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ABSTRACT. The structure of groups with finitely many non-normal subgroups
is well known. In this paper, groups are investigated with finitely many conjugacy
classes of non-normal subgroups with a given property. In particular, it is proved
that a locally soluble group with finitely many non-trivial conjugacy classes of
non-abelian subgroups has finite commutator subgroup. This result generalizes a
theorem by Romalis and Sesekin on groups in which every non-abelian subgroup
is normal.

©2008
Mathematical Institute
Slovak Academy of Sciences

1. Introduction

In a famous paper of 1955, B. H. Neumann [9] proved that each subgroup
of a group G has finitely many conjugates if and only if the centre Z(G) has
finite index, and the same conclusion holds if the restriction is imposed only
to conjugacy classes of abelian subgroups (see [6]). This result suggests that
the behaviour of conjugacy classes of subgroups with a given property could
have a strong influence on the structure of the group. More recently, groups
with finitely many conjugacy classes of subgroups with a given property x have
been considered (see for instance [2] and [15]); of course, groups of this type
contain only finitely many normal subgroups with the property x. The aim of
this paper is to study groups with finitely many non-trivial conjugacy classes of
x-subgroups, i.e. groups in which non-normal subgroups with the property x
lie into finitely many conjugacy classes. It has been proved in [2] that locally
soluble groups with finitely many conjugacy classes of non-normal subgroups
actually have only finitely many non-normal subgroups, and such groups have
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been completely described in [8]. Our first theorem deals with the structure of
groups with finitely many conjugacy classes of abelian non-normal subgroups.

THEOREM A. An infinite locally soluble group G has finitely many non-trivial
conjugacy classes of abelian subgroups if and only if either G has finitely many
non-normal subgroups or G = (g, A), where A is a non-periodic abelian normal
subgroup, AJ/A? and A[2] are finite, g> € A and a = a~! for all a € A.

A group G is called metahamiltonian if every non-abelian subgroup of G is
normal. Metahamiltonian groups were introduced and investigated by
G.M.Romalisand N.F.Sesekin ([12], [13], [14]; see also [5]), who proved
that locally soluble metahamiltonian groups have finite commutator subgroup.
Our next theorem improves the main result of Romalis and Sesekin in the
following way.

THEOREM B. Let G be a locally (soluble-by-finite) group with finitely many
non-trivial conjugacy classes of non-abelian subgroups. Then the commutator
subgroup G' of G is finite.

COROLLARY B.1. Let G be a locally (soluble-by-finite) group with finitely many
non-trivial conjugacy classes of non-abelian subgroups. Then G contains only
finitely many subgroups which are neither abelian nor normal.

Groups in which every subgroup is either locally nilpotent or normal have
been considered by B. Bruno and R. E. Phillips [3], who proved that
locally soluble groups with such a property either are locally nilpotent or have
finite commutator subgroup; however, the structure of locally nilpotent groups
whose non-normal subgroups are nilpotent is not known, and it could be quite
complicated. In the case of groups with finitely many conjugacy classes of sub-
groups which are neither locally nilpotent nor normal, we have the following
result.

THEOREM C. Let G be a locally (soluble-by-finite) group with finitely many non-
trivial conjugacy classes of non-(locally nilpotent) subgroups. Then either G is
locally milpotent or its commutator subgroup G’ is finite.

The consideration of Tarski groups (i.e. infinite simple groups whose proper
non-trivial subgroups have prime order) shows that in all these situations some
(generalized) solubility condition must be required.

Most of our notation is standard and can be found in [11].
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2. Proof of Theorem A

Our first lemma deals with the case of periodic groups with finitely many
conjugacy classes of abelian non-normal subgroups.

LeEMMA 2.1. Let G be a locally finite group with finitely many non-trivial con-
Jugacy classes of abelian subgroups. Then G has finitely many non-normal sub-
groups.

Proof. Clearly, it can be assumed that G is infinite. Then there exists a
positive integer m such that every finite abelian subgroup of G with order larger
than m is normal. In particular, all infinite abelian subgroups of G are normal,
and hence G is either a Cernikov group or a Dedekind group. Suppose that
G is a Cernikov group, and let N be the subgroup generated by all elements
with order at most m. Every subgroup of G which is not contained in NV can be
generated by elements of order larger than m and hence it is normal in G. As
N is finite, it follows that G has only finitely many non-normal subgroups. [

LEMMA 2.2. Let the group G = (g) x A be the semidirect product of an abelian
normal subgroup A and a cyclic subgroup {(g), where g> = 1 and a9 = a~* for

alla € A. If u and v are elements of A, the products gu and gv are conjugate if
and only if uA? = vA2.

Proof. If a is any element of A, we have

1
a

(gv)?* = ailvga = (gv)vi
and so gu and gv lie in the same conjugacy class of G if and only if there exists
w € A such that gu = (gv)™. On the other hand,

(gv)¥ = wgvw = gow?

and hence gu and gv are conjugate if and only if u = vw? for some w € A, i.e.
if and only if uA? = vA2. [

Proof of Theorem A. Suppose first that G has finitely many non-trivial
conjugacy classes of abelian subgroups, but that G has infinitely many non-
normal subgroups. It follows from Lemma 2.1 that G is not periodic; moreover,
it can obviously be assumed that G is not abelian. Let A be the Fitting subgroup
of G. Clearly, the factor group G/A has finitely many conjugacy classes of cyclic
subgroups, so that G/A has only finitely many normal subgroups and hence
it is finite, of order m, say. Assume that G contains an element z of infinite
order such that () is not normal, and put y = 2™. There exist distinct prime
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numbers p and ¢ such that (zP) and (z9) are conjugate subgroups of G, so that
also the subgroups (y?) and (y9) are conjugate and hence y9 belongs to (y?)<.
On the other hand, the coset y(y?)¢ has order exactly p (see [1, Lemma 3.2.1]),
and this contradiction shows that all infinite cyclic subgroups of G are normal.
It follows that A is abelian and so Cg(A) = A. Then G/A is isomorphic to a
group of power automorphisms of A, so that |G/A| = 2 and hence G = (g, A),
where g2 € A and a? = a~! for all a € A; in particular, g* = 1. As ¢% € Z(G),
the factor group G' = G/(g?) has finitely many conjugacy classes of cyclic non-
normal subgroups. Therefore A/A? is finite by Lemma 2.2, and so also A/A? is
finite. Clearly, A[2] < Z(G) and for each element a of A[2] the abelian subgroup
(g, a) is not normal in G. It follows that there exists a finite subset {aq,...,a:}
of A[2] such that A[2] is contained in (g, a1, ..., a:), and hence A[2] is finite.
Conversely, suppose that G = (g, A) has the required structure, and let X be
any abelian non-normal subgroup of G. Obviously, X is not contained in A and
so X = (¢°u, X N A), where ¢ = +1 and u € A; moreover, X N A is centralized
by ¢ and so it is contained in A[2]. Put G = G/{g?). As A/A’ is finite, it
follows from Lemma 2.2 that the elements ga, with a € A, lie into finitely many
conjugacy classes [gai],...,[ga:]. On the other hand, g°u = gu and so there
exists an element h € G such that g°u = (ga;)"z for some i = 1,...,¢ and
z € {1,¢%}. Then X = (ga;z, X N A)" and hence G has finitely many non-trivial
conjugacy classes of abelian subgroups. O

3. Proof of Theorems B and C

Also in this section we begin with the case of locally finite groups.

LeEMMA 3.1. Let X be a subgroup closed group class, and let G be a locally finite
group with finitely many non-trivial conjugacy classes of subgroups which are not
locally X. Then either G is locally X or its commutator subgroup G’ is finite.

Proof. Suppose that the group G is not locally X, and let {X7,..., X} be a set
of representatives of conjugacy classes of finite non-normal subgroups of G which
are not in X. Then X = (Xj,...,X;) is a finite subgroup of GG, and of course
it can be assumed that X is properly contained in GG. Consider an element g of
G\ X, and put N = (X, g). Let H be any finite subgroup of G containing N.
Clearly, H does not belong to X; moreover, H cannot be conjugate to any X;

and hence it is normal in G. Therefore N is a finite normal subgroup of G and
G/N is a Dedekind group, so that G’ is finite. O
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Recall that the finite residual of a group G is the intersection of all (normal)
subgroups of finite index of G, and G is residually finite if its finite residual is
trivial.

LEMMA 3.2. Let G be a group with finitely many non-trivial conjugacy classes
of non-(locally nilpotent) subgroups, and let H be a residually finite normal sub-
group of G. Then H is a finite extension of a locally nilpotent subgroup.

Proof. Assume for a contradiction that H is not (locally nilpotent)-by-finite,
and let m be the largest index of subgroups of finite index of H which are not
normal in G. As H is infinite, it contains a subgroup K of finite index n > m.
Then all subgroups of finite index of K are normal in G; in particular v3(K)
is contained in the finite residual of K, so that v3(K) = {1} and K is nilpo-
tent. This contradiction shows that H is a finite extension of a locally nilpotent
subgroup. O

In our proof we will also need the following result of D. 1. Zaicev, for a proof
of which we refer to [1, Lemma 4.6.3].

LeEMMA 3.3. Let G be a group locally satisfying the mazximal condition on sub-
groups. If X is a subgroup of G such that X9 < X for some element g of G,
then X9 = X.

If G is any group, we shall denote by ps(G) the soluble radical of G, i.e. the
subgroup generated by all soluble normal subgroups of G. In particular, when
G is soluble-by-finite, ps(G) is a soluble subgroup of finite index.

Proof of Theorem C. Assume for a contradiction that G is neither locally
nilpotent nor finite-by-abelian, and let E be a finitely generated non-nilpotent
subgroup of G. Let {X1,..., X} be a set of representatives of conjugacy classes
of finitely generated subgroups of G which are neither nilpotent nor normal.
Consider the largest integer m among the derived lengths of the soluble radicals
of X1,..., X, and let n be the maximum of the set

{IX1: ps (X)), 1K 2 pe (X))

Suppose first that G contains a finitely generated subgroup L such that either
pe((E, L)) has derived length larger than m or

(E, L) : ps((E, L)) > n.

Then every finitely generated subgroup of G containing (F, L) must be normal,
so that G/(F, L) is a Dedekind group and in particular G is soluble-by-finite. As-
sume now that for each finitely subgroup U of G the derived length of ps ((E, U))
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is at most m and
(E.U) : pa((E.U))] < n.

Let V be any finitely generated subgroup of G™. Clearly, there exists a finitely
generated subgroup W of G such that

V<W" < (E,W)" < ps((E,W)),

so that V is soluble with derived length at most m and hence G" itself is a
soluble group. Therefore in any case G is soluble-by-(locally finite).

Among all counterexamples choose one G for which there exists a soluble nor-
mal subgroup N with minimal derived length such that G/N is locally finite. By
Lemma 3.1 the subgroup NV is not abelian; if A is the smallest non-trivial term of
the derived series of N, we have that the factor group G/A is either locally nilpo-
tent or finite-by-abelian. In particular, G is abelian-by-(locally nilpotent)-by-
finite, and hence all its finitely generated subgroups are residually finite (see [11,
Part 2, Theorem 9.51]). It follows from Lemma 3.2 that every finitely generated
normal subgroup of G is nilpotent-by-finite and so satisfies the maximal condi-
tion on subgroups. Let H be any normal subgroup of G which does not locally
satisfy the maximal condition on subgroups, and let K be a finitely generated
subgroup of H which does not satisfy the maximal condition. If h € H, the
finitely generated subgroup (h, K) is neither nilpotent nor normal in G, so that
it is conjugate to some X; and hence (h, K)¢ = X&. Thus

H={hK)°|heH)=X7. X"

for some subset {iq,...,45} of {1,...,¢}. Since there are only finitely many con-
jugacy classes of subgroups of G which are neither locally nilpotent nor normal,
it follows that G has only finitely many conjugacy classes of subgroups which do
not have locally the maximal condition, and so G must satisfy locally the max-
imal condition (see [7, Proposition 3.3]). Application of Lemma 3.3 yields now
that G satisfies the minimal condition on subgroups which are neither locally
nilpotent nor normal, so that either G is a Cernikov group or all non-normal
subgroups of G are locally nilpotent (see [10, Theorem B(iii)]). It follows from
Lemma 3.1 and from [3, Theorem B] that G is either locally nilpotent or finite-
by-abelian, and this contradiction completes the proof of the theorem. (I

Theorem B can now be obtained as an easy consequence of Theorem C.
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Proof of Theorem B. By Theorem C we may suppose that the group G is
locally nilpotent, so that in particular it follows from Lemma 3.3 that G satisfies
the minimal condition on non-abelian non-normal subgroups. Thus G is either
a Cernikov group or metahamiltonian (see [10, Theorem B(iv)]), and hence G’
is finite because Lemma 3.1 shows that the statement is true for locally finite
groups. O

Proof of Corollary B.1. The commutator subgroup G’ of G is finite by
Theorem B, so that in particular every finitely generated subgroup of G has only
finitely many conjugates. It follows that all but finitely many finitely generated
non-abelian subgroup of G are normal. On the other hand, if X is any non-
abelian subgroup of G and F is a finitely generated non-abelian subgroup of X,
then either X is normal in G or

X ={(z,BE) |z € X\ X¢).

Therefore G contains only finitely many non-abelian subgroups which are not
normal. (I
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