follows directly from the definition of sectional involutions. If a < b
then b © a = a® € [0,b] and hence b © a < b. Since z — 2° is an involution,
we have b © (b © a) = a®® = a proving (D2). Since this involution is antitone,
we have for a < b < calso cob =0° < a® = ¢S a. Due to (x) we conclude
(coa)o (cob)=a®ob® = (b°)) =ab =bo a proving (D3).

(b): By (D1) and (D2), x — x® is a sectional mapping which is an involution.
By (D3) we have that this involution is antitone and satisfies (*) since

(bC)(ac) = (c@a)@(c@b) =b@a:ab.

The following concept was introduced in [5].
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DEFINITION 3. By a commutative directoid is meant a grupoid (D; M) satisfying
the following identities
(C1) aNz =ux;
(C2) xMNy=yMua;
(C3) zN((xNy)Mz)=(zMNy)Mz.

It was shown in [5] that the relation < defined by

x<y ifandonlyif aMNy==x

is an order, the so-called induced order of (D;M). Denote by L(z,y) ={a € D :
a <z and a < y} the set of all lower bounds of {z,y}. It is easy to see that
x My € L(x,y) for any z,y € D.

Also conversely, let & = (P; <) be a downward directed poset. A mapping
p: P x P — P will be called an L-mapping if p(z,y) = o(y,z) and ¢(z,y) €
L(z,y), and z < y yields ¢(z,y) = x.

Let ¢ be an L-mapping on & = (P; <). Define x My = ¢(z,y). It is an easy
exercise to check that (P;M) is a commutative directoid.

DEFINITION 4. By a D-directoid is meant a commutative directoid (D; 1) which
has a least element 0 and a greatest element 1 with respect to the induced order
< and such that (D;<,0,1,0) is a D-poset. A D-directoid will be denoted by
2 =(D;n,0,1,0).

With respect to the foregoing remark, every D-poset can be recognized as
a D-directoid when an arbitrary L-mapping ¢ is chosen and z My = ¢(z,y).
Hence, it make sense to classify D-directoids.

LEMMA. Let 2 = (D;N,0,1,8) be a D-directoid. Define x—y = xS (yMz). Then
— s an everywhere defined operation on D satisfying the following properties:

(1) ifa<bthenb—a=0bOSa;
(2) b—a <b;

(3) a—(a—b)=anb;

(4) b < a impliesb—a=0.

Proof. Since aMb < b, it is plain that the operation — is everywhere defined
and b—a =bS (aMb) =bOa for a < b For (2), we have by (D2) that
b—a=0b6 (aMb) <b. To prove (3) we apply (D2) and (2) as follows

a—(a—b)=aS((a—b)MNa)=a6 (((a© (aMb))Ma)
=a© (@S (afb)) =allbd.
(4): Suppose b < a. ThenaMb=bandb—a=06 (aMb) = (bob) =0. O

We are going to get an axiomatization of D-directoids.
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THEOREM 2.

(a) Let 2 = (D;1,0,1,8) be a D-directoid, < its induced order. Then the
operation x —y = x © (y M x) satisfies the following conditions

(Al) a —0=ua;

(A2) a—(a—b)=b—(b—a);

(A3) a—b<a;

(A4) a<b<cimpliesc—b<c—a and (c—a)— (c—b) =b—a;

(b) Let & = (P;<,0,1,—) be an ordered set with a least element 0 and a
greatest element 1 and with a binary operation — satisfying (A1)—(A4). Define
xMy = z—(xz—y), and fory < x define oy = x—y. Then 2(P) = (P;1,0,1,0)
is a D-directoid whose induced order coincides with <.

Proof.

(a): (A1) follows by (1), (A3) is (2) and (A2) follows by (3) and (A4) follows
by (D3).

(b): By (A3) we have a — (a — b) < a and, by (A2), also a — (a — b) =
b—(b—a) < b thus

aflb=a—(a—>b) € L(a,b).
If @ < b then, by (A2), (A4) and (A1),
aNb=a—(a—b)=b—(b—a)=0b—-0)—(b—a)=a—-0=a.

Hence, (P;M) is a commutative directoid. Moreover, if a Mb = a then, by (A3),
alsoa=bMa=0b— (b—a) <b thus its induced order coincides with <.

Let b € P and = € [0,b]. Define 2 = b — . By (A2) we conclude that
x +— 2 is a sectional mapping. By (A3) it is an involution and, due to (A4),
it is antitone and satisfies (%) of Definition 2. Hence, (P;<,0,1,(*)qcp) is a
poset with strict SAIL. Altogether, a © b = a — b for b < a and, by the Lemma,
9(P) = (P;n,0,1,0) is a D-directoid. O

As already mentioned, every D-poset can be converted into a D-directoid, i.e.
an algebra with two binary operations M and — and two nullary operations 0, 1
which are everywhere defined. It means that also every D-poset can be treated
similarly as a D-lattice, see e.g. [2] and [3] for the details.

The method applied in the previous theorems is demonstrated by the following
example.
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Ezample. Let D = {0,a,b,c,d,1} and the operation © is given as follows
(— means that it is not defined):
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The induced ordered set is visualized in Fig. 1.

1
c d
a b
0
FIGURE 1

It is evident that (D;<) is not a lattice. Define an L-mapping as follows:
o(d,c) = ¢(c,d) = b and ¢(x,y) = Ay in the remaining cases. Take x My =
o(xz,y). Then (D;MN) is a commutative directoid and the total operation — is as
follows

— Q0 oo o |
— Q0 o OO0
0O R O O
QL O OO O
OO OO OO

QUL T o OO
TTO OO OI0

(since e.g.
a—b=a6(aMNb)=a60=aq,
c—d=cO(cNd)=cob=a,
d—c=do(cNd)=dob="D).

689



IVAN CHAJDA

Hence, our original D-poset (D;<,0,1,6) can be described as a total algebra
(D;M,0,1,—). Let us note that the original D-poset can be completed into a
total algebra by three possible manners since there exist just three L-mappings
on (D;<). They differs only on elements ¢, d, so the other alternatives are:
o(d,c) = ¢(c,d) = a and p(d, c) = p(c,d) = 0.
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