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APPROXIMATION OF MULTIVARIATE
DISTRIBUTION FUNCTIONS
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ABSTRACT. In the paper the unknown distribution function is approximated
with a known distribution function by means of Taylor expansion. For this ap-
proximation a new matrix operation — matrix integral — is introduced and stud-
ied in [PIHLAK, M.: Matriz integral, Linear Algebra Appl. 388 (2004), 315-325].
The approximation is applied in the bivariate case when the unknown distribu-
tion function is approximated with normal distribution function. An example on
simulated data is also given.
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1. Introduction

Let Y be a random variable with unknown distribution function G and let G,,
be the empirical distribution function of Y found from the sample y1,ys, - - . , Yn-
Our aim is to present the unknown distribution function G by means of a known
distribution function F'. Let F' be the distribution function of the random vari-
able X. It is assumed that function F' is k times continuously differentiable.
Then we can approximate the function G by means of the function F as

" dlF(z)
G(z) ~ ; = (1)
where a;, | = 1,2,...k, are coefficients depending on the first [ moments of X
and Y. The problem is how to determine the coefficients a;, [ = 1,2,...,k,
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in equality (1). The idea of this type of approximation was suggested by
R.A.Fisher and E. A. Cornish in [2].

The method of Cornish and Fisher [2] includes the following steps.
Assume that random variables X and Y have the moments and cumulants up
to sufficiently high order k. Firstly the characteristic function of Y is presented
through the characteristic function of X as a Taylor series. Then the inverse
Fourier transform is used to get from the Taylor expansion of the characteristic
function an approximation of the probability density function of Y through the
density function of X.

A stimulating result for our study has been a general relation between two
multivariate density functions, derived in Kollo, von Rosen [4]. In their
paper a general formal multivariate density expansion is presented where com-
plicated density of interest is presented through the approximating density and
cumulants of both distributions under consideration. In applications approxi-
mation of the distribution function is at least as important as of the density
function. In univariate case an expansion of the distribution function can be
obtained from a density expansion by integration. In multivariate case the sit-
uation is more complicated. The problem of dimensions have to be solved.
Kollo and von Rosen have approximated the density function fy(x) by
the density function fx(z) using matrix derivative. The notion “matrix inte-
gral” has been introduced by Pihlak [7] to make it possible to integrate this
relation between the two density function.

The paper is organized in the following way. In Section 2 we study results
of matrix algebra necessary in further study. In Section 3 we introduce and
study new operation, matrix integral. In Section 4 we apply matrix integral to
integration of the relation between two density functions. In Section 5 we present
the relation between unknown distribution function and normal distribution
function. In Section 6 we give an example of approximation of simulated data.

2. Preparation

Let us denote matrix X with p rows and ¢ columns by X : p x ¢q. The element
of matrix X in the ith row and jth column is denoted by (X);;. A p x 1-matrix
is called p-vector. The ith coordinate of the p-vector a is denoted by (a);.

If we handle partitioned matrix X then it is denoted by [X;;] where X;;
denotes the block in ith row and jth column of blocks. We use index pairs for
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indicating rows and columns of a partitioned matrix following [1]. A row of
partitioned matrix A is denoted by index (k,l), i.e. this is the [th row of the
kth block-row. A column of partitioned matrix A is denoted by index (g, h), i.e.
this is the hth column of the gth block-column. The element of the partitioned
matrix A in the (k,l)th row and the (g, h)th column is denoted by (A)x,1)(g,h)-
The vectorization operation is denoted by vec. For X : px ¢ matrix vecX : pg x 1
is the following pg-vector:

vec X = ((X)11,...,(X)p1,(X)127~~-;(X)p2w~‘(X)lqa"'v(X>Pq)/'

A useful operation in multivariate statistics is the Kronecker product. This
operation is denoted by ®. Let us have the matrices X: p x g and Y: r X s.
Then the Kronecker product X ® Y is the pr x gs-matrix which is partitioned
into r x s blocks:

X®Y =[X);Y], l=1,....p; j=1,...,q
where
(X)i;(Y)ir - (X)) (Y)s
(X)yY = : :
(X)lj(y)rl (X)lj(y)rs

Now we are ready to define the matrix derivative. The notion “matrix de-
rivative” has been used for different representations of the Frechet’ derivative.
In multivariate statistics the definition of Neudecker [6] is mainly used. Let
the elements of the matrix Y: r X s be functions of matrix X : p x q. Assume

that foralli=1,...,p,j=1,...,¢,k=1,...,7rand [ = 1,..., s partial deriva-
O(Y k1
9(X)ij
is defined as follows.

tives exist and are continuous in the set A. Then the matrix derivative

DEFINITION 1. The derivative of the matrix Y : r X s by the matriz X : p X q is

the matrix g—};: rs X pq expressed as
dy d
= = Y
X~ dvec x OV

where

d _( ) o) o) ) )
dve X \0(X)11" "Xy T 0(X )1y O(X)pg )

There exists also another widely used definition of the matrix derivative.
The matrix derivative defined by MacRae [5] keeps the structure of involved
matrices.
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DEFINITION 2. Derivative of the matriz Y : r X s by the matrix X: p X q is a
pr X gs-matrix g—§ defined by equality

o _ 4
0X  dX

where
_9 ... 0
9(X)11 0(X)1q
(X)) p1 0(X)pq

By means of matrix derivative defined by Definition 1 we can define kth order
cumulats of a random vector. Let X be a random p-vector and ¢ € RP. Then
the characteristic function of X

px(t) = B(e")
and the kth order cumulant of X is the kth order matrix derivative:

_ 1d"In(ex(t)

(X)) =g

t=0

It follows straightforwardly that ¢ (X) = E(X') and c2(X) = D(X).

Let X and Y be random p-vectors with probability density functions fx ()
and fy (y) respectively. Assume that fx(x) is uniformly continuous and contin-
uously differentiable necessary number of times by argument x. Let us denote
the kth order derivative of the function fx(x) by f)(? ) (z). Then in notations
explained above the next equality holds ([4]):

fy (@) = fx (@) = (B(Y) = B(X))' vec f{ ()
+ % vec{D(Y) — D(X)+(E(Y) — E(X))(BE(Y) — E(X))'} vec [ ()
_ é ved {(es(YV) — e5(X)) + 3ved (D(Y) — D(X))

® (E(Y) - E(X))+ (BE(Y) — BE(X))®*}vec & + ...
(2)

Our aim is to integrate the expression (2). For this integration matrix integral
is introduced and studied.
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APPROXIMATION OF MULTIVARIATE DISTRIBUTION FUNCTIONS

3. Matrix integral

In this part we introduce the matrix integral as the inverse operation of the
matrix derivative. The formal definition of the matrix integral is as follows ([7]).

DEFINITION 3. Let Z: rs X pq be a function of X: px ¢q. A matrix Y(X): r X s
is called the matriz integral of Z = Z(X): rs x pq, where X : p X ¢, if
dY (X)
dX

The fact, that matrix Y is the matrix integral of a matrix Z is denoted as

=Z.

/ ZodX =Y.

RPa
If Y is the matrix integral of matrix Z, then also Y 4+ C' is a matrix integral
of Z, where C is a constant matrix with the same dimensions as matrix Y.
Definition 3 is used also to define the definite matrix integral.

B
DEFINITION 4. A difference [Z o dX = Y (B) — Y (A) is called the definite

A
matriz integral of matriz Z from A to B.

If the matrix derivative increases the dimensions of the matrix, then the
matrix integral decreases the dimensions of the matrix. For decreasing the di-
mensions of a matrix MacRae [5] has introduced the star product of matrices.
She has denoted this operation as *.

Let us have matrix A : p X ¢ and partitioned-matrix B: pr x ¢s, consisting of
r X § blocks.

DEFINITION 5. The star product A x B: r X s is defined as

AxB =YY (A);[By]
=1 j=1

where the blocks Bj; are r x s-matrices.
By means of the star product we can find the matrix integral in the following

way ([7]):
Y—/dx*%—dx*<d%®Y)— /dY.

fpra fpra
Now we present some basic properties of the matrix integral which we apply
to integration of the equality (2). Proofs can be found in [7].
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Let g(x) be a continuous and k times differentiable function of a p-vector
x. Let the derivative of kth order of the function g(x) be denoted by g*)(x).
Denote the inner product of p-vectors a and b as (a, b):

(a,b) = a'b.
For notational conveniences we introduce the vector
1, = (1,...,1).
————
p times

Let us introduce the scalar differential operator

d . 0
sdr ; o(x)

and the operator

PRrROPOSITION 1. The next relation holds in the notations, given above
Y

[ 9@ o de =gt (o).

éRP
PROPOSITION 2. Let a be a constant not depending on vector x. Then

d
az’ 1, | ag(z) o sdz = ag(z).
RP

PROPOSITION 3. Let a be a constant not depending on vector x. Then

d®k d®k—1
/ <@’ 110’“) ag(k) (x) o sda = / ( P ,1pk1> ag(kfl)(:z;)
R

RP
where k =1,2,....

PROPOSITION 4. Let functions g and G be such that
OPG(x)
)= .
9@ = S0,

Then the following relation is valid

//g(x) d(x)l...d(x)p:/ SiEG(;z:)o sdz.
—

Rp
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PROPOSITION 5. Let a be a constant p-vector. Then

// (a,%) g(@)d(z); . ..d(z), = (a,%) G(x).
—

4. Application of matrix integral

In this sequel we apply the matrix integral to integration of the relation be-
tween multivariate density functions fx(z) and fy(y). Let us write the equal-
ity (2) in the form

fr(z) = fx(z)—d vec )((1)(35) + vec’ B vec f)(?)(x) — vec’ Cvecf)(?)(x) +...(3)
where p-vector,
a=(E(X)-E®Y)),

p X p-matrix

B = (D(v) = D(X) + (BOY) — BB - BEX)))
and p? x p-matrix
C= é((c?,(y) — e3(X)) +3(D(Y) = D(X)) ® (BE(Y) - B(X)))

+(B(Y) = B(X)®*(E(Y) - E(X))").

Matrix C' can be also considered as partitioned matrix consisting of p blocks
where each block is a p X p-matrix.
Let us introduce the operators

% - <a<i>1’ a<i>2""’a<i>p>/’

@.( 0? 02 9? )’
dz = \0(x)} d(x)i(x)2 " (x)2

and

d®3 93 93 93 /
de <8($):{” 9(@)3 ()2 ”"9(@3) '

P
We rewrite the equality (3) in the form

o= (1 (L) o (e )~ (w00, E0)) o .

For distribution functions we formulate the following result.
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THEOREM 1. Let X and Y be random vectors. Then between probability distri-
bution functions Fy (x) and Fx(x) the next relation holds:

)= (1 (o) o (w008 92) - (e 52 ) Pt .

Proof. Between multivariate density function fx(z) and Fx (z) the next rela-
tion holds:
O Fx (x)(x)
O(x)1...0(x),

Using Propositions 4, 5 and equality (5) we get

= fx(2) ()

()1 (z)p
[ [ axwawn . aw, = e e = ()

sdu
and
(z)1 (%) q
[ [ (o) fxwawn.a,
d d d
= e F s = y 7 F .
(a, dx) / sdu x(u) o sdu (a dx) x(@)
(=00,(z)1)X... X (—00,(x)p)
Applying the same principles to (vec B, 4 I ) fx(z) and (Vec c, 4 I ) fx(x) w
get
(%)1 (®)p d d®2
/ / (vec B, —) fx(u)d(u)y...d(u), = (Vec’B,d—> Fx(x)
x
and
()1 ()p d d®3
/ / <Vec C, —) fx(u)d(u)g...d(u), = (Vec’C,d—> Fx(z).
x
So we have proved the equality (4). O

We shall examine the equality (4) term by term. That means we study the
terms (a vdz)FX( ), (vec B, da:)FX( ) and (Vec c, 4 )FX( ). For this

study we formulate three lemmas.
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APPROXIMATION OF MULTIVARIATE DISTRIBUTION FUNCTIONS

LEMMA 1. Let the functions f(x) and F(x) be such that (5) holds and let a be
a constant p-vector. Then

/ <a,%> F(x) o odz = (a)if(z) —Z((a)i _ (a)j)%igik i=1,2,....p.

RP Jj=1

Proof. Let us take the ith component of vector a. We can add and subtract
to (a i) f(x) the terms (a)zg](cg), j=1,2,...,p, 7 # 1. So we get

) dx
d P of(z) & a f(x)
() 0 = @ S+ @ w@igeg o
Applying Proposition 2 we get
J@r X G e e = @) @
RP J=1 !

To the second term on right hand side of (6) we apply Proposition 5:

[0t an

J

> ((a
% " (8)
Z .

After subtracting the equality (8) from equality (7) we get the statement. [

Applying Propositions 4 and 5 and assumption (5) we can prove the next two
Lemmas.

LEMMA 2. Let the functions f(x) and F(x) be such that (5) holds and B be a
constant p X p-matriz Then

2 2
/Vec'def(x) o Jdz = vec’deF(x).

2 2

Rp

LEMMA 3. Let the functions f(x) and F(x) be such that (5) holds and C be a
constant p*> x p-matriz. Then

3 3
/VeC'Cddf(x) o qdz = vec’CddF(x).

3 3

Rr
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Using the equality (4) and Lemmas 1, 2 and 3 we get

Fy(2) = Fx(2) — (@)ifx (@) + Y ((a); - <“>f>8§<§§@
gt I (9)
2 3
+V€C’B%§m - C%f() -

Now we give general relation between two distribution functions using Theo-
rem 1 and Lemmas 1-3.

Let us have a random p-vector X with the density function f(z) and the
distribution function F'(x). We introduce the next notations:

u—j = (Wi, oos (W1, (W1, -, (w)p)
and

du_j =d(u)r...d(w)j—1d(w)j41 ... d(u)p.
Let f;j((x);) be the marginal density function of (X);. Let fi;((x):,(x);) be
the marginal joint density function of (X); and (X); and fi;x((2)s, (), (x)k)
be the joint density function of (X);, (X); and (X)i. Let f((z);lz—;) be the
conditional density function of (X');. The number of combinations of n elements
by k elements is denoted as Cj..

Using notations given above we formulate the following theorem.

THEOREM 2. Let X be a random p-vector with known distribution function F(x)
and density function f(x). LetY be a random p-vector with unknown distribution
function Fy (x). Then the distribution function Fy(x) is expressed through the
distribution of X as follows:

.
&
!
=
&
|
=
=
B8
_|_

Z((a)z‘ — (a);) [ (%)) F(z—;|(x);)

L OF (z—|(2):)

o1 A(x)i
+2 Z (B)ij fij((x)is (2) ) F(z—i—j|(2)i, (7))

& d2 ZT; dZ ZT; 0 T_;|\T);
‘Z(C)“’“W)( d<x§2)m—i(w”) 2 g&)g F(a<x>|i )i)

+J‘2((@0M>

(x)?

(3
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p

- 3C5 Z (O + (C)gaan + (Canag) x
(A oo o)

+ fii(@)in (2)) aF(x‘iéth(i)i’ u-)j))

=305 > (O + (@i + (O x
ij=1
o (P o))

+ fij((2)i, (x);) OF(e-ig|(z): (x)j)>

—6C5 > (O)apyam ik (@), (@), (@) F(@imjil(@)i, (2)5, (2)1)
0,4, k=1

4+ e
(10)

Proof. The statement is obtained by applying consequently Lemmas 1, 2 and 3.

Let us start from equality (9). Firstly we find the partial derivatives %fx(i)'
We get

()1 (@)j-1 (@41 (@)

a;(;gi): / / / "‘/f((x)i,uj)duj

—0o0 —0o0 — o0 — o0

(z)1 ()j—1 (%) 41 (2)p
=@ [ [ [ [ fasl@i

—0o0 — o0 — o0 —0o0

= [i((@))F(z—il(x);),  =12....p.

It is straightforward to detect that

d2F (z) a 0*F(x)
/ — Lo~ 7
<P = 2 Pee;
, BF@) P O3F ()
vec C a3 = ijgzl(c)(i,j)(l,k)m.
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For the higher order partial derivatives of F'(x) we get

O*F (x) _ dfi((zi)
o(x)? d(z);

OF (x—i|(z):)

F(r—i|(z):) + fi((z):)
and
PPE) _ Eh() o i) OF @)

a(x)? d(z)? d(z); A(x);

+ (@) g,

(3

1=1,2,...,p.

Now we study mixed derivatives of F'(x). In the case of the second order mixed
derivatives we get

= fij((@)i, (@)) F(z—imjl(x)is (2);), 177 4,7=12,...p.

For the third order mixed derivatives we get

OF(x) _ 0fij((2)i, (@);) F(2—i—j|(2)s; (x);)
A(x)i(x)3 (),
_0ii(@)i (@) ey Y (), () O B =imil (@), (2)5)
=T W), F(z_i—j|(z)i, (2);) + fi;((2)i, (x);) ),
O3F ()

fijr((@)is ()5, (@)p) F(2—imj—r|(@)is (), (2)1),

i£j#k ik=12..p.

O(@)i(@); (@)

Replacing partial derivatives, the second and the third order derivatives and all
mixed derivatives into equality (9) we get the statement of the theorem. O

Let us apply the statement (10) in the two-dimensional case. Let X =
((X)1,(X)2) and Y = ((Y)1,(Y)2)" be random vectors with known and un-
known distribution functions respectively. Then from Theorem 2 we get
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COROLLARY 1.
Fy(.’E) =
=F(z) — (a)1f(z) + ((a)1 — (a)2) f2((z)2) F ((2)1](2)2)
|

Of1((x)) F((2)2](x)1) 9f2((x)2) F((2)1](x)2)

e+ BT ) T BTG,

(O ana + (Oenan + (Oazo, 1))%(;?

~(@eaan + (Oenae + (C)(m)(m))g{_gz

_ <(C) i 82f1<<x>$gi<><lx)z<x)1> +<C)(Wm)a2fz(<ac);gg<><§c)1|<x>2))

+

5. Approximation with the normal distribution

In this section we apply the results of the previous section in the case when we
approximate the unknown distribution function through the distribution func-
tion of the normal distribution N (0q,%).

We introduce first the Hermite matrix-polynomials for p-vector x. By means
of these functions we can easily approximate the unknown distribution with the
normal distribution. The approximation by Hermite polynomials is first time
used in [2]. Hermite matrix polynomials are defined by means of Neudecker
matrix derivative (Definition 1).

DEFINITION 6. The matrix Hi(x,X) is called Hermite matriz-polynomial if it
is defined by the equality

k
%Xk(x) = (~D"Hp(2,2) fx(z),  k=12,...

where fx(z) is the density function of normal distribution N (0,, ).

The Hermite matrix polynomials up to the third order are given by equalities
in [3]:

Hy(z,%) =1,

Hy(z,%) =2'%7

Hy(z,Y) =S taa’S -2

Hy(z,Y) = (27 ')®%2'S 7 —vec S 12’2 ) - (Bt ere ™).
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In the univariate case when X ~ N(0,0?) the Hermitian polynomials h(x) and
ha(z) take the following form:

hi(z) = zo~2

and
ho(z) = 22074 — 072
Now we apply Theorem 2 in the case if X is a bivariate random vector, X ~

N(02,%). Let p be the Pearson correlation coefficient between (X); and (X)s.
Let us use the following notation:

()2 () P
> >
g((2)1) = V() \/(2 o
Vi-=p
Let ® be the distribution function of the standard normal distribution. In the

next theorem we present a formal expression of the distribution function of the
bivariate random vector.

THEOREM 3. Let X ~ N(02,%) with the distribution function of Fx(z) and
Fy (z) be the unknown distribution function of bivariate random vector Y. Let
fi((x)1) and f2((z)2) be the marginal density functions of (X)1 and (X)2, re-
spectively. Then
Fy(z) = Fx () +{(a)2 + 2(B)12 + (Cr2, H1(z, X) } fx (z)
+{((a)1 = (a)2) f2((2)2) } R(9((z)2)
= (B)u{h((x)1) - g'( )
= (B)a2{h1((2)2) — g'((x)2) fo(()2
= Canan{he((@)) f1((2)1)2(g(
= 2h1((@)1) f1((#)1) f1(g(
= [i((@)1)h(g((2
- C(z,z)(1,2){h2((x)2)f2(
—2h1((@)2) f2((2)2) f1(9
= fa((x)2)) b (g9( (2

where

Cry = ((@(1,1)(1,2) +(C)azan + (@(2,1)(1,1)) .
2,2y, + (C)2na,2) + (C)2),2)

Proof. Let us start from Corollary 1. Firstly we show that
F((@)2](x)1) = ®(g((2)1)- (12)

648



APPROXIMATION OF MULTIVARIATE DISTRIBUTION FUNCTIONS

We get by integration
(2)2 (%)2
[ f@r @2 dwe = i@ [ (@) .

= fi((z)1) F((z)2]()1)-

(z)2
Let us find the integral [ f((2)1, (u)2)d(u)2. We get

— o0

(z)2
— o | o (5@ @ @ W) ) due

(z)2
1 (2)22(0)3 ~ 2o ()2 + (D) (w3
~gm | o (P e )

—00

()2 (S22 0V _ (u 2
:fl((x)l)/exp (( 2 o) — (u)s) )d(u)}

N —

2(X)a2(1 - p?)

We have got
(@)2 (2)22 2
1 ( (2)1lp(x)1 — (u)2)
FHE = e [ o (‘ - )

It is easy detect that

() _
D( (Z)?j p(X)1 — (X)2> = (2)22(1 - p?)

and
(2)2 =/ &2l
(D)a2(1—p%)

So the equality (12) is proven. In the same way we can prove that

F((2)1](7)2) = ®(g((7)2). (13)

g9((2)1) =
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Secondly we find higher order partial derivatives of F'x(x). It follows straight-
forwardly that

82FX (.%‘)

R ) (19
ang(.%‘) - - "
83Fx(1‘) - - "

Using univariate Hermite polynomials we get
9f1((2)1) F((2)2|(2)1)

I(z)1 (17)
= —hi((2)1) f1((2)1)2(g((x)1)) + f1((x)1) f1(9((x)1))g'((2)1)

= ha((2)1) F1 ((2)1)@((9((2)1)) — 2k (@)1) f1 (@) Fa (9((@) 1)) (1) D)
+ A(@) )R (@) (9 @)0)g (@)0)?
In the same way
0 12(()2) F((2)1](x)s)
8(:1:)2 (19)
=~ ((@)2) 2 (2)2)B(g((2)2)) + F2((2)2) Falg((2)2))g' (2)2)
and
& fo((2)2) F((2)1] (1)2)

()3 "
= ha((2)2) F2((2)2)@((9((2)2)) — 2h1 ((2)2) fo (2)2) Fa (9(2)2)) ()s) D)

+ f2((@)2)h1 (9((2)2) f2((9((2)2))9 ((2)2)*.

Replacing the expressions (12)-(20) and the statement of Definition 3 into the
equality of Corollary 1 we get the statement. O
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6. Simulation

Let us generate model data from the random vector

X1
= (%)
where In(X;) and X5 have the standard normal distribution and the Pearson
correlation coefficient p ~ 0.8. Let Fx(x) be the distribution function of X
and S be the sample covariance matrix calculated from data. Let F(z) and
f(x) be the distribution and density functions of normal distribution N (02, .5),
respectively. We approximate the function Fx(z) with the function F'(x) using
the equality (11). Let ¢3(X) = E(X ® X’ ® X). Then we get

Fx (@) =F(@) + g[(Cls, oo/, 5)f(2)
= (es(X))11{h2(z1)) fr(21)P(g(x
= g(x1) f1(g(z1)) fr(a1)g' (x1)%}

— (c3(X))az{ha(z2) f2(22) @(g(22)) — 2h1(22) fo(22) f2(9(22)g' (22))
— g(2) fa(g(w2)) fa(w2)g' (x2)?}] +

1)) = 2ha(21) fi(x1) fr(g(21)) g (21)

where

_ (CS(X))u + (CS(X))21 + (03(X))31
Cls = (<c3<x>>22 T (es(X))s2 + <c3<X>>41>

and f1(x1) and fz(z2) are marginal density functions of (Y'); and (Y)a respec-
tively.
The goodness of approximation is estimated by

S (Fils) — Flao)?

1=1
= 22
d - (22)

where z; is the ith value of X, Fj(z;) is the empirical distribution function,
F(x;) is the theoretical distribution function and sample size k = 200.

We apply equality (22) to the distribution functions Fx(z) and F(x). This
procedure is repeated 10 times. The value d is the calculated average. We get
that in the case of normal distribution d = 0.0168 and in the case when applying
the equality (21) we have d = 0.00202. We can conclude that the expression (21)
corrects essentially the fit of distribution function.
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