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ON GENERALIZED MEASURES
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ABSTRACT. Various authors have studied extensions of Shannon’s entropy but
their inferential properties and applications in applied sciences have not invited
proper attention from researchers. In the present paper we explore the motivation
and implication of using various classes of the generalized entropies and condi-
tional entropies. We evaluate (3-class and («, 3)-class entropies for multivariate
normal density function. We also obtain the measures of dependence in terms of

the classes of generalized entropies.
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1. Introduction

Since 1948 many extensions of Shannon’s entropy have been studied by
various authors. Some of these have been thoroughly discussed by [3]. How-
ever, most of these extensions are purely mathematical formulations and not
much is known about their inter-relationships, inferential properties and their
applications in other areas like statistics, thermo-dynamics, accountancy, image
processing, reliability, finance, economics and pattern recognition.

It has been observed that most of the researchers have focussed mainly on
Shannon’s entropy, perhaps because of its simplicity. However, we explore the
motivation and implication of using various generalized classes of entropies and
conditional entropies due to [2], [4] and [6].

The use of above mentioned generalized entropies may lead to statistical re-
sults different to those obtained by using Shannon’s entropy. Ullah [7] has
given some general results related to (-class entropies. Gokhale [1] discussed
the joint and conditional entropies and has shown that if conditional densities

2000 Mathematics Subject Classification: Primary 94A15, 94A17.
Keywords: Shannon’s entropy, conditional entropy, measure of dependence, covariance ma-
trix, exponential distribution.



PARMIL KUMAR — D. S. HOODA

of a bivariate random variable have maximum entropies subject to certain con-
straints, then the bivariate density also maximizes entropy subject to appropriate
constraints.

In Section 2, we discuss generalized measures of entropies and conditional en-
tropies. In Section 3, we evaluate -class and (a, 3)-class entropies for multivari-
ate normal density function. In Section 4 we obtain the measures of dependence
in terms of these generalized classes of entropies.

2. Generalized classes of entropies
and conditional entropies

Let us consider a random vector X = (z1,z2,...,%,) with the multivariate
probability density function f(z) such that [ f(z)dx = 1. Then information
rzeX

content in observations taken from the population having the probability density
function f(x) is given by — log f(z) and the expected information in X as given
by [5] is

H(f) = ~Bllog § ()] = - [ (o) log (@) . (2.1)

Thus, H(f) in (2.1) is a measure of average information or uncertainty removed.
The use of the notion H(f) emphasizes that the entropy depends on the proba-
bility density function of X rather than its actual values.

As described earlier, Shannon’s entropy is the expected value of the function
o(f) = —log f, which satisfies ¢(1) = 0 and ¢(0) = oco. In general, one can
choose any convex function with the condition that ¢(1) = 0, as a measure of
information. So expected information content is given by

-mﬁ=EMUﬂ=/Mﬁﬂm (2.2)

These are called a class of ¢-entropies (refer to [7]). Axiomatic approach has
been used in the literature to choose the information function ¢(-) and some of
them are discussed here. Ullah [7] considered a (-class of function given by

1 (1= 81
¢5(f)={ 5—1;;1f7 _— gi’ 7=0 (2.3)
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where (8 is a non-stochastic constant. Thus, we write a class of generalized
entropy measure as

g1 — [ f° da]
Hp(f)=q s=x[1-E(f° ], B#1, 5>0, (2.4)
—Flog f, 6=1.

This is called the (-class entropy which was initially proposed and studied by [2].
It may be seen that in case # — 1, (2.4) reduces to (2.1).

Next we consider another («, 3)-class of entropy measures, which is a gener-
alization of (2.4) and is given by

Haﬁ(f):ﬁ1a[)Zfadx—)(/f5dx1, (25)

a0, 0<a<l >lor0<p<1, a>1.

Consider a bivariate case X = [z1, z2] and let f(x) be the joint density function,
and f1(z1) and fo(x2) be their marginal densities, then

H(f) ://f(xl,xg)logf(xl,xg)dxldxg

_ / f(@1)log f(x1) dar — / f(aafor)log f(az)er) dzy  (20)

= H(f1)+ H(f2/ fr),

where H(f1) is the entropy of f; and H(f2/f1) is the conditional entropy of the
density function fy given fi.

It may be noted that H(f1/f2) # H(f2/f1). However,
H(f1) + H(f2/ 1) = H(f) = H(f2) + H(f1/f2)

H(f1) — H(f1/f2) = H(f2) — H(f2/ f1)- (2.7)
It implies that
H(f2) = H(f2/f1) 2 0. (2.8)

The sign of equality holds if z; and xo are independent. Thus (2.8) can be
considered as a measure of dependence.

In case X = [x1,X2,...,Ty], We get
H(f)=> H(fi/fi-1,---, /1) <> _H(f), (2.9)
i=1 i=1
where equality holds iff x1,xs, ..., z, are independent.
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Next, we study conditional entropies of the following (-class function:

Hps(f) = 5.1 ;1//fﬁ(x1,x2)dx1dx2}
_ ﬁ}/fﬁ(xl){/fﬁ(m/xl)d@}dm]

= 1/fﬁ(l’1)d$1+/fﬁ(l’1)d$1

/fﬁ(xl){/fﬁ(mﬂxl)dxg}dxl] (2.10)

=i+ [ Pe|i- [ Pk i an

= Hy(fy) + / 9 (@) Ho(fol fr) day
= Hg(f1) + Ey, [flﬁ_lHB(fﬂfl)]-

In case («, 3)-class entropy we have

Hool) = 50| [ [ e andss = [ [ £0.02) dnidas

T1 To Tr1 T2

_ ﬁia[(l_//fﬁ(:rl,:rg)dxld@) (2.11)

1 T2

(i [ [ e anin)]

1 T2

Equation (2.11) together with (2.10) reduces to

“LH () + Bn 0 H (Bl )]

ﬂ:; [Ha(f) +Ef1ffé_1Ha(f2|f1)],

a # 0, O<a<l B>1 or 0<pB<1, a>1.

2

Hop5(f) =

®D

(2.12)

=

380



ON GENERALIZED MEASURES OF ENTROPY AND DEPENDENCE
3. Evaluation of f-class and («, (3)-class entropies

In this section, we consider f(x) as multivariate normal density function with
w and ¥ as mean vector and covariance matrix respectively. The choice of f(x)
in this form brings out the importance of 3-class and («, (3)-class entropies which
is established in the following two theorems:

THEOREM 3.1. The (3-class entropy measure defined by
1
B =5 [1- [ Pa@ad. 521 650 (3.1)
contains more information than that of Shannon’s entropy in case the density
function f(x) is given and § < 1.

Proof. Let us consider f(x) to be a multivariate normal density function with
mean vector p and covariance matrix Y. Then its pdf can be written as

1
T@ =i

On putting f(z) in (3.1), we get
1 1 B Isv—1
Hy(f) = -1 [1 _ / B e T dm]
[3( ) 1 (27r) 8 8
) (3.3)

1 B I5—1
_ 1 o= 2la—n)= " @—p) dm].
ﬂl[ (27r)nz_ﬁ|2|%/

xT

e~z (@) T @) —o0 <z < o0. (3.2)

Since L [e2(e=m'S7 @—m gz — 1, (3.3) reduces to
@em3IZ|z ;
1 —nB =5 n 1 —n
H(f) = 5= [1 = @M =18/ (m)F[5)257
(3.4)
= [1- 0T BT (5) 7]
8—1

which is the average information contained in the normal random vector X.
In case f(z) is univariate exponential distribution with pdf
1 x
fz) = ae_ﬁ, x>0, >0, (3.5)

then the average information in the exponential variable is

1 1 e

1 '~
25—1[1_ 3 ]
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It is worth mentioning that Hg(f) changes with the choice of the entropy mea-
sure. O

Next, we obtain the analogous results for pdf f(z) by using Shannon’s entropy
as given below:

H(f) = - / f(2) log f(z) da. (3.7)

In case the given pdf is univariate normal, then (3.7) gives
1
V2mo?

1 1 - 2 1 liz—p
:/{§log2wloga §(x H) } e 35 4 (3.8)

x

I )2 log e_%(%)z dz

1 1
= §log27r+loga+ 3

When f(z) is exponentially distributed with parameter 6, we have

1 . 1 .
H(f):—/ge_elogge_e dz

x

=— / %e_% [— log 0 — g} dz (3.9)

x

=logf + 1.

Hp(f) obtained in (3.6) for exponential distribution is function of # and 3. In
case = 1, then Hg(f) = % Thus, when § > 1, Shannon’s entropy gives maxi-
mum information and for 0 < § < 1, B-class entropy contains more information
about f(z) than Shannon’s entropy. Hence Theorem 3.1 is proved.

THEOREM 3.2. For a given density function f(x), («, 3)-class entropy defined
as

Hoollf) = 50| [ @ [P@al.  azpas=0 @)

contains more information than the information given by Shannon’s entropy and
B-class entropy.

Proof. Let f(z) be the multivariate normal density function with mean vector

w and covariance matrix X. Then pdf f(x) is given by
1 1 s
f(x) = ———Fe 2= 1(36_“), —o0 <z < 0. (3.11)
(2m) 2 [5]2
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On substituting (3.11) in (3.10) and simplification, we have
1 n 1 na [e%
Hop(f) = Z——(2m) 2 [X[2 [(2m) "2 [X[2a”
f—a | (3.12)
SICORID L

which is the average information contained in the normal random vector X. [0

N3

Let us consider the particular case of f(z) when it is univariate i.e. n =1
and ¥ = ¢2]. In this case (3.12) reduces to

Hos(f) = ﬁ%a@w)ﬂa?n% (@2m) "% lo* 1 Fa7} — (2m) 3|01 75 572

1 o
= = SOV 2 [(27r)_70_°‘a_% - (ZW)_gU_Bﬂ_%]
(3.13)
When f(z) is univariate exponential distribution with pdf
1 x
f(a:)zEe_ﬁ, x>0, >0,
then (3.10) becomes
1 1 _x @ 1 —_—Z ﬁ
H,5(f) = ﬁa{/(ée 6) dx/(ae 6) dx]
@ @ (3.14)
1 g—at1 g—B+1
S B-a { a ]

which is the average information contained in the exponentially distributed vari-
able X.

Particular Cases:

Case 1. When a — 1, equation (3.13) reduces to

1 - 1
Hip(f) = 5 [1 = em) 7 o003, (3.15)
which is the same given by [-class entropies when f(z) is univariate normal
density function. Similarly, in case a — 1, (3.14) becomes

H _ 1 6~ 3.16
() =501 [1- 55— (3.16)

which is (3.6).
Case 2. In case 3 — 1, (3.15) reduces to

1
Hia1(f) = 5 +logV2m +logoa, (3.17)

which is (3.8). Similarly, when 3 — 1, equation (3.16) reduces to (3.9).

383



PARMIL KUMAR — D. S. HOODA
If we take @ =1 in (3.14), then it becomes

1 1 1 1
Hap(f) = 7 a [E - ﬁ} =—. (3.18)
It can be inferred from (3.17) that when 0 < o« < 1l and 1 < 8 < é, then
H, s(f) contains more information than Shannon’s entropy and a-class entropies
and in case o = 1, it contains the same amount of information as 3-class contains.
Similarly, when 0 < § < 1l and 1 < a < %, (3.17) contains more information
than Shannon’s entropy and (3-class entropy and in case § = 1, then it contains
the same amount of information as a-class entropy contains. Thus, we can
conclude that the parametric generalized measures of entropy for a given normal
distribution are more advantageous as these give more information about the

density function than Shannon’s entropy with appropriate choice of parameter.

4. Generalized measures of dependence

Let f = f(x) = flx1,22] be the joint density function f(z;) = f; and
f(z2) = fa be the marginal density functions of z; and x5 respectively. In [7],
the following measure of dependence between x; and x5 has been defined:

D(f: fif2) = H(f) — H(f1f2)
= H(f) - [H(f1)+H(f2)]>

where H(-) is Shannon’s entropy.

(4.1)

(4.1) can be generalized in many ways, but here we shall consider the following
three forms only:

(a) Let
Dalf : f1f2) = Holf) ~ Halfif2), (12)
where )
Ha(f) = = Jog [ 1°(0)ds
and '
Ha(fife) = 7= 1og [ [ (2017 (2) dirde = Ha(f) + Ha(fo).

Tr1 T2

Then (4.2) reduces to

Do(f : fif2) = Ho(f) = [Ha(f1) + Ha(f2)]
(b) Let
Dp(f : fuf2) = Hp(f) — Hp(f1f2), (4.3)
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where
1
() = 5 [1- [ ae]
and ’
Hg(f1f2) = ﬁ{l —//fﬁ(xl)fﬁ(@)dmd@}
= Har) + [ 5 Hah) dxl}
Then
Da(f < fufa) = Ha(f) — {le) + [ s d}
(c) Let
Da,[ﬁ(f : flfQ) = Ha,ﬁ(f) - Ha,ﬁ(flfQ)v (44)
where
- %{/f%x)dx/fﬁ(x)dx],
aﬁ f1f2
|:// f1f2 d$1dl‘2—// f1f2 ﬁdl‘1d$2:|
=%j§Pmun+/}ﬁmmaM4 S )+ [ frHaan)|
Then
mﬂﬁﬁmzamm%ﬁP@ﬁ /ﬁ%ﬁdﬂ

+

;_“[ () /f1 ﬁ<u4

All the measures given by (4.2), (4.3) and (4.4) can be described as the measures
of mutual information in the sense that they measure the amount of information
To contains about x.

In case « = 11in (4.2), f=11in (4.3) and o« = f =1 in (4.4), these reduce to

Dy(f: ffo) = H(f) = [H(f1) + H(f2)],
which is (4.1). 21 and x5 are independent iff Dy g = Dy = Dg = D = 0.
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