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ABSTRACT. Let K/Q be a cyclic tamely ramified extension of degree 6, then
any ambiguous ideal of K has a normal basis.
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In the present paper we will prove that any ambiguous ideal of cyclic algebraic
field with squarefree conductor m of degree 6 over the rationals Q has a normal
basis.

First we recall some general properties of ambiguous ideals according to
Ullom [2]. Let K/F be a Galois extension of algebraic number field F' with
Galois group G, let Zg (resp. Zp) be the ring of integers of K (resp. F)).

DEFINITION. An ideal U (possibly fractional) of K is G-ambiguous or simply
ambiguous if U is invariant under the action of the Galois group G.

Let B be a prime ideal of F' whose decomposition into prime ideals in K is

PLr = (p1-p2---py)°
Let U(*PB) = p1p2...py. It is known that

e U(P) is ambiguous and the set of the all ¥(P) with P prime in F, is a
free basis for the group of ambiguous ideals of K

e An ambiguous ideal U of K may be written in the form Up T, where T is
an ideal of F' and

Uo = T(P1)% ... U(Py), 0<a; <ey,
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where e; > 1 is the ramification index of a prime ideal of K dividing 3;. The
ideal U determines Up and T uniquely. The ambiguous ideal Up is called a
primitive ambiguous ideal. By [2, Remark 1.7] for K/Q the problem of showing
that an ambiguous ideal of K has a normal basis is reduced to the corresponding
problem for primitive ambiguous ideals.

Ullom [2, Corollary 1.2] showed that Trx,p(U) = UNF for K/F is tamely
ramified. Consequently, if F' is a Galois extension of Q and ideal U of K has a
normal basis over the rational integers Z then U N F' has a normal basis over Z.

We will prove the following theorem:

THEOREM 1. Let K/Q be a cyclic tamely ramified extension of degree 6, then
any ambiguous ideal of K has a normal basis.

First we will prove the following lemma:

LEMMA 1. Let K be cyclic extension of rationals with [K : Q] =6 and
K C Q(¢p) with prime p, then any ambiguous ideal of Zxk has a normal basis.

Proof. Let o € Zqy(c,) then it could be expressed as a = a; + a2 (s + a3 Cg +
as (3 + a5 (¢ +ae (3, with a; € Z, i = 1,2,...,6.
Since relations among (g and (3 are
CG = _C?%v C62 = C37 C63 = _17
Cg = C?%v C65 = _C37 Cg = 17

one can rewrite a as

a = a;—ax(s+azls—as+asC +ag (s

= (a1 —a4) + (a3 — ag) (3 + (a5 — az) (3.
Denote by A, the circulant matrix of the element « coefficients, i.e.

ap az a3 a4 G5 ag
ag a1 G2 a3 G4 Gas
as G a1 G2 a3 QG4
a4 as Gag a1 G2 ag
as a4 a5 G a1 a2
az a3 a4 a5 G a1

Also denote by X following unimodular matrix

100000
001000
000010

X=1170010 0
001001
010010
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The matrix A, is similar to the block matrix

Aa, block = X Aa Xil

a]; — a4 a3z — ag a5 — A aq ag as

as — a2 a1 —aq agz — ag a9 (o7} ae

. as —ag a5 —az a1 — a4 ag a9 a4
o 0 0 0 ay+aqg a3z-+ag a5+ a2
0 0 0 as+azx ay+as a3+ ag
0 0 0 as+as as+az aj+aq

A” | B,
Aa,block = ( Oa A ) . (1)

e

Note that each of blocks is circulant and, because of the zero matrix block,
the determinant of A, depends only on blocks A} and A . Particularly is

|Aa| = |Aa,block‘ = |A$| IA;‘

Let v € Q((3), be of the form v = ¢; + c2 (3 + ¢3 (2, with ¢; + ca + c3 = +1,
then such element + is representable by circulant matrix A, = circs(cy, c2,c3),
and its determinant is

’A7| = (Cl +co + 03) (Cl +co C3 +c3 C?%) (01 +co C?? +c3 C3)
= FNg(c)/e(r):

Consider now element v with norm equal to p, such element exists in Q((3)
for all p. It is easy to see that if we replace A% by A, and A by the identity
matrix, then the resulting matrix will have determinant p as we demanded.

This together with form of blocks in (1) yields the following system of linear
equations

a; — a4 = cy, ay +aq =1,
az — ag = Ca, az +ag = 0,
as — az = C3, as +az =0,
with solutions
14+ —c3 Co
ap = P as = P asz = —, (2)
2 2 2
1—¢ c3 —Co
Ay = as = — ag = ——.
2’ 2’ 2

From this it follows directly that in order to get solutions from Z the coefficient

3

c¢1 has to be odd and ¢, ¢3 even. Because we demanded ) ¢; = +1 we are forced
i=1

to have odd number of odd coefficients in expression of -, but determinant of

circg(2k + 1,214+ 1,2m + 1) equals to 4z with z € Z and hence could not be

prime, so exactly one of ¢; is odd. We may always assume c¢; to be odd one,
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since in case of ¢y resp. c3 one could multiply such 7 by (3 resp. (3 and get v
with ¢; odd.

This way we obtained element a; € Q((s)
ap = a1+a2C6+a3Cg+G4Cg+a5Cg+a6Cg
1+a 01 3 —C2
= + 52 G+ 2 G+ G+r5 G+ G
1+ 1—qc Co c3
( > 9 >+<§‘T> <3+(5‘—> G

2
= c+tealztesli=x

The element oy matrix A,, = circg(ai,as,...,as) could be also obtained
from the matrix identity

A, =X"1'8;X

(A, C
Sl - ( 0 E ) )
with blocks A is the circulant matrix representing «y, 0 is the zero matrix, E is

the unit matrix and C; = circz((1 — ¢1)/2, —c3/2, —¢2/2) = 3(E — A,).
Interchanging the roles of A, and E we obtain

- (3)

(A, — E), which is yielding matrix

where

with block Cy = %

A, =X"18X
and henceforth element as € Q((g)

14+¢ 1+Cl

c3 Co
oy = 5 —C6+ Cﬁ —— @+ —C§+—C65

- () (g D e (3 an

Note that we get elements v and 1 from Q((3), but this time via a; resp. ag
6

as elements Q((s), so obviously for both ay, as the sum Y a; = £1 and fur-
i=1

thermore determinants of A,,, A,, are equal to p.

Let us now recall some facts proven in the article of Ullom [2], namely that
if K is subfield of Q((,) with degree [K : Q] = [, and (II) is ideal with normal
basis generated by element 1 — (,, then ideal (7) = (II) N K has normal basis

generated by Troc,)/x (1 — (p)-
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By [1], normal basis of the ideal (7*) could be transformed to the normal basis
of (mt+1), for t = 1,2,...,1, by circulant matrix circ;(c1, ca, ..., c;_1), where ¢;
!

are such that > ¢; = 1 and
i=1

INgoler +caQ+--+a Cll_l)\ = p, (3)
c1+cogt +---+cl(gt)l_1 = 0 (mod p) (4)

with g = a%7 where a is such a positive integer that the automorphism

o Cp— (s
restricted to the field K is nontrivial.

Let v = ¢1 +ca (3+c3 (2 be such that it satisfies these conditions for g = as
with suitable a, especially that the congruence (4) holds. We shall prove that
for elements o, ap the same is true.

Let us consider g = a5 with a as above. It is easy to see, that

9*=1 (mod p), §*>=-1 (mod p),

g=3*> (mod p), 3®=1 (mod p),

and as an easy consequence of that —§ = g2 (mod p).
Now we are in position to solve congruences

a1 + a2 §° + a3 (7°)? + aa (§%)° + a5 (§%)* + a6 (7)° =0 (mod p). (5)

But using the relations among ¢ and g, together with fact that a; depend on
¢; as a solutions of equations above, we get tables with dependence of k solving
congruences (5) and solution ¢ of congruence (4).

k=1|lci+c2d?>—c3§g = c1+cagt+ezg? (modp) |t=1
k=2 1 = 1 (mod p)
k=3 €1+ ca+cs = 1 (mod p)
k=4 1 = 1 (mod p)
k=5ci—cag+c3gd? = c1+c2g’>+eczg (modp) |t=2
k=1 1 = 1 (mod p)
k=21ci—cag+c3gd? = c1+c2g’+cz3g (modp) |t=2
k=3 1 = 1 (mod p)
k=4|lci+c2d?—c3§g = c1+cagt+ezg? (modp) |t=1
k=5 1 = 1 (mod p)
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This way we obtained solutions of (5) for ¥k = 1,2,4,5, i.e. two for each
solution of (4). Particularly from this tables it is easy to see that if congruence
corresponding to +y is solved by t, then the congruence corresponding to « has
solutions k =t (mod 3).

Since one could get only two solutions from each « and «/, it is impossible to
obtain the solution with k = 3 same way as those for k = 1,2,4, 5.

To get such solution construct now following circulant matrix

. p—1 p—1p-1 p-1p-1 p-1
Aj = — +1,- — — .
3 CH'C6< 6 +7 6 ) 6 ) 6 ) 6 ) 6 )
The determinant of Aj is equal to p and
_1 _1"’3 _1 ~3\2
p=1_ ,_ -5 @-D@)
6 6
_@—1ﬂff%_@—1ﬂff__@—1ﬂff _
6 6 6
p—1 p—1 p—-1 p—-1 p—-1 p—1
— +1 = 0 d
5 +1+ 5 + 5 + 5 + G + 5 (mod p)

Thus we have five circulant matrices A1, As, A3, A4, A5 which transform nor-
mal basis of ambiguous ideals, i.e.

(m) 2 (1) 25 (n%) 2% (xt) B (1) B (),
and the lemma is proved. O

LEMMA 2. Let K be as in Theorem 1 with squarefree conductor m = p1ps - - ps,
where p; is a prime for i = 1,2,...,s. Let Q C L, C Q({p,), [Lp, : Q] = 6.
Then

KcQ%r
i=1

Proof. The proof is by the same way as the proof of [1, Lemma 2| for field
extension of prime degree .

G(Q(Cm)/VLpi> ~Hy xHyx--xHy=H
i=1

with
H;, C (Z/p;Z)* for i=1,2...,s
and the index
(Z/p:iZ)" : H;] = 6.

Clearly H = [(Z/mZ)*]%. Let G = G(Q({m)/K). It is sufficient to show that
H C G. Let z € (Z/mZ)*. The order of the group (Z/mZ)*/G equals 6 and so
2% € G. Thus we have H C G. O
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Proof of the Theorem 1. By Lemma 1, any ambiguous ideal of Ly, , i =
1,2,...,s, has a normal basis. By [2, Proposition 1.8], any ambiguous ideal of
S

\V L,, has a normal basis and so by [2, Corollary 1.2], any ideal of K has a
i=1

normal basis. This proves Theorem 1. O

Ezample. We shall illustrate the above results in field K C Q((13) with [K : Q]
= 6. By Ullom [2, Corollary 1.2], a normal basis of ideal II C Z[(i3] is

generated by element 1 — (13 and hence the normal basis of ideal m C Zg is

generated by Troc,,)/x (1 — Ci3) =2 — (i3 — (13-

Since a = 2 is primitive root modulo p = 13, we have got
p=1 12 - p=1 12
g=a 3 =23 =16, g=a 8 =26 =4,

Element v =1—2(3+ 2(3 € Q({3) is represented by circulant matrix A., =
circs(1, —2,2) and has norm equal to 13 and sum of its coefficients 1, henceforth
it satisfies condition of [1].

It is easy to find that solutions of (4) are

1-2g+2¢*> = 1-2-1642-256
= 481=0 (mod 13),
14+2¢°-2(¢%)? = 1+2-256—2-65536

= —130559=0 (mod 13),

where the second equalities are obtained from element v/ = 1+ 23 — 2(3 i.e.
conjugate of v. From this we see that matrix circz(1, —2,2) transforms basis of
ideal II to the basis of TI? and circz(1,2, —2) transforms basis of I12 to the basis
of II3.

Using the methods described above one could obtain this five elements of
Q(¢s) and henceforth transformating circulant matrices. They are written in
following tables, with indices such that «; resp. A; transforms normal basis of
7’ to the normal basis of ideal m***.

a1 =1—-1¢—1¢G+1¢+1¢ A, = circg(1,—1,-1,0,1,1)
ar=1—-1¢+1¢G -1 +1¢ Ay = circg(1,-1,1,0,—1,1)
a3 =3—-2(C+2C -2 +2¢ —2¢ | Az = circg(3,-2,2,-2,2, -2)
ag=1+1¢—1¢+1¢—1¢ A, = cireg(1,1,-1,0,1,-1)
as=1+1¢+1¢G-1¢—-1¢ Aj = circg(1,1,1,0, -1, —1)

TABLE 1. Elements a; and transformation matrices

Thus we get following table of ideals together with generators of their normal
bases
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Ideal Normal basis generator
(m) 2~ (i3 — ({3
(%) 2~ (i3 +Cf5 — (P +Cis — (s
—Gi5 +Gis — Gis + ¢ — iy
(%) 2— i3 +2¢75 —2(
—GiE 2005 —2¢]y
(%) 2-3GC3+4(F5 200 — 205 +2(7s

—3 ¢35 +4G5 — 268 —2¢05 +2¢Hs
(%) 2 —TCis +5Cf5 — (s +Cils — 2(P5 + 3%
—TCE +5G5 — G + s — 25 + 3 (3
(%) | 211Gz +2(F5 + 2 (5 + 25 + 275 +2(F;
—11GE + 2G5 + 268 +2C0 +2¢0 +2(];
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