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ABSTRACT. A product formula for some twisted signatures of flag manifolds is
proved. The result is used to compute twisted signatures of some flag manifolds
from those of Grassmannians, and by that to deduce some upper bounds of the
stable span.
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1. Introduction

Two real vector bundles £ and 1 over a space X are called stably equivalent,
if there exist trivial vector bundles € and €® over X, such that £ & ¢” and 1 @ €°
are isomorphic. The geometric dimension of a real vector bundle £ is the mini-
mal fibre dimension of a vector bundle 7, such that n is stably equivalent to &.
The difference of the fibre dimension of £ and its geometric dimension is called
the stable span of £&. Now let M be a closed smooth connected manifold. The
stable span of M, denoted by stablespan(M), is defined as the stable span of
the tangent bundle of M. The span of M, denoted by span(M), is by definition
the maximal number of vector fields on M which are linearly independent in all
points of M. Clearly span(M) < stablespan(M ). Methods and results concern-
ing span and stable span are described in the survey article [8] by J. Korbas
and P. Zvengrowski. When M is orientable and has dimension divisible
by 4, then the signature of M may be used to determine upper bounds for
stablespan(M) ([1], [6], [10]). Actually it is possible to use twisted signatures
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for this purpose. Sometimes twisted signatures allow to get results for a mani-
fold, where the signature fails. We state the theorem for twisted signatures in
the form, in which it will be used in the sequel.

In Section 1 we assume, that M is a closed oriented smooth manifold of dimen-
sion 2n. The groups K (M), KO(M) and K Sp(M) are the K-groups of complex,
real, and quaternionic vector bundles over M. The inclusions i: O(l) — U(l)
and j: Sp(l) — U(2l) define homomorphisms i,: KO(M) — K(M) and
Js: KSp(M) — K(M). ch: K(M) — H*(M;Q) is the Chern character homo-
morphism. We write ch(M) instead of ch(K(M)), ch O(M) for ch(i, KO(M)),

and ch Sp(M) for ch(j.KSp(M)). All z € ch(M) have the form z = ) q;
no =0
with a; € H*(M;Q). As usual we define 2(2) = 3 2iq;. Let .Z(M) denote

i=0
the Hirzebruch #-class of M associated to the power series x/tanh(z). The
signature of M twisted by z is defined as the rational number

L(M,2) = <z(2).$(M), [M]>

which in fact is an integer.

It is well known that stable span(M) = r > 0 implies divisibility conditions for
the signature and also for the twisted signatures. These divisibility conditions
may be deduced from a general integrality theorem, which was proved in [10]
by using elliptic differential operators. For the signature these conditions are
stated and proved by other methods in [1] and [6]. For the twisted signatures
with z € ch(M) and z € chO(M) a proof by the same methods as in [1] was
given in [4]. A similar theorem exists with z € ch Sp(M). Once the signature
or a twisted signature is known and different from zero, the power of 2 in the
integer factorization gives rise to upper bounds for the stable span. To state the
theorem three series of integers are introduced.

a1 =1, ax =2, az=4, a4 =8, ai4a=0a;+8

af=1, a5=2, a5=3, a,=7, aj,4=a;+8

b1 = 0, b2 = 4, bg = 5, b4 = 6, bi+4 - bz + 8.
The series ) differs from the series a; for i = 0,3 mod 4. This difference comes
from the fact that for stable span(M) divisible by 4 an additional factor 2 occurs
in the signature, which is not necessarily contained in the twisted signature.
Using the divisibility conditions mentioned above, one proves the following the-
orem.

PROPOSITION 1.1. Let M be a closed oriented smooth manifold of dimension
2n,z € ch(M), and assume that L(M,z) = 2'u, where u is an odd integer and
i > 0. Then stablespan(M) < 2i.
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For n even, and © > 0, and additional assumptions the following stronger
inequalities hold.

(i) When z € chO(M), then stablespan(M) < a;.
(ii) When z =1, then stablespan(M) < al.
(iii) When z € ch Sp(M), then stablespan(M) < b;.

The proof is a consequence of the divisibility conditions for twisted signatures
resp. signatures.

Since the signature is a multiplicative genus, it is computable for the flag mani-
folds once it is known for the Grassmannians. The signatures of the Grassman-
nians were computed by Mong [14] and Shanahan [15], using the Atiyah-
Bott-Singer fixed point theorem. We use the same technique to compute some
twisted signatures of Grassmannians, and to show that certain twisted signa-
tures of flag manifolds occur as the product of an appropriate twisted signature
of a Grassmannian with signatures of Grassmannians.

In Section 2 we establish a product theorem for certain twisted signatures of
flag manifolds. In Section 3 we compute some twisted signatures of the Grass-
mannians. In Section 4 upper bounds for the stable span of some flag manifolds
are established.

The way of computation is described in [11], and for details of the method
we refer to that paper. We use the opportunity to correct an error in [11]. In
equation (2.4) on the right hand side a sign (—1)" is missing. This change effects
a change of signs in the case of complex Grassmannians, but does not effect the
results of the paper.

2. A product formula for some twisted signatures
of flag manifolds

First the fixed point formula is stated, which will be used in the sequel. Let
M be an oriented closed smooth manifold of dimension 2n, and assume that M
admits a smooth action of the circle group S* with only a finite number of fixed
points pi,...,ps. The restriction of the S'-action on the tangent bundle T M
to the fibre M, is completely determined by a set of, not necessarily distinct,
positive integers mi,...,my. It is possible to choose the orientation of M, so
that M), can be expressed as a direct sum

My, = @V(mj)v (21)

Jj=1
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where the V(m;) are 1-dimensional complex vector spaces, and S 1 operates on
V(m;) by g-v = g™iv for all g € S! and all v € V(m;). Let n be an element
of the equivariant K-group of M. The restriction of 7 to p; gives an element of
the complex representation ring R(S!) with character y;. The local expression,
which occurs in the fixed point formula leading to the twisted signature is

—m;/2 4 gm7/2

’YZ - Ele H g—m]/2 m]/2 (22)
j=1
where €¢; = 1, when the natural orientation of M, is the same as the orientation
defined by the complex structure introduced in (2.1), and ¢; = —1, when M,
has the opposite orientation. The following formula is proved by using the
Atiyah-Singer fixed point formula [3] and ideas used in [2]. For all details
we refer to [11] and [12].

THEOREM 2.1. With notations introduced above, z = ch(n), and

= Z Yi(9), (2.3)

the following equality holds
L(M,z)=(—-1)"lim I'(g). (2.4)

g—1

The theorem will be applied to the computation of twisted signatures of flag
manifolds. Let F be either the field of real numbers, the field of complex numbers
or the skew field of quaternions, and let d(F) = dimg(F). The vector space F™
is equipped with the usual scalar product. When F = H, all vector spaces over
H are assumed to be right vector spaces. For all s-tuples (ny,...,ns) of positive
integers and n = nj + - - - 4+ ng the flag-manifold Gg(nq,...,ns) is defined as the
space of mutually orthogonal subspaces (X1, ..., X;) of F", and dimp X; = n,.

The manifolds Gr(nq,...,ns) are in a natural way closed smooth manifolds of
dimension d(F) = ) n;n; (see [9]). There are natural vector bundles &1, ..., &;
1<J

over Gp(ni,...,ns). The bundle §; is defined as the F-vector bundle whose

fibre at the point (X7,..., X,) is the vector space X;. According to Lam [9]

the tangent bundle of Gg(nq,...,ns) is isomorphic to € Homg(&;,§;) as
1<i<j<s

Z (F)-vector bundles, where Z(IF) denotes the center of F. ’

Since in the real case we consider only flag manifolds with n; even, it will
be sometimes convenient to use the unified notation G(n,...,ns) for the flag
manifolds Gg(ni,...,ns), when F € {C,H}, and for Gg(2ni,...,2ns). The
symbol Up(l) will be used for one of the groups U(l), Sp(l), or O(2l) according
as I is equal to C, H, or R. Every finite dimensional complex representation «
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of the group Ug(ni) x --- x Up(ns) defines in a natural way a complex vector
bundle (& & - - @ &) over G(nq, ..., ng).

Now assume that F € {C,H} and let dy,...,d, be positive integers and
di < dy < --- < d,. An action of S* on F" is defined by g - (21,...,2,) =

(g"21,...,9% 2,). This action defines a smooth S'-action on the flag manifold
Gr(ni,...,ns). Let Ng=0and N; =nj +ng+---+mn; for 1 <i <s. The fixed
points of this action are the points P(o) = ([60(1), e ea(Nl)} e [ea(Ns_1+1)’

---760(1\15)]) for all permutions o € S,, with o(N;—1 +1) < o(N;—1 +2) < ...
< o(N;) foralli e {1,...,s}, and (ey,...,e,) the standard base of F”. By this
action the vector bundles ¢, ..., & and Homg(&;,&;) become equivariant vector
bundles and the isomorphism between the tangent bundle of Gg(ng,...,ns) and

@ Homp(&;, ;) is an equivariant isomorphism. The bundle a(&§®- - -®&,), which
i<j

is defined by the complex representation « is in a natural way an equivariant
vector bundle.

When F = C, then Home(&;,&;) is a complex vector bundle and the orienta-
tion of G¢(ny,...,ns) is determined by the complex structure. A complex base
of

HomC([ea(Ni_l-l-l)) sy ea(Ni)]a [ea(Nj_l—‘rl)a BEEE) eo’(Nj)])

is given by fix, 1 < & < n;, 1 < A < nj, where fiy is the uniquely de-
fined linear map with fex(€o(n,_y+1)) = Our€o(N,_1+1)- For any g € S' we
find that (g - fer)(z) = g @1t "deWiitm ¢\ (). The restriction of the
St-action on &; to the fibre over P(o) gives an element of R(S!) with char-
acter piy(g) = g Mi-1+1) 4 ... 4 g% N0 The restriction of the S'-action on
A™i¢; to the fibre over P(o) gives an element of R(S!) with character g;,(g) =
gd”“i—1+1)+”'+d"(”i). For the general computations, let a be a complex represen-
tation of U(ny) X - - - x U(ns), and denote by x,(g) the character of the complex
representation of S', which is defined by the restriction of a/(&; @ - - - @ &) to the
fibre over the fixed point P(c). Using these notations the function I'(g) of the
theorem has the form

F(nh s >ns>dl7 s >dn;g)
g_(dd(k)_da‘(n))/Z + g(da(x)—da(@)/Q

1<i<j<s Nj_1<n<N;
Nj_1<A<N;

Selo I [T Lo

- Xol9 gdcr()\) _ gda(@ ’
o 1<i<j<s N;j—1<k<N;
Nj_1<A<N;
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When F = H, we fix an orientation of Gy(ni,...,ns) by fixing an orientation of
Homgp(&;,&;). Take X = (X4,..., X;) € Gu(ni,...,ng) and let aq,...,a,, be a
H-base of X; = [a1,...,an,] andlet by, ..., b, be an H-base of X; = [b1,...,by,].
Let ff, be the uniquely defined H-homomorphism with f£,(a.) = d,,b.p for all
ko € {1, nih, v €{l,...,n;} and p € {1,4,j,k}. The ff, are a real base of
Homgp(X;, X;). We use the orientation defined by

i i gk ' k

(f111’fflafflafll)fll%fi% o "fni,nj)‘
The reader should not be confused by the fact that the upper indices i, j denote
the canonical base element of H and the lower indices are positive integers.
In the fixed points P(c) we use this orientation, and take ax = e,(n,_,+r)s
bx = eo(v,_,+n)- Then (fiy, fl1, s fain,s fhin,) is @ complex base with g- 1\ =
gd(’(NjflJr*)_d”(Nifl*“) f;)\ and g~fiA = gda(NjflM)'*'d”(Nifl*")fi)\. The restriction
of the S'-action on &; to the fibre over P(o) gives an element of R(S!) with
character

piclg) = D (g7 +g7I),

N; _1<rk<N;

For later computations we remark that there exists an element «; € R(Sp(n;)),
such that the restriction of «;(&;) to P(o) has character ¢;, with

ao(9) = JI (9% +g %)
N;_1<r<N;
(see e.g. Husemoller [7]).

Now let o be a complex representation of Sp(nq) x - - - x Sp(ns), and let x,(g)
be the character of the representation of S, which is defined by the restriction
of a(§1 @ -+ ® &) to the fixed point P(0). Using these notations, the function
I'(g) of the theorem has the form

F(nh s >n87d17' . 7dn7g)
g_(dcr()\)_dcr(n))/Q + g(dcr()\)_dcr(n))/Q

2@ 11 1 asaor— g aos

1<i<j<s Ni_1<n<N;
Nj_1<A<N;

g_(dcr()\)"'_dcr(n))/Q 4 g(dd(k)+dd(n))/2
g_(dcr()\)+dcr(n))/2 — g(do(k)+do(n))/2
d —d d —d
g o(X) +g o(X) +g o(Kk) +g o(k)
= ZXU(Q) H H
g

doox oo d —d .
1<i<jgs Nyenay, (N HgTO) = (g% 4 g7 w)
Nj_1<A<N;

When F = R, we consider only the flag manifolds Gg(2n4,...,2ns), with ny +
-+ ng =n. Let e, ea,...,es, be the standard base of R?”. For any e'¥ € S!
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the action on R?" is defined by e'¥ - e5;_1 = cos(djp)es;—1 + sin(d;p)es;, and
el? - eg; = —sin(d;jp)eaj_1 + cos(d;p)ezj, j = 1,...,n, and positive integers d;
as before. This action on R*" defines a smooth action of S on Gg(2n1,...,2n;)
with fixed points P(o) = (X1,...,X;) with

Xi = [€20(Ny_1+1)=1, €20(Ni_141)s - - - » €20(Ni)—15 €20 (N) )

and o € S, such that o(N;_1+1) <--- < o(N;) foralli € {1,...,s}. We define
an orientation in the tangent bundle of Gr(2n1, ..., 2n,) by fixing an orientation
of the real vector bundles Hom(¢;, §;). For X = (X1,...,X;) € Gr(2n4,...,2n,)
let a1, ..., az,, be an orthonormal base of X; and let b1, ..., b2y, be an orthonor-
mal base for X;. Then let f.r: X; — X; be the uniquely defined linear map
with fea(a,) = dxpby, and take the orientation of Hom(X;, X;) given by the
base

(f117f12> .- -aflnjyf217 .- ->f2n,-2nj)-

A short computation shows that the rotation numbers of Homg (&;, §;) are dy(,) +
da()\) and |dg(/\)—dg(,{)|, for N;_1 < k < N; and N;_1 < XA < Nj. The orientation
determined by the complex structure according to these positive numbers differs
from the orientation defined above by (—1)W(3:9) where W (i, j, o) denotes the
number of pairs (k, ), Ni—1 < kK < N;, Nj_1 < A < Ny, such that k < X and
o(k) > o(A). The restriction of & ® C to the fibre over the fixed point P(o)
gives an element R(S') with character

pia(g) = Z (gdv(ﬁ) _|_g_da(ﬁ)).
N;_1<r<N;

Just as in the symplectic case there exists an element «; € R(O(2n;)), such that
the restriction of the S'-action on the virtual bundle a;(&;) to P(o) gives rise
to an element of R(S') with character

ao(9)= JI (9% +g %)
Ni_1<x<N;
(see [7]).

Now let a be a complex representation of O(2n1) x --- x O(2n,) and let x»
be the character of the restriction of a(&; @ -+ @ &) to the fibre over the fixed
point P(o). With these notations the function I'(g) of the theorem is the same
as that for the quaternionic flag manifold Gy(nq,...,ns).

In the sequel the unified notation G(ni,...,ns) will be used for all three
types of flag manifolds. Let b; = g% in the case of complex flag manifolds and
b; = g% + g~% in the case of quaternionic or real flag manifolds. We take
te{l,...,s =1}, k = ny + --- + n¢, and choose a complex representation «
of Up(ny + -+ + n¢). The restriction of the equivariant complex vector bundle
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a1 ® - @ &), to the fixed point P(o) give rise to a complex representation
of S with characters x,(g). When the element 7 of the equivariant complex
K-group of G(n,...,ns) is chosen as a(§1 @ - - - @ &), then the expression I'(g)
in (2.3) may be written for all three types of flag manifolds in the unified form

D(np,.oonsydiyecdnsg) =Y xol9) [T 11 bor) +bow)

1<i<j<s Ni_1<r<N; Do) = Do)
- TN _1<ASN;

To deduce the product formula, we use the fact, that the sum over all o € S,
such that o(N;—1 +1) < --- < o(lV;) for all ¢ € {1,...,s} gives the same
result as when one takes the sum over all 7 € S, such that 7(1) < --- < 7(IN¢)
and 7(N; + 1) < --- < 7(IV,) followed by the sum over all permutations p of
the numbers 7(1),...,7(Ny) and ¢ of 7(N; + 1),...,7(Ns) such that p(7(1)) <

- < p(T(N1))s oo, p(T(Ner + 1) < -+ < p(T(Ng)) and ¢(7(Ne + 1)) < ...
< C(T(Ngg1)), -5 C(T(Ns—1 + 1)) < -+ < ((7(Ns)). Using this splitting, we
find

I(ny,...,ns,d1,...,dn;g)

Y | le) [T e )| [ et

1<w<k bU(A) - bU(“) 1<i<j<t Ni_1<r<N; ba()\) - ba(n)
k+1<A<n SR NI,

" H H bo(x) Tt bo(x)

t+1<i<j<s Ni_i<n<N; ba(x) = bo(r)
- - Nj_1<A<N;

br(n) + br(w)
= XT(g) I‘(nl,...,nt,dT(l),...,dT(k);g)><
; 1<H<k b"'()\) - b"’(ﬂ)

k+1<X<n

X F(?’lt+1, .. ~7n87d7'(k+1)) e ad‘r(n)ag)

According to [2] and [12] the last two factors are constant, and except for a sign
equal to the signature of G(nq,...,n:) resp. G(n¢t1,...,ns). The first factor
has for g going to 1 the limit

(_1)% dimG(k’n_k)L(G(k’a n— k)’ Ch(a('yk)))a

where 7, is the canonical k-dimensional F-vector bundle over G(k,n — k). Using
the notations fixed before, we can state the result.
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PrOPOSITION 2.1. Let nq,...,ns be positive integers, n = ny + -+ +ng, t €
{1,...,s =1} and k = ny + --- + ny, and let « be a complex representation of
the group Ugp(ny + -+ 4+ ny). Then the following product formula holds

L(G(nl, cooyng),ch(a(§ @@ Et)))
=L(G(k,n — k), ch(a(vk))) x L(G(n,...,n¢)) x L(G(nys1, - .. ,ns)).

3. Twisted signatures of Grassmannians

Before starting the computations a lemma is stated, which will be used later,
and which may be proved by induction.

LeMMA 3.1. Let S, denote the symmetric group of n elements, and let k €
{1,...,n}. Then the sum > (—1)7M++o(k) oper all elements o € S, such that
o(l)<o(2)<---<o(k)ando(k+1) <--- < o(n) is equal to

(_1)k(k+l)/2( [g] [z] [%] >’
2

when k(n — k) =0 mod 2, and 0 otherwise.

In the following computations we use the unified notation as in Section 2.
We write k for ny, and n — k for ng, and v instead of &;. For F = C let z €
{7k, A¥y;}, and for F € {H,R} let z € {vx, a1 (&)}, where a; is the element of
R(Sp(k)) resp. R(O(2k)), such that the restriction of a1 (v ) to the fibre over the

fixed point P(c) is an element of R(S') with character [] (g9 + g~ ).
1<k<k

Using the notation b; = g%, when F = C, and b; = g% +¢g~%, when F € {H, R},
the restriction of z to the fibre over P(0) is Xxo(9) = bo(1) + -+ + bo(k) TESP.
Xo(9) = bo(1) - - -bok). The character I'(g) for the computation of the twisted
signature L(G(n,n — k), ch(z™)), with m € {0, 1}, has the form

bO' bO’H
Mg) =Y xolgm ] et

1<k<k bU(/\) - ba(ﬂ)
E+l<i<n

_ 4 Z W(U) (9)™ H (bo(n) + bo(r)) X

1<k<k
k+1<A<n

< JI Gooy =bew)) T o) = bote)s

1<k<A<k k+1<r<A<n

where V' = |b9,b}, ..., b '|;=1. ., is the Vandermonde determinant with lines

b, ..., 00t and W(o) = #{(i,j): 1<i<k, k+1<j<n, o(i)>o(j)}
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As before the sum is over the elements o € S,, such that (1) < 0(2) < --- < a(k)
and o(k+1) < --- < o(n). The expression I'(g) may be written as

(—1)k(E=1)/2

v SDEDYOxo (@™ T oy = (“bae)) X

g 1<r<k
k+1<A<n
X H (7b0()\) - (7ba(}€))) H (bU(A) — bd(n))
1Sk<Ask k+1<r<A<n
(—1)k(k=1)/2 - .
N m Xo(9)™ signo - sign p x
0,pESn
H-1 k)—1pp(k+1)—1 (n)—1
X (=bo ()" (Zbo) " TG T b0

(71)k(k+1)/2

. . m 1)—-1 n)—1
T VE(n— k) > (=)0t sign o - sign p - xo(g) bi((l)) b;’((n)) ,

o,pESy
For m = 0 this expression becomes.

(_1)k(k+1)/2

I'(g) = F(n— ). Z (f1)9(1)+.,.+p(k)_

PESn
For m =1 and x5(g9) = by(1) - - - bo(k), the expression becomes

r (-2 1)P(D)++p(k)
@) =V am =) ,,; (=1) %

X signp}bf(l), cee bf(k),bf(k+l)_l, .. .,bf(n)_1|

i=1,....,n"

The determinant with lines bf(l), o ,bf(k) , bf(k+l)_l, o ,bf(n)_l does not vanish
only if p(k+1),...,p(n) € {1,...,n—k}and p(1),...,p(k) € {n—k+1,...,n},

and therefore

n—k—1 n—k+1 n
-abi 7bi 7---7bi |’i:17-~-7"

k(n—k) |b’(L)7 s
F(g) = (_1) |b0 bn—1|'_1

For x4(9) = bo(1) + -+ + by(r) and m = 1 we have

(_1)k(k+l)/2 k
= R o 2 (D sign
{n — .

J=1pESn
« |bf(l)_l, o bf(j_l)_l, bf(j), bf(j+l)_1, o bip(")_1|

['(g)

i=1,....,n"
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The last determinant does not vanish only if p(j) = n. This means that in this
case

k(kﬂwi Z ()+-+ (k)| 0 pl 2 |
I'(g) = % PR [0 BY . b2
Vk:' (n—k)! — =
p()=n
n+k(k+1)/2 0 n—2 1n
_ (71) TR/ Z (_1)p(1)+-»-+p(k—1) |bi>'--7bi 7b7; |
(k=Dln—k)! &= 109, ... b0t

In all expressions the determinant in the numerator is a generalized Vander-
monde determinant and the quotient is a polynomial in the b;. The value in
by =1,i=1,...,n, is known by a theorem of Mitchell [13], see also [5].
When s; < --- < s, are non-negative integers, then

S1 S
lim b;*, ..., 0% S\ — Sk
biseenbn—1 B9, ... bI 11 A=k
v ? 1<k<A<n

Computing the limits ¢ — 1, this means b; — 1 for all ¢ resp. b; — 2 for all ¢,
we get the following result for the Grassmannians.

ProrosITION 3.1.

(i) For all three types of Grassmannians G(k,n — k) the signature is given by
the formula

signature G(k,n — k) = ([%] E}%B

when k(n — k) =0 mod 2, and signature G(k,n — k) = 0 otherwise.

(ii) For the complex Grassmannians the following equalities hold
L(Ge(k,n — k), ch(A*y)) = (Z)
for all k and n, and
52+ 254
L(Gc(k,n —k),ch(v)) =n b1 ,

when (k—1)(n—k) =0 mod 2, and L(G(k,n—k), ch(v)) = 0 otherwise.
(i) For G(k,n—k) € {Gu(k,n — k), Gr(2k,2n — 2k)} one has the equalities

LGk n = B chlan () = (-1 002 ()
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for all k and n, where oy denotes the element of R(S') introduced in Sec-
tion 2, and

LS n—k
L<G<k,n—k>,chm>>=<—1>"+kzn([ 7+ 1>,

5]

when (k—1)(n—k) =0 mod 2, and L(G(k,n—k), ch(v)) = 0 otherwise.
In the case of real Grassmann manifolds, ch(vy) in the formula means
Chern character of the complezified bundle v, @ C.

4. Stable span of flag manifolds

With regard to the application of twisted signatures to find upper bounds
for the stable span, one would like to find those twisted signatures, which have
a minimal power of 2 in their decomposition in prime numbers. Having this
intention in mind, we compute some twisted signatures of flag manifolds.

PROPOSITION 4.1.

(i)

(iii)
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When at most one of the integers ny,...,ns is odd, then
[5]!
signature G(nq,...,ns) = ﬁ,
EIINES
where n. = ny + -+ - + ng, otherwise is signature G(nq,...,ns) = 0.
When the number of odd integers of ny,...,ns is equal to 2, then assume

that n1 and ng are odd, and let «(F) =1 for F = C, and o(F) = 2, for
F e {H,R}. Then

[5]!
Let ny,...,ns be as in (ii). Using the notation zy = A" & in the complex

case, and z1 = «a1(&1) as defined in Section 2 for the real and quaternionic
flag manifolds, the following equation holds

L(G(n,...,ny),ch(&r)) = £200)

L(G(ny, ..., ny),ch(z1)) = £2°6) ( n > e

m ) TR (5

where n =ny +---+ng, and S(F) =0, when F = C, and B(F) = ny, when
F e {H,R}.



TWISTED SIGNATURES OF FLAG MANIFOLDS

The result for the signature is well known. When the signature does not
vanish, then the best upper bounds for the stable span which one may obtain
with the results of the proposition are obtained by the signature. When the
signature vanishes, we use in the case of complex flag manifolds formula (iii)
to establish upper bounds for stablespan. For any integer ¢ the symbol «(q)
denotes the number of ones in the dyadic expansion of q.

COROLLARY 1. For the positive integers ny,...,ng let j = a(ny)+- -+ a(ng) —
a(ny + -+ ns).

(1) When at most one of the n; is odd, then stablespan G(n1,...,ns) < a;; for
all three types of flag manifolds.

(ii) When at most two of the integers ny,...,ns are odd, then
stable span G¢(nq,...,ns) < 2j.

In the case of real and quaternionic flag manifolds formula (ii) of the preceding
proposition is used to find upper bounds for stable span.

COROLLARY 2. Let G(nq,...,ns) € {Gr(2n1,...,2ns),Gu(n1,...,ns)}, where
the number of odd integers in ny,...,ng is two, and let j = 1+ a(ny) + ...
+a(ns) —a(ny + - +ny).

(i) For the real flag manifolds is stable span Gr(2n1,...,2n,) < a;.
(i) For the quaternionic flag manifolds is stablespan Gu(ni,...,ns) < b;.

Remark 1. All assertions of the corollaries, which were obtained by using the
signature, were well known. More results were obtained by using Stiefel-Whitney
classes (see e.g. [8] for more details).
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