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ABSTRACT. The authors define a notion of system of sets with multiplicative
asymptotic density in this paper. A criterion and one necessary condition for a
given system {Ai}zl to be a system with multiplicative asymptotic density is
given. Properties of certain special types of systems of sets with multiplicative
asymptotic density are treated.
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1. Introduction

In paper [3], we studied, among others, properties of the set of natural num-
bers which are expressible in the form of sum of two squares of integers (see [2],
[4], [5]) and properties of a system of certain sets where this set is included.

We have denoted p; < p2 <--- <p; <... the sequence of prime numbers in
the form p; = 4k+3, where k € NU{0} and D; = {m-p}’ : j € NU{0}, m € N,
ged(m, p;) = 1}. It means, that D; is a set of those natural numbers which have
not the prime number p; with odd exponent in their canonical decompositions.
It is well known (see [1]), that a set D containing all natural numbers which
are expressible in the form of sum of two squares of integers is equal to the

o0
intersection of sets D;, i =1,2,...,i.e. D= ) D;.
i=1

We have proved following two theorems in [3]:

LEMMA 1.1. Let us denote py < pa < -+ < p; < ... the sequence of prime
numbers in the form p; = 4k 4+ 3, where k € NU{0} and D; = {m pd i je
NU{0}, m €N, ged(m,p;) =1}. Then for asymptotic density of the set D; it
holds that

Di
d(D;) = ——.
(i) pi+1
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LEMMA 1.2. Let D; be sets defined in the same way as in the previous lemma.
Then for every n € N it holds, that

Pt

As a corollary of Lemma 1.2 we have had obtained:

COROLLARY 1.1. Let D; be sets defined in the same way as in Lemma 1.1.

Then
oo
d( N Di> = 0.
i=1
We can see that the asymptotic density of the intersection of sets Dy, ..., Dy,
is equal to the product of asymptotic densities of sets Dy,...,D,. If we made

minor alterations to the proof of 1.2, then we would find, that for an arbitrary
finite subsystem of the system {Di}zl the asymptotic density of intersection
of its sets is equal to the product of asymptotic densities of its sets.

2. Systems of sets with multiplicative asymptotic density

Inspired by properties of asymptotic densities of intersections of sets D; which
are described in Lemma 1.2, we define a notion of system of sets with multiplica-
tive asymptotic density.

We will use following denotation.

DENOTATION 2.1. Let N be the set of natural numbers and A be a subset of N.

We denote by A(n) the number of elements of the set A which are less or equal

to n and by d(A) the asymptotic density of A (d(A) = lim @) By [z] we
n—oo

denote the integral part of number xz. Finally A — B is the difference of sets A

and B.

Now we define the notion of system of sets with multiplicative asymptotic
density.

DEFINITION 2.1. Let ¥ be the system of all sets A C N such that their asymp-
totic densities d(A) exist. Then we say, that the system {Ai}zip where A; € X,
has multiplicative asymptotic density if and only if for every n € N it holds that

d(jri}1 4;,) = ﬁd(Aij), (1)

where i; € N, i; # i, for j # k. Instead of “system {Ai}zl has multiplicative
asymptotic density” we can use denotation “{Ai}j; is a m.a.d. system.”
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Verbal description of this definition could be the following. A system of sets of
natural numbers (whose asymptotic densities exist) {Ai}zl, has multiplicative
asymptotic density if and only if the asymptotic density of intersection of its
arbitrary finite subsystem of distinct sets is equal to the product of asymptotic
densities of sets from this subsystem.

[oe]

Ezample 2.1. In [3], we have proved (see Lemma 1.2), that the system {Di}i:v
where D; is a set of those natural numbers, which have not the prime number
p; with odd exponent in their canonical decompositions and p; < ps < ...
< p; < ... is the sequence of prime numbers in the form p; = 4k + 3, fulfils the
condition

n n n .
d( N Di) =[[dDs) = b (2)
i=1 i=1 i=1
for every n € N.

We have not used the condition p; = 4k 4+ 3 in the proof of Lemma 1.2.
Therefore we can say, that equation (2) holds also for system of sets {D;‘}Zl,
where D} is a set of those natural numbers, which have not the prime number p;
with odd exponent in their canonical decompositions, p; < ps < -+ < p; < ...
is the sequence of all prime numbers.

Also, we can say that in this case the proof of equation (1) could be done in
the same way as the proof of equation (2), we just would have to change indexes
of sets D7,..., Dy, to D} ,...,Dj .

We can see, that the system {Df }21 is a system with multiplicative asymp-
totic density.

Trivial example of a system with multiplicative asymptotic density could be
the system {Ai}jiv where A; = N — F;, where F;, ¢ = 1,...,n, is finite set,

Fz#ijOI‘Z#‘]

There is a question, which systems of sets {Ai }21 have multiplicative asymp-
totic density. Preliminary information about this problem gives the following
criterion.

THEOREM 2.1. System of sets {Ai}zl has multiplicative asymptotic density if
and only if the system {N — Ai}zl has multiplicative asymptotic density.

Proof. First we mention, that A; € ¥ if and only if N — A; € ¥ (where
Y has the same sense as in Definition 2.1). Further let us suppose, that the

system {Ai}zl has multiplicative asymptotic density and consider its arbitrary
subsystem {Aij }?:1. We have to prove, that

d( ﬁ (N—Aij)> = ﬁd(N—Aij)‘

j=1
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First we analyze the case when there is a set A;,, k € {1,...,n}, such that
d(A;,) = 0. Since in this case it holds that d(N — A;,) = 1, we can write

n n
a(NIN-4,)) =a( NV-45)),
j=1 =1
#k
Explomng this fact we can see, that we can consider just arbitrary subsystem
{At]} _,» Where d(A;,) # 0 for every j € {1,...,n}.
For simplicity of denotation we change the indexes of the sets of this system
{Aij }?:1 and we will denote it as {Ai}?zl. With regard to this change of
indexes, we are going to prove the relation

n

a( NN - ay) = f[d(N—An.

i=1

If we denote A(m) the number of elements of a set A which are less or equal to
m, then using simple combinatoric consideration we conclude, that

(U a)im)= 3= Aulm) = 32 37 (s ndi)(m) +

=1 i1=1 iz=1
11 >19

DY Y (A N0 Ay ) (m).

i1=1 in=1
1> >in

Hence we obtain the relation

n

d(@ A7) = zn:d(Ail)—zn: S (4, N Ay)

i1=1 i1=1 iz=1
i1 >ig

1)”*12... zn: d(A;, N---NA;).

’i1:1 in=1
1> >in

As we have said before, we consider a system of sets { 4; } 1> Where d(4;) # 0 for
every i € {1,...,n}. Hence there are real numbers k; € (1,00), i € {1,...,n},
such that )
d(A;) = —.
( 1) k;
By assumption, the system {Ai}j; has multiplicative asymptotic density.
Thanks to this fact we can write

( ) Z__szk nlz Zk

i1=1 i1=1 i2= i1=1 in=1
L1>L2 i1 > >

3)
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We are going to prove by induction that
n n
d( U Ai) — 1[N - 4,).
=1 i=1
From (3) we obtain for n = 2 the equation

11 1 1 1 2
d(A, U A 1 (1-=)(1=-=)=1-TJJanN - 4,).
(41U Az) = Tk ik ( k1)< k’z) H ( )

r—1
Now we are going to make the induction step. Let us suppose, that d( U A;
i=1

N———

r—1
— ][ d(N — A;). Let us denote
i=1

Sm:ZH_ZZkiki+.”+(_l) 12 Z iy ki,

=1 i1=1 i =1 1777 m
i1 >ig i1>>im

,
for arbitrary m € N, m > 2. From equation (3) it follows that S, = d( U Ai).
i=1
Moreover, we can see that
1 1

d(}; Ai) =51+ P Sr_lk_r’

d(iL;JlAi) _ (1__>+k%’

hence

-1

r—1
By induction assumption, that d( U Ai) =1 d(N — A;), we obtain

i=1 i=1
r = 1 1y 1
o0 4) - (1 - H(l - k_i)) (1-) + 7
DS (= 0
Using known relation U A, =N-— ﬂ (N — A;) we obtain
i=1 i=1
(L:J ):1—d<igl(N—Ai)). (5)
By comparison of (4) and (5) we conclude

d(iél(N - A)) = H<1 - %) _ ﬁd(N — A

=1 i=1
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We have proved that the system {N — Ai}zl has multiplicative asymptotic
density. The proof of reversal implication is trivial now. O

Ezample 2.2. As we know (see Example 2.1), the system {DZ}ZI, where D is
a set of those natural numbers which have not the prime number p; with even
exponent (or equal to zero) in their canonical decompositions, is a system with
multiplicative asymptotic density.

We define the system of sets {Bi}zl, where
B; = {m 'pz?j+1 : J eNU {0}7 m e N7 ng(m7p’L) = 1}7

P < p2 < ---<p;<...Iis the sequence of all prime numbers.

It means that B; is a set of those natural numbers which have the prime
number p; with odd exponent in their canonical decompositions.

We can see that B; = N — D7, so

{Bi}zil = {N - Dr}j;

From Theorem 2.1 it follows that the system {Bi}zl is a system with multi-
plicative asymptotic density. It means, that for arbitrary n € N it holds that

d(ﬁl&j) = f[d(Bij) - ;) = ﬁ<1 _ 1_1?;%)’ -

Jj=1 Jj=1

where i; € N, i; # i, for j # k.

COROLLARY 2.1. Let {Ai}zl be a system with multiplicative asymptotic den-
sity. Then for every n € N and for every i1, ...,1, € N it holds that

d(j@1A¢j> - ﬁd(N ~A).

n n
Proof. We just have to realize, that |J A;;, = N— [ (N — A;,). The system
j=1 j=1
of sets {N — Ai}zl is, with regard to Theorem 2.1, a system of sets with multi-
plicative asymptotic density. The statement of Corollary 2.1 is then obvious. [

In addition to the criterion from Theorem 2.1, we introduce a necessary con-
dition which every system of sets with multiplicative asymptotic density fulfils.

Point is that sets of such a system which asymptotic density belongs to the
open interval (0,1) must differ each other in infinitely many elements.

THEOREM 2.2. Let {Ai}zl be a system of sets with multiplicative asymptotic
density. Then for arbitrary i,j € N, i # j, such that 0 < d(4;) < 1, 0 <
d(A;) <1 it holds that A; — Aj and Aj — A; are infinite sets and in particular
d(14z — AJ) >0, d(Aj — Az) > 0.
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Proof. We have to realize that

AiNA; =4 — (A —A))
and

ANAj=A4;— (4 — 4).
A; — Aj; C A, hence

(Ai N A;)(n) = Ai(n) — (Ai — 4;)(n).
Asymptotic densities d(A4; N A;) and d(A;) exist, thus the asymptotic density
d(A; — A;) exists, too, and it is easy to see that
d(A;NAj) =d(A;) —d(A; — Aj).
If the set A; — A; was finite, then d(A; — A;) = 0 and it would mean that
d(A; NAj) =d(A;) —d(A; — Aj) = d(4).

By assumption, the system {Ai}j; has multiplicative asymptotic density.
Hence
d(Ai N Aj) = d(Ai)d(4;).

But this would mean that d(A;) =1 or d(A4;) = 0, what is in contradiction with
the assumption 0 < d(A;) < 1 or with 0 < d(4;) < 1.

Likewise, finiteness of the set A; — A; leads to contradiction with the assump-
tion 0 < d(A;) <1 or with 0 < d(A4;) < 1.

From

A(A; 0 Ay) = d(A;) — d(A; — Ay) # d(A)

it also follows that d(A; — A;) must be greater than zero. Similarly we could
obtain d(A; — A;) > 0. O

We generalize Lemma 1.1 and Lemma 1.2 now.

THEOREM 2.3. Letp1 < p2 < --- < p; < ... be a sequence of natural numbers,
such that p; > 1 fori € N and for each i # j, ged(pi,p;) =1 holds.
Further let a € N, b € NU{0} be given. We define, for every i € N, the sets

A ={pi**" - m: meN; m#£p;-mi, mi€N; keNU{0}}.

Then
1) For every i € N it holds that

d(Ai) = %(p?l—l)(l_p%)

2) The system of sets {A;}52, is a system of sets with multiplicative asymp-
totic density, i.e. for everyn € N and every {i1,...,in} C N the following
equation holds

o fi )=o) = T2 ) (- )

.le'

=1

<
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Proof.
ad 1) We can see that

A; —{pk“+b m: meN; m=#£p;-my, m €N; kENU{O}}.
Let us define, for arbitrary fixed k € NU {0}, the sets
Bka+b {pka+b m: me N}
and
Chatv1 = {pf* T m: m e N}
Asymptotic densities of these sets fulfill, for every k € NU {0}, the conditions
1 1
d(Bka+b) = Tt and  d(Cratpr1) = T (7)
It is obvious that
By — Cpy1 € A; C By,
(By — Cpt1) U (Bagp — Cagvg1) € A; € (By — Cpg1) U By
(Bb — Cpt1) U (Batb — Cogpt1) U (Baats — Coatnr1) C A
A; € (By — Cpq1) U (Bays — Caypr1) U Baays
and so on. Therefore, using equation (7), we can write for every k € NU {0}
k k k—1

1 1 1
Z ja+b Z jatbt1 < d(4i) ) < Z ]a+b ija+b+1'
1

Jj= Opz Jj= Opz Jj= Opz 7=0

It means that
o0 o0

1 1 1 1 1 1 p? 1 1
d(A;) = ~ == - =2 (1——).
;} pza—k—b ]2% pga—kb-‘rl p? 1— % i)-i—l 1— % p? pg -1 .

ad 2) By induction. The case of n = 1 was shown in part ad 1). Now,
consider sets Ail, ..., A; . Let us suppose that

() = T =T (=) 0-50)

pi

We have to realize that ﬂ A = {pk”‘”b Fo—1atb, pff““’ m: méeN; m#£

in 'Ln 1

pi; - mi;, my; € N; k:] € NU{0}, j = 1,...,n} and define, for arbitrary
k € NU{0}, the sets

n—1
Bka+b = {pfa+b m: me ﬂ Aij}
j=1
and

n—1
ka+b+1
Cka+b+1 {pza+ Tom: m € ﬂ Az]}
j=1
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n—1
If we denote A* = () A;;, then asymptotic densities of these sets fulfil for every
J=1
k € NU{0} the conditions
1

1 . \
d(Bratb) = oz d(A*)  and  d(Craqps1) = Wd(/l ). (8)

in

in

It is obvious, that
n

By — Cy1 C () 4, C By,
j=1

(By — Cpt1) U (Bays — Cavvrr) ﬂ ; € (Bo— Cpy1) U Bays
(B2a+b — Caatpr1) €

(By — Cp1) U (Bagp — Cagvr1) U
j=1

ﬂ , € (Bo — Cpy1) U (Bats = Cagit1) U Baass

and so on Therefore using equation (8) we can write for every k € NU {0}

d(A") (Z T Zw> < d(jrleij)

j=0Pi, =0

o Eoy el
<d( N Ay) <dA) Y s = e |-
j=1 v,

=0 i, 7=0

It means that

n . 1
01 = d(47) ja+b ja+b+1
- j= 0 b;, Jj= 0 p;,

d

J

1 1 1
po1- pi’fll—a

p 1)
D

( ) :
j=1 j=1
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THEOREM 2.4. Let 1 < p1 < po < - < ppg < ... and 1 < q1 < ¢ < ...
- < qr < ... are sequences of natural numbers such that for every natural

numbers i # j it holds that ged(p;,p;) = ged(¢i, q;) = 1 and for every natural
i, j, ged(pi,qj) = 1 holds. If we denote for arbitrary given ai,as € N, by, by €
NuU{0} and for arbitrary given i,,is € N:

A;, —{pka1+b1 m: meN; m#“p;, -1, leN; kGNU{O}}
and

B;, —{qkaﬁb2 m: meN; m#q, -1, leN; kENU{O}},
then for every m,n € N it holds that

d((fjl Au) N (361 Bz)) = ﬁd(Au) ﬁd(Bis)‘

Proof. We prove this theorem by induction. First let m = 1. We have to prove

that N
a()n (0 B)) = dea) T] ds).
s=1 s=1

From the conditions:

ged(pi, pj) = ged(qi, gj) = 1 for every natural numbers i # j and
for every natural 4, j it holds that ged(p;, ¢;) =1

it follows that the set (A;,) N ( ﬂ st) is formed from natural numbers in the

form pklaﬁblqﬁ“z"rb2 qu“ﬁbQ -m, where k1,01,...,l, € Nand p;,, ¢j,, ..., ¢,

does not divide the number m.

n
Let us denote B* = (] B;,. We can see that B* = {qllaﬁb2 qézaﬁbQ -m
s=1

meN; ; eNU{0}; m+#q;,m;, m; €N; i=1,....,n}.
Now, we define, for arbitrary k& € NU {0}, the sets
Cka1+b1 = {pka1+bl m: mec B*}
and
Dray+b,+1 = {pkal+bl+1 m: me B}
Asymptotic densities of these sets fulfil, for every k € NU {0}, the conditions

1 . 1 .
d(Chay+b,) = Wd(B ) and  d(Dyaytb,41) = Wd(B ). (9)
It is obvious that
Cb1 - Db1+1 g (Az] N B*) g Cbl’

(Cbl - Db1+1) U (Ca1+b1 - Da1+bl+1) C (Aij N B*) (Cbl - Db1+1) U Ca1+b 1
(Coy = Diy+1) U (Caytby = Daytby+1) U (Coay 45, — Doay4bi+1) € (Ai; N BY),
(Aij U B*) c (Cbl - Db1+1) U (Caﬁ—bl - Da1+bl+1) N 02a1+b1
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and so on. Therefore, using equation (9) we can write, for every k € NU {0},

k k
« 1 1 .
d(B )(ZTﬁbl —Zm> < d(A;; N B)

j=0 Pi, j=0Pi,
) k 1 k—1 1
<d(Ay, N B") < d(B*><Z S T 2 m)
j=0 Pi, j=0Pi,

d
As an obvious corollary of previous theorem we obtain:

COROLLARY 2.2. If we have systems of sets {A;}32, and {B;}32,, where sets
A; and B; are defined in the same way as in Theorem 2.4, then both of them are
systems of sets with multiplicative asymptotic density. If we denote {A;, Bj}f"}zl
the system of sets which contains sets from {A;}2; and {B;}32,, then
{Ai, Bj}§5_, is also a system of sets with multiplicative asymptotic density.
THEOREM 2.5. Let {pi1}iZy, {pie}Z1, -, {pir}Z1, 7 € N, be sequences of
natural numbers, such that p;, > 2 fori € N, k € {1,...,r}, ged(pir,pji) = 1
for arbitrary (i,j,k,1) € (N? x {1,...,7}?) — {(a, a,a,a): a€ N}. If we define
for arbitraryi € N, k € {1,...,r} and for given ar, € N and by, € NU {0}:
A= {pf,?”b’“ -m: meN; m#%£pgrmg, mp€N; seNU {O}},
then
1) For everyi €N, ke {1,...,r} it holds that

=P 1 1
d(Aik) = P, (pfk — 1) (1 Pik).
2) The system of sets A = {A;, : i € N, k € {1,...,r}} is a sys-

tem of sets with multiplicative asymptotic density, i.e. for every r € N,
myki, ..., kn €{1,...,7} and {n1,...,ny} C N there holds the equation

A 1 As) = TN ) = TLTT 2t (- 1
(0 0 A ) = TNt =TT 5 G =) (- 5)
t=tu=1 pal bt ot pube it Pfu,kt ik, — 1 Diy, kit
Proof.

ad 1) This statement follows from Theorem 2.3.

ad 2) We can prove this statement by induction. We have proved Theo-
rem 2.4, which is the case of m = 2. Now, we suppose that equations

m—1 ng

m—1 ng
i) i aes) = T s
m—1 ng

SIS () (-5
_ : B .
i act Piuke \Pi g, — 1 Din ke
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m—1 ng

are true. Let us denote B* = (] [\ Ai, k- We have to prove, that
t=1 u=1

d((ﬁ i ) NBY) = d(:ri Aiy ke, )A(BY).

Nm

If we realize that the set () A;, k,, N B* consists of elements in the form:

T,

u=1
S1Qk,, +bk,, S20k,, +bk,, St Qko T0k 0, *
pilakm, i21k7n . inr,,,,ak:m, nm
where m* € B*, p;, k,, does not divide m* and s, € NU{0} foru=1,...,np,
then we can finish this proof using the same techniques as in the proof of The-
orem 2.3. ([l
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