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ABSTRACT. The authors define a notion of system of sets with multiplicative
asymptotic density in this paper. A criterion and one necessary condition for a
given system

{
Ai

}∞
i=1

to be a system with multiplicative asymptotic density is
given. Properties of certain special types of systems of sets with multiplicative
asymptotic density are treated.
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1. Introduction

In paper [3], we studied, among others, properties of the set of natural num-
bers which are expressible in the form of sum of two squares of integers (see [2],
[4], [5]) and properties of a system of certain sets where this set is included.

We have denoted p1 < p2 < · · · < pi < . . . the sequence of prime numbers in
the form pi = 4k+3, where k ∈ N∪{0} and Di =

{
m ·p2j

i : j ∈ N∪{0}, m ∈ N,

gcd(m, pi) = 1
}
. It means, that Di is a set of those natural numbers which have

not the prime number pi with odd exponent in their canonical decompositions.
It is well known (see [1]), that a set D containing all natural numbers which
are expressible in the form of sum of two squares of integers is equal to the

intersection of sets Di, i = 1, 2, . . . , i.e. D =
∞⋂

i=1
Di.

We have proved following two theorems in [3]:

����� 1.1� Let us denote p1 < p2 < · · · < pi < . . . the sequence of prime
numbers in the form pi = 4k + 3, where k ∈ N ∪ {0} and Di =

{
m · p2j

i : j ∈
N∪ {0}, m ∈ N, gcd(m, pi) = 1

}
. Then for asymptotic density of the set Di it

holds that
d(Di) =

pi

pi + 1
.
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����� 1.2� Let Di be sets defined in the same way as in the previous lemma.
Then for every n ∈ N it holds, that

d
( n⋂

i=1

Di

)
=

n∏
i=1

d(Di) =
n∏

i=1

pi

pi + 1
.

As a corollary of Lemma 1.2 we have had obtained:

��������	 1.1� Let Di be sets defined in the same way as in Lemma 1.1.
Then

d
( ∞⋂

i=1

Di

)
= 0.

We can see that the asymptotic density of the intersection of sets D1, . . . , Dn

is equal to the product of asymptotic densities of sets D1, . . . , Dn. If we made
minor alterations to the proof of 1.2, then we would find, that for an arbitrary
finite subsystem of the system

{
Di

}∞
i=1

the asymptotic density of intersection
of its sets is equal to the product of asymptotic densities of its sets.

2. Systems of sets with multiplicative asymptotic density

Inspired by properties of asymptotic densities of intersections of sets Di which
are described in Lemma 1.2, we define a notion of system of sets with multiplica-
tive asymptotic density.

We will use following denotation.


������
�� 2.1� Let N be the set of natural numbers and A be a subset of N.
We denote by A(n) the number of elements of the set A which are less or equal
to n and by d(A) the asymptotic density of A (d(A) = lim

n→∞
A(n)

n ). By [x] we
denote the integral part of number x. Finally A − B is the difference of sets A
and B.

Now we define the notion of system of sets with multiplicative asymptotic
density.


��
�
�
�� 2.1� Let Σ be the system of all sets A ⊆ N such that their asymp-
totic densities d(A) exist. Then we say, that the system

{
Ai

}∞
i=1

, where Ai ∈ Σ,
has multiplicative asymptotic density if and only if for every n ∈ N it holds that

d
( n⋂

j=1

Aij

)
=

n∏
j=1

d(Aij
), (1)

where ij ∈ N, ij �= ik for j �= k. Instead of “system
{
Ai

}∞
i=1

has multiplicative
asymptotic density” we can use denotation “

{
Ai

}∞
i=1

is a m.a.d. system.”
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Verbal description of this definition could be the following. A system of sets of
natural numbers (whose asymptotic densities exist)

{
Ai

}∞
i=1

, has multiplicative
asymptotic density if and only if the asymptotic density of intersection of its
arbitrary finite subsystem of distinct sets is equal to the product of asymptotic
densities of sets from this subsystem.

Example 2.1. In [3], we have proved (see Lemma 1.2), that the system
{
Di

}∞
i=1

,
where Di is a set of those natural numbers, which have not the prime number
pi with odd exponent in their canonical decompositions and p1 < p2 < . . .
< pi < . . . is the sequence of prime numbers in the form pi = 4k + 3, fulfils the
condition

d
( n⋂

i=1

Di

)
=

n∏
i=1

d(Di) =
n∏

i=1

pi

pi + 1
(2)

for every n ∈ N.
We have not used the condition pi = 4k + 3 in the proof of Lemma 1.2.

Therefore we can say, that equation (2) holds also for system of sets
{
D∗

i

}∞
i=1

,
where D∗

i is a set of those natural numbers, which have not the prime number pi

with odd exponent in their canonical decompositions, p1 < p2 < · · · < pi < . . .
is the sequence of all prime numbers.

Also, we can say that in this case the proof of equation (1) could be done in
the same way as the proof of equation (2), we just would have to change indexes
of sets D∗

1 , . . . , D∗
n to D∗

j1
, . . . , D∗

jn
.

We can see, that the system
{
D∗

i

}∞
i=1

is a system with multiplicative asymp-
totic density.

Trivial example of a system with multiplicative asymptotic density could be
the system

{
Ai

}∞
i=1

, where Ai = N − Fi, where Fi, i = 1, . . . , n, is finite set,
Fi �= Fj for i �= j.

There is a question, which systems of sets
{
Ai

}∞
i=1

have multiplicative asymp-
totic density. Preliminary information about this problem gives the following
criterion.

������� 2.1� System of sets
{
Ai

}∞
i=1

has multiplicative asymptotic density if
and only if the system

{
N − Ai

}∞
i=1

has multiplicative asymptotic density.

P r o o f. First we mention, that Ai ∈ Σ if and only if N − Ai ∈ Σ (where
Σ has the same sense as in Definition 2.1). Further let us suppose, that the
system

{
Ai

}∞
i=1

has multiplicative asymptotic density and consider its arbitrary
subsystem

{
Aij

}n

j=1
. We have to prove, that

d
( n⋂

j=1

(N − Aij
)
)

=
n∏

j=1

d(N − Aij
).
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First we analyze the case when there is a set Aik
, k ∈ {1, . . . , n}, such that

d(Aik
) = 0. Since in this case it holds that d(N − Aik

) = 1, we can write

d
( n⋂

j=1
(N − Aij

)
)

= d
( n⋂

j=1
j �=k

(N − Aij
)
)
.

Exploiting this fact we can see, that we can consider just arbitrary subsystem{
Aij

}n

j=1
, where d(Aij

) �= 0 for every j ∈ {1, . . . , n}.
For simplicity of denotation we change the indexes of the sets of this system{

Aij

}n

j=1
and we will denote it as

{
Ai

}n

i=1
. With regard to this change of

indexes, we are going to prove the relation

d
( n⋂

i=1

(N − Ai)
)

=
n∏

i=1

d(N − Ai).

If we denote A(m) the number of elements of a set A which are less or equal to
m, then using simple combinatoric consideration we conclude, that( n⋃

i=1

Ai

)
(m) =

n∑
i1=1

Ai1(m) −
n∑

i1=1

n∑
i2=1

i1>i2

(Ai1 ∩ Ai2)(m) + . . .

· · · + (−1)n−1
n∑

i1=1

. . .

n∑
in=1

i1>···>in

(Ai1 ∩ · · · ∩ Ain
)(m).

Hence we obtain the relation

d
( n⋃

i=1
Ai

)
=

n∑
i1=1

d(Ai1) −
n∑

i1=1

n∑
i2=1

i1>i2

d(Ai1 ∩ Ai2) + . . .

· · · + (−1)n−1
n∑

i1=1

. . .

n∑
in=1

i1>···>in

d(Ai1 ∩ · · · ∩ Ain
).

As we have said before, we consider a system of sets
{
Ai

}n

i=1
, where d(Ai) �= 0 for

every i ∈ {1, . . . , n}. Hence there are real numbers ki ∈ 〈1,∞), i ∈ {1, . . . , n},
such that

d(Ai) =
1
ki

.

By assumption, the system
{
Ai

}∞
i=1

has multiplicative asymptotic density.
Thanks to this fact we can write

d
( n⋃

i=1

Ai

)
=

n∑
i1=1

1
ki1

−
n∑

i1=1

n∑
i2=1

i1>i2

1
ki1ki2

+· · ·+(−1)n−1
n∑

i1=1

. . .

n∑
in=1

i1>···>in

1
ki1 . . . kin

.

(3)
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We are going to prove by induction that

d
( n⋃

i=1

Ai

)
= 1 −

n∏
i=1

d(N − Ai).

From (3) we obtain for n = 2 the equation

d(A1 ∪ A2) =
1
k1

+
1
k2

− 1
k1k2

= 1 −
(

1 − 1
k1

)(
1 − 1

k2

)
= 1 −

2∏
i=1

d(N − Ai).

Now we are going to make the induction step. Let us suppose, that d
( r−1⋃

i=1
Ai

)
= 1 −

r−1∏
i=1

d(N − Ai). Let us denote

Sm =
m∑

i1=1

1
ki1

−
m∑

i1=1

m∑
i2=1

i1>i2

1
ki1ki2

+ · · · + (−1)m−1
m∑

i1=1

. . .

m∑
im=1

i1>···>im

1
ki1 . . . kim

for arbitrary m ∈ N, m ≥ 2. From equation (3) it follows that Sr = d
( r⋃

i=1

Ai

)
.

Moreover, we can see that

d
( r⋃

i=1

Ai

)
= Sr−1 +

1
kr

− Sr−1
1
kr

,

hence

d
( r⋃

i=1
Ai

)
= Sr−1

(
1 − 1

kr

)
+

1
kr

.

By induction assumption, that d
( r−1⋃

i=1

Ai

)
= 1 −

r−1∏
i=1

d(N − Ai), we obtain

d
( r⋃

i=1

Ai

)
=
(

1 −
r−1∏
i=1

(
1 − 1

ki

))(
1 − 1

kr

)
+

1
kr

,

d
( r⋃

i=1

Ai

)
= 1 −

r∏
i=1

(
1 − 1

ki

)
. (4)

Using known relation
r⋃

i=1
Ai = N −

r⋂
i=1

(N − Ai) we obtain

d
( r⋃

i=1

Ai

)
= 1 − d

( r⋂
i=1

(N − Ai)
)
. (5)

By comparison of (4) and (5) we conclude

d
( r⋂

i=1

(N − Ai)
)

=
r∏

i=1

(
1 − 1

ki

)
=

r∏
i=1

d(N − Ai).
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We have proved that the system
{
N − Ai

}∞
i=1

has multiplicative asymptotic
density. The proof of reversal implication is trivial now. �

Example 2.2. As we know (see Example 2.1), the system
{
D∗

i

}∞
i=1

, where D∗
i is

a set of those natural numbers which have not the prime number pi with even
exponent (or equal to zero) in their canonical decompositions, is a system with
multiplicative asymptotic density.

We define the system of sets
{
Bi

}∞
i=1

, where

Bi =
{

m · p2j+1
i : j ∈ N ∪ {0}, m ∈ N, gcd(m, pi) = 1

}
,

p1 < p2 < · · · < pi < . . . is the sequence of all prime numbers.
It means that Bi is a set of those natural numbers which have the prime

number pi with odd exponent in their canonical decompositions.
We can see that Bi = N − D∗

i , so{
Bi

}∞
i=1

=
{
N − D∗

i

}∞
i=1

.

From Theorem 2.1 it follows that the system
{
Bi

}∞
i=1

is a system with multi-
plicative asymptotic density. It means, that for arbitrary n ∈ N it holds that

d
( n⋂

j=1

Bij

)
=

n∏
j=1

d(Bij
) =

n∏
j=1

d(N − D∗
ij

) =
n∏

j=1

(
1 − pij

1 + pij

)
, (6)

where ij ∈ N, ij �= ik for j �= k.

��������	 2.1� Let
{
Ai

}∞
i=1

be a system with multiplicative asymptotic den-
sity. Then for every n ∈ N and for every i1, . . . , in ∈ N it holds that

d
( n⋃

j=1

Aij

)
= 1 −

n∏
j=1

d(N − Aij
).

P r o o f. We just have to realize, that
n⋃

j=1
Aij

= N −
n⋂

j=1
(N − Aij

). The system

of sets
{
N−Ai

}∞
i=1

is, with regard to Theorem 2.1, a system of sets with multi-
plicative asymptotic density. The statement of Corollary 2.1 is then obvious. �

In addition to the criterion from Theorem 2.1, we introduce a necessary con-
dition which every system of sets with multiplicative asymptotic density fulfils.

Point is that sets of such a system which asymptotic density belongs to the
open interval (0, 1) must differ each other in infinitely many elements.

������� 2.2� Let
{
Ai

}∞
i=1

be a system of sets with multiplicative asymptotic
density. Then for arbitrary i, j ∈ N, i �= j, such that 0 < d(Ai) < 1, 0 <
d(Aj) < 1 it holds that Ai − Aj and Aj − Ai are infinite sets and in particular
d(Ai − Aj) > 0, d(Aj − Ai) > 0.
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P r o o f. We have to realize that
Ai ∩ Aj = Ai − (Ai − Aj)

and
Ai ∩ Aj = Aj − (Aj − Ai).

Ai − Aj ⊆ Ai, hence

(Ai ∩ Aj)(n) = Ai(n) − (Ai − Aj)(n).

Asymptotic densities d(Ai ∩ Aj) and d(Ai) exist, thus the asymptotic density
d(Ai − Aj) exists, too, and it is easy to see that

d(Ai ∩ Aj) = d(Ai) − d(Ai − Aj).

If the set Ai − Aj was finite, then d(Ai − Aj) = 0 and it would mean that

d(Ai ∩ Aj) = d(Ai) − d(Ai − Aj) = d(Ai).

By assumption, the system
{
Ai

}∞
i=1

has multiplicative asymptotic density.
Hence

d(Ai ∩ Aj) = d(Ai)d(Aj).
But this would mean that d(Aj) = 1 or d(Ai) = 0, what is in contradiction with
the assumption 0 < d(Aj) < 1 or with 0 < d(Ai) < 1.

Likewise, finiteness of the set Aj −Ai leads to contradiction with the assump-
tion 0 < d(Ai) < 1 or with 0 < d(Aj) < 1.

From
d(Ai ∩ Aj) = d(Ai) − d(Ai − Aj) �= d(Ai)

it also follows that d(Ai − Aj) must be greater than zero. Similarly we could
obtain d(Aj − Ai) > 0. �

We generalize Lemma 1.1 and Lemma 1.2 now.

������� 2.3� Let p1 < p2 < · · · < pi < . . . be a sequence of natural numbers,
such that pi > 1 for i ∈ N and for each i �= j, gcd(pi, pj) = 1 holds.

Further let a ∈ N, b ∈ N ∪ {0} be given. We define, for every i ∈ N, the sets

Ai =
{
pka+b

i · m : m ∈ N; m �= pi · m1, m1 ∈ N; k ∈ N ∪ {0}}.
Then

1) For every i ∈ N it holds that

d(Ai) =
pa

i

pb
i

( 1
pa

i − 1

)(
1 − 1

pi

)
.

2) The system of sets {Ai}∞i=1 is a system of sets with multiplicative asymp-
totic density, i.e. for every n ∈ N and every {i1, . . . , in} ⊂ N the following
equation holds

d
( n⋂

j=1

Aij

)
=

n∏
j=1

d(Aij
) =

n∏
j=1

pa
ij

pb
ij

( 1
pa

ij
− 1

)(
1 − 1

pij

)
.
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P r o o f.
ad 1) We can see that

Ai =
{
pka+b

i · m : m ∈ N; m �= pi · m1, m1 ∈ N; k ∈ N ∪ {0}}.
Let us define, for arbitrary fixed k ∈ N ∪ {0}, the sets

Bka+b =
{
pka+b

i · m : m ∈ N
}

and
Cka+b+1 =

{
pka+b+1

i · m : m ∈ N
}
.

Asymptotic densities of these sets fulfill, for every k ∈ N ∪ {0}, the conditions

d(Bka+b) =
1

pka+b
i

and d(Cka+b+1) =
1

pka+b+1
i

. (7)

It is obvious that
Bb − Cb+1 ⊆ Ai ⊆ Bb,

(Bb − Cb+1) ∪ (Ba+b − Ca+b+1) ⊆ Ai ⊆ (Bb − Cb+1) ∪ Ba+b

(Bb − Cb+1) ∪ (Ba+b − Ca+b+1) ∪ (B2a+b − C2a+b+1) ⊆ Ai

Ai ⊆ (Bb − Cb+1) ∪ (Ba+b − Ca+b+1) ∪ B2a+b

and so on. Therefore, using equation (7), we can write for every k ∈ N ∪ {0}
k∑

j=0

1

pja+b
i

−
k∑

j=0

1

pja+b+1
i

≤ d(Ai) ≤ d̄(Ai) ≤
k∑

j=0

1

pja+b
i

−
k−1∑
j=0

1

pja+b+1
i

.

It means that

d(Ai) =
∞∑

j=0

1

pja+b
i

−
∞∑

j=0

1

pja+b+1
i

=
1
pb

i

1
1 − 1

pa
i

− 1
pb+1

i

1
1 − 1

pa
i

=
pa

i

pb
i

1
pa

i − 1

(
1− 1

pi

)
.

ad 2) By induction. The case of n = 1 was shown in part ad 1). Now,
consider sets Ai1 , . . . , Ain

. Let us suppose that

d
( n−1⋂

j=1

Aij

)
=

n−1∏
j=1

d(Aij
) =

n−1∏
j=1

pa
ij

pb
ij

( 1
pa

ij
− 1

)(
1 − 1

pij

)
.

We have to realize that
n⋂

j=1

Aij
=
{
pkna+b

in
p

kn−1a+b
in−1

. . . pk1a+b
i1

·m : m ∈ N; m �=
pij

· mij
, mij

∈ N; kj ∈ N ∪ {0}, j = 1, . . . , n
}

and define, for arbitrary
k ∈ N ∪ {0}, the sets

Bka+b =
{

pka+b
in

· m : m ∈
n−1⋂
j=1

Aij

}
and

Cka+b+1 =
{

pka+b+1
in

· m : m ∈
n−1⋂
j=1

Aij

}
.
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If we denote A∗ =
n−1⋂
j=1

Aij
, then asymptotic densities of these sets fulfil for every

k ∈ N ∪ {0} the conditions

d(Bka+b) =
1

pka+b
in

d(A∗) and d(Cka+b+1) =
1

pka+b+1
in

d(A∗). (8)

It is obvious, that

Bb − Cb+1 ⊆
n⋂

j=1

Aij
⊆ Bb,

(Bb − Cb+1) ∪ (Ba+b − Ca+b+1) ⊆
n⋂

j=1

Aij
⊆ (Bb − Cb+1) ∪ Ba+b

(Bb − Cb+1) ∪ (Ba+b − Ca+b+1) ∪ (B2a+b − C2a+b+1) ⊆
n⋂

j=1

Aij

n⋂
j=1

Aij
⊆ (Bb − Cb+1) ∪ (Ba+b − Ca+b+1) ∪ B2a+b

and so on. Therefore, using equation (8) we can write for every k ∈ N ∪ {0}

d(A∗)

(
k∑

j=0

1

pja+b
in

−
k∑

j=0

1

pja+b+1
in

)
≤ d

( n⋂
j=1

Aij

)

≤ d̄
( n⋂

j=1

Aij

)
≤ d(A∗)

(
k∑

j=0

1

pja+b
in

−
k−1∑
j=0

1

pja+b+1
in

)
.

It means that

d
( n⋂

j=1
Aij

)
= d(A∗)

( ∞∑
j=0

1

pja+b
in

−
∞∑

j=0

1

pja+b+1
in

)

= d(A∗)

(
1

pb
in

1
1 − 1

pa
in

− 1
pb+1

in

1
1 − 1

pa
in

)

= d(A∗)

(
pa

in

pb
in

1
pa

in
− 1

(
1 − 1

pin

))

=

(
n−1∏
j=1

d(Aij
)

)
d(Ain

) =
n∏

j=1

d(Aij
).

�
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������� 2.4� Let 1 < p1 < p2 < · · · < pk < . . . and 1 < q1 < q2 < . . .
· · · < qk < . . . are sequences of natural numbers such that for every natural
numbers i �= j it holds that gcd(pi, pj) = gcd(qi, qj) = 1 and for every natural
i, j, gcd(pi, qj) = 1 holds. If we denote for arbitrary given a1, a2 ∈ N, b1, b2 ∈
N ∪ {0} and for arbitrary given ir, is ∈ N:

Air
=
{
pka1+b1

ir
· m : m ∈ N; m �= pir

· l, l ∈ N; k ∈ N ∪ {0}}
and

Bis
=
{
qka2+b2
is

· m : m ∈ N; m �= qis
· l, l ∈ N; k ∈ N ∪ {0}},

then for every m, n ∈ N it holds that

d
(( m⋂

r=1
Air

)
∩
( n⋂

s=1
Bis

))
=

m∏
r=1

d(Air
)

n∏
s=1

d(Bis
).

P r o o f. We prove this theorem by induction. First let m = 1. We have to prove
that

d
(
(Ai1) ∩

( n⋂
s=1

Bis

))
= d(Air

)
n∏

s=1

d(Bis
).

From the conditions:
gcd(pi, pj) = gcd(qi, qj) = 1 for every natural numbers i �= j and
for every natural i, j it holds that gcd(pi, qj) = 1

it follows that the set (Ai1) ∩
( n⋂

s=1
Bis

)
is formed from natural numbers in the

form pk1a1+b1
i1

ql1a2+b2
j1

. . . qlna2+b2
jn

·m, where k1, l1, . . . , ln ∈ N and pi1 , qj1 , . . . , qjn

does not divide the number m.

Let us denote B∗ =
n⋂

s=1
Bis

. We can see that B∗ =
{
ql1a2+b2
j1

. . . qlna2+b2
jn

·m :

m ∈ N; li ∈ N ∪ {0}; m �= qji
mi, mi ∈ N; i = 1, . . . , n

}
.

Now, we define, for arbitrary k ∈ N ∪ {0}, the sets

Cka1+b1 =
{
pka1+b1

i1
· m : m ∈ B∗}

and
Dka1+b1+1 =

{
pka1+b1+1

i1
· m : m ∈ B∗}.

Asymptotic densities of these sets fulfil, for every k ∈ N ∪ {0}, the conditions

d(Cka1+b1) =
1

pka1+b1
i1

d(B∗) and d(Dka1+b1+1) =
1

pka1+b1+1
i1

d(B∗). (9)

It is obvious that
Cb1 − Db1+1 ⊆ (Aij

∩ B∗) ⊆ Cb1 ,

(Cb1 − Db1+1) ∪ (Ca1+b1 − Da1+b1+1) ⊆ (Aij
∩ B∗) ⊆ (Cb1 − Db1+1) ∪ Ca1+b−1,

(Cb1 − Db1+1) ∪ (Ca1+b1 − Da1+b1+1) ∪ (C2a1+b1 − D2a1+b1+1) ⊆ (Aij
∩ B∗),

(Aij
∪ B∗) ⊆ (Cb1 − Db1+1) ∪ (Ca1+b1 − Da1+b1+1) ∩ C2a1+b1
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and so on. Therefore, using equation (9) we can write, for every k ∈ N ∪ {0},

d(B∗)

(
k∑

j=0

1

pja1+b1
i1

−
k∑

j=0

1

pja1+b1+1
i1

)
≤ d(Aij

∩ B∗)

≤ d̄(Aij
∩ B∗) ≤ d(B∗)

(
k∑

j=0

1

pja1+b1
i1

−
k−1∑
j=0

1

pja1+b1+1
i1

)
.

�
As an obvious corollary of previous theorem we obtain:

��������	 2.2� If we have systems of sets {Ai}∞i=1 and {Bj}∞j=1, where sets
Ai and Bj are defined in the same way as in Theorem 2.4, then both of them are
systems of sets with multiplicative asymptotic density. If we denote {Ai, Bj}∞i,j=1

the system of sets which contains sets from {Ai}∞i=1 and {Bj}∞j=1, then
{Ai, Bj}∞i,j=1 is also a system of sets with multiplicative asymptotic density.

������� 2.5� Let {pi1}∞i=1, {pi2}∞i=1, . . . , {pir}∞i=1, r ∈ N, be sequences of
natural numbers, such that pik > 2 for i ∈ N, k ∈ {1, . . . , r}, gcd(pik, pjl) = 1
for arbitrary (i, j, k, l) ∈ (N2 × {1, . . . , r}2) − {(a, a, a, a) : a ∈ N

}
. If we define

for arbitrary i ∈ N, k ∈ {1, . . . , r} and for given ak ∈ N and bk ∈ N ∪ {0}:
Ai,k =

{
psak+bk

ik · m : m ∈ N; m �= pikmk, mk ∈ N; s ∈ N ∪ {0}},
then

1) For every i ∈ N, k ∈ {1, . . . , r} it holds that

d(Ai,k) =
pa

ik

pb
ik

( 1
pa

ik − 1

)(
1 − 1

pik

)
.

2) The system of sets ∆ =
{
Ai,k : i ∈ N, k ∈ {1, . . . , r}} is a sys-

tem of sets with multiplicative asymptotic density, i.e. for every r ∈ N,
m, k1, . . . , km ∈ {1, . . . , r} and {n1, . . . , nm} ⊂ N there holds the equation

d
( m⋂

t=1

nt⋂
u=1

Aiu,kt

)
=

m∏
t=1

nt∏
u=1

d(Aiu,kt
) =

m∏
t=1

nt∏
u=1

pa
iu,kt

pb
iu,kt

( 1
pa

iu,kt
− 1

)(
1 − 1

piu,kt

)
.

P r o o f.
ad 1) This statement follows from Theorem 2.3.
ad 2) We can prove this statement by induction. We have proved Theo-

rem 2.4, which is the case of m = 2. Now, we suppose that equations

d
(m−1⋂

t=1

nt⋂
u=1

Aiu,kt

)
=

m−1∏
t=1

nt∏
u=1

d(Aiu,kt
)

=
m−1∏
t=1

nt∏
u=1

pa
iu,kt

pb
iu,kt

(
1

pa
iu,kt

− 1

)(
1 − 1

piu,kt

)
.
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are true. Let us denote B∗ =
m−1⋂
t=1

nt⋂
u=1

Aiu,kt
. We have to prove, that

d
(( nm⋂

u=1
Aiu,km

)
∩ B∗

)
= d
( nm⋂

u=1
Aiu,km

)
d(B∗).

If we realize that the set
nm⋂
u=1

Aiu,km
∩ B∗ consists of elements in the form:

p
s1akm +bkm

i1,km
p

s2akm+bkm

i2,km
· · · · · psnmakm+bkm

inm ,km
· m∗

where m∗ ∈ B∗, piu,km
does not divide m∗ and su ∈ N ∪ {0} for u = 1, . . . , nm,

then we can finish this proof using the same techniques as in the proof of The-
orem 2.3. �
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