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A NOTE ON NORMAL BASES OF IDEALS
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ABSTRACT. Let K/Q be a cyclic tamely ramified extension of degree 6, then
any ambiguous ideal of K has a normal basis.
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In the present paper we will prove that any ambiguous ideal of cyclic algebraic
field with squarefree conductor m of degree 6 over the rationals Q has a normal
basis.

First we recall some general properties of ambiguous ideals according to
U l l o m [2]. Let K/F be a Galois extension of algebraic number field F with
Galois group G, let ZK (resp. ZF ) be the ring of integers of K (resp. F ).

����������� An ideal U (possibly fractional) of K is G-ambiguous or simply
ambiguous if U is invariant under the action of the Galois group G.

Let P be a prime ideal of F whose decomposition into prime ideals in K is

PZK = (p1 · p2 · · · pg)e.

Let Ψ(P) = p1p2 . . . pg. It is known that

• Ψ(P) is ambiguous and the set of the all Ψ(P) with P prime in F , is a
free basis for the group of ambiguous ideals of K

• An ambiguous ideal U of K may be written in the form UO T, where T is
an ideal of F and

UO = Ψ(P1)a1 . . . Ψ(Pt)at , 0 < ai ≤ ei,
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where ei > 1 is the ramification index of a prime ideal of K dividing Pi. The
ideal U determines UO and T uniquely. The ambiguous ideal UO is called a
primitive ambiguous ideal. By [2, Remark 1.7] for K/Q the problem of showing
that an ambiguous ideal of K has a normal basis is reduced to the corresponding
problem for primitive ambiguous ideals.

U l l o m [2, Corollary 1.2] showed that TrK/F (U ) = U ∩F for K/F is tamely
ramified. Consequently, if F is a Galois extension of Q and ideal U of K has a
normal basis over the rational integers Z then U ∩ F has a normal basis over Z.

We will prove the following theorem:

�	��
�� 1� Let K/Q be a cyclic tamely ramified extension of degree 6, then
any ambiguous ideal of K has a normal basis.

First we will prove the following lemma:

����
 1� Let K be cyclic extension of rationals with [K : Q] = 6 and
K ⊆ Q(ζp) with prime p, then any ambiguous ideal of ZK has a normal basis.

P r o o f. Let α ∈ ZQ(ζ3) then it could be expressed as α = a1 + a2 ζ6 + a3 ζ2
6 +

a4 ζ3
6 + a5 ζ4

6 + a6 ζ5
6 , with ai ∈ Z, i = 1, 2, . . . , 6.

Since relations among ζ6 and ζ3 are

ζ6 = −ζ2
3 , ζ2

6 = ζ3, ζ3
6 = −1,

ζ4
6 = ζ2

3 , ζ5
6 = −ζ3, ζ6

6 = 1,

one can rewrite α as

α = a1 − a2 ζ2
3 + a3 ζ3 − a4 + a5 ζ2

3 + a6 ζ3

= (a1 − a4) + (a3 − a6) ζ3 + (a5 − a2) ζ2
3 .

Denote by Aα the circulant matrix of the element α coefficients, i.e.

Aα =

⎛
⎜⎜⎜⎜⎝

a1 a2 a3 a4 a5 a6

a6 a1 a2 a3 a4 a5

a5 a6 a1 a2 a3 a4

a4 a5 a6 a1 a2 a3

a3 a4 a5 a6 a1 a2

a2 a3 a4 a5 a6 a1

⎞
⎟⎟⎟⎟⎠ .

Also denote by X following unimodular matrix

X =

⎛
⎜⎜⎜⎜⎝

1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0
1 0 0 1 0 0
0 0 1 0 0 1
0 1 0 0 1 0

⎞
⎟⎟⎟⎟⎠ .
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The matrix Aα is similar to the block matrix

Aα, block = XAα X−1

=

⎛
⎜⎜⎜⎜⎜⎝

a1 − a4 a3 − a6 a5 − a2 a4 a6 a2

a5 − a2 a1 − a4 a3 − a6 a2 a4 a6

a3 − a6 a5 − a2 a1 − a4 a6 a2 a4

0 0 0 a1 + a4 a3 + a6 a5 + a2

0 0 0 a5 + a2 a1 + a4 a3 + a6

0 0 0 a3 + a6 a5 + a2 a1 + a4

⎞
⎟⎟⎟⎟⎟⎠

Aα, block =
(

A−
α Bα

0 A+
α

)
. (1)

Note that each of blocks is circulant and, because of the zero matrix block,
the determinant of Aα depends only on blocks A+

α and A−
α . Particularly is

|Aα| = |Aα, block| = |A+
α | |A−

α |.
Let γ ∈ Q(ζ3), be of the form γ = c1 + c2 ζ3 + c3 ζ2

3 , with c1 + c2 + c3 = ±1,
then such element γ is representable by circulant matrix Aγ = circ3(c1, c2, c3),
and its determinant is

|Aγ | = (c1 + c2 + c3) (c1 + c2 ζ3 + c3 ζ2
3 ) (c1 + c2 ζ2

3 + c3 ζ3)
= ±NQ(ζ3)/Q(γ).

Consider now element γ with norm equal to p, such element exists in Q(ζ3)
for all p. It is easy to see that if we replace A+

α by Aγ and A−
α by the identity

matrix, then the resulting matrix will have determinant p as we demanded.
This together with form of blocks in (1) yields the following system of linear

equations

a1 − a4 = c1, a1 + a4 = 1,

a3 − a6 = c2, a3 + a6 = 0,

a5 − a2 = c3, a5 + a2 = 0,

with solutions

a1 =
1 + c1

2
, a2 =

−c3

2
, a3 =

c2

2
, (2)

a4 =
1 − c1

2
, a5 =

c3

2
, a6 =

−c2

2
.

From this it follows directly that in order to get solutions from Z the coefficient

c1 has to be odd and c2, c3 even. Because we demanded
3∑

i=1
ci = ±1 we are forced

to have odd number of odd coefficients in expression of γ, but determinant of
circ3(2 k + 1, 2 l + 1, 2 m + 1) equals to 4 z with z ∈ Z and hence could not be
prime, so exactly one of ci is odd. We may always assume c1 to be odd one,
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since in case of c2 resp. c3 one could multiply such γ̃ by ζ3 resp. ζ2
3 and get γ

with c1 odd.
This way we obtained element α1 ∈ Q(ζ6)

α1 = a1 + a2 ζ6 + a3 ζ2
6 + a4 ζ3

6 + a5 ζ4
6 + a6 ζ5

6

=
1 + c1

2
+

−c3

2
ζ6 +

c2

2
ζ2
6 +

1 − c1

2
ζ3
6 +

c3

2
ζ4
6 +

−c2

2
ζ5
6

=
(

1 + c1

2
− 1 − c1

2

)
+

(
c2

2
− −c2

2

)
ζ3 +

(
c3

2
− −c3

2

)
ζ2
3

= c1 + c2 ζ3 + c3 ζ2
3 = γ

The element α1 matrix Aα1 = circ6(a1, a2, . . . , a6) could be also obtained
from the matrix identity

Aα1 = X−1 S1 X,

where

S1 =
(

Aγ C1

0 E

)
,

with blocks Aγ is the circulant matrix representing γ, 0 is the zero matrix, E is
the unit matrix and C1 = circ3((1 − c1)/2,−c3/2,−c2/2) = 1

2 (E−Aγ).
Interchanging the roles of Aγ and E we obtain

S2 =
(

E C2

0 Aγ

)

with block C2 = 1
2 (Aγ −E), which is yielding matrix

Aα2 = X−1 S2 X,

and henceforth element α2 ∈ Q(ζ6)

α2 =
1 + c1

2
+

c3

2
ζ6 +

c2

2
ζ2
6 +

−1 + c1

2
ζ3
6 +

c3

2
ζ4
6 +

c2

2
ζ5
6

=
(

1 + c1

2
− −1 + c1

2

)
+

(c2

2
− c2

2

)
ζ3 +

(c3

2
− c3

2

)
ζ2
3 = 1.

Note that we get elements γ and 1 from Q(ζ3), but this time via α1 resp. α2

as elements Q(ζ6), so obviously for both α1, α2 the sum
6∑

i=1
ai = ±1 and fur-

thermore determinants of Aα1 , Aα2 are equal to p.
Let us now recall some facts proven in the article of U l l o m [2], namely that

if K is subfield of Q(ζp) with degree [K : Q] = l, and (Π) is ideal with normal
basis generated by element 1 − ζp, then ideal (π) = (Π) ∩ K has normal basis
generated by TrQ(ζp)/K(1 − ζp).
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By [1], normal basis of the ideal (πt) could be transformed to the normal basis
of (πt+1), for t = 1, 2, . . . , l, by circulant matrix circl(c1, c2, . . . , cl−1), where ci

are such that
l∑

i=1

ci = ±1 and

|NK/Q(c1 + c2 ζl + · · · + cl ζ
l−1
l )| = p, (3)

c1 + c2 gt + · · · + cl(gt)l−1 ≡ 0 (mod p) (4)

with g = a
p−1

l , where a is such a positive integer that the automorphism

σ : ζp �−→ ζa
p ,

restricted to the field K is nontrivial.
Let γ = c1 +c2 ζ3 +c3 ζ2

3 be such that it satisfies these conditions for g = a
p−1
3

with suitable a, especially that the congruence (4) holds. We shall prove that
for elements α1, α2 the same is true.

Let us consider g̃ = a
p−1
6 with a as above. It is easy to see, that

g3 ≡ 1 (mod p), g̃3 ≡ −1 (mod p),
g ≡ g̃2 (mod p), g̃6 ≡ 1 (mod p),

and as an easy consequence of that −g̃ ≡ g2 (mod p).
Now we are in position to solve congruences

a1 + a2 g̃k + a3 (g̃k)2 + a4 (g̃k)3 + a5 (g̃k)4 + a6 (g̃k)5 ≡ 0 (mod p). (5)

But using the relations among g and g̃, together with fact that ai depend on
cj as a solutions of equations above, we get tables with dependence of k solving
congruences (5) and solution t of congruence (4).

k = 1 c1 + c2 g̃2 − c3 g̃ ≡ c1 + c2 g + c3 g2 (mod p) t = 1

k = 2 1 ≡ 1 (mod p)

k = 3 c1 + c2 + c3 ≡ 1 (mod p)

k = 4 1 ≡ 1 (mod p)

k = 5 c1 − c2 g̃ + c3 g̃2 ≡ c1 + c2 g2 + c3 g (mod p) t = 2

k = 1 1 ≡ 1 (mod p)

k = 2 c1 − c2 g̃ + c3 g̃2 ≡ c1 + c2 g2 + c3 g (mod p) t = 2

k = 3 1 ≡ 1 (mod p)

k = 4 c1 + c2 g̃2 − c3 g̃ ≡ c1 + c2 g + c3 g2 (mod p) t = 1

k = 5 1 ≡ 1 (mod p)
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This way we obtained solutions of (5) for k = 1, 2, 4, 5, i.e. two for each
solution of (4). Particularly from this tables it is easy to see that if congruence
corresponding to γ is solved by t, then the congruence corresponding to α has
solutions k ≡ t (mod 3).

Since one could get only two solutions from each γ and γ′, it is impossible to
obtain the solution with k = 3 same way as those for k = 1, 2, 4, 5.

To get such solution construct now following circulant matrix

A3 = circ6

(
p − 1

6
+ 1,−p − 1

6
,
p − 1

6
,−p − 1

6
,
p − 1

6
,−p − 1

6

)
.

The determinant of A3 is equal to p and

p − 1
6

+ 1 − (p − 1)g̃3

6
+

(p − 1)(g̃3)2

6

− (p − 1)(g̃3)3

6
+

(p − 1)(g̃3)4

6
− (p − 1)(g̃3)5

6
=

p − 1
6

+ 1 +
p − 1

6
+

p − 1
6

+
p − 1

6
+

p − 1
6

+
p − 1

6
≡ 0 (mod p)

Thus we have five circulant matrices A1,A2,A3,A4,A5 which transform nor-
mal basis of ambiguous ideals, i.e.

(π) A1−→ (π2) A2−→ (π3) A3−→ (π4) A4−→ (π5) A5−→ (π6),

and the lemma is proved. �

����
 2� Let K be as in Theorem 1 with squarefree conductor m = p1 p2 · · · ps,
where pi is a prime for i = 1, 2, . . . , s. Let Q ⊂ Lpi

⊂ Q(ζpi
), [Lpi

: Q] = 6.
Then

K ⊂
s∨

i=1

Lpi
.

P r o o f. The proof is by the same way as the proof of [1, Lemma 2] for field
extension of prime degree l.

G
(
Q(ζm)/

s∨
i=1

Lpi

) ∼= H1 × H2 × · · · × Hs = H

with
Hi ⊂ (Z/piZ)∗ for i = 1, 2 . . . , s

and the index
[(Z/piZ)∗ : Hi] = 6.

Clearly H = [(Z/mZ)∗]6. Let G = G(Q(ζm)/K). It is sufficient to show that
H ⊂ G. Let x ∈ (Z/mZ)∗. The order of the group (Z/mZ)∗/G equals 6 and so
x6 ∈ G. Thus we have H ⊂ G. �
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P r o o f o f t h e T h e o r e m 1. By Lemma 1, any ambiguous ideal of Lpi
, i =

1, 2, . . . , s, has a normal basis. By [2, Proposition 1.8], any ambiguous ideal of
s∨

i=1

Lpi
has a normal basis and so by [2, Corollary 1.2], any ideal of K has a

normal basis. This proves Theorem 1. �
Example. We shall illustrate the above results in field K ⊂ Q(ζ13) with [K : Q]
= 6. By U l l o m [2, Corollary 1.2], a normal basis of ideal Π ⊂ Z[ζ13] is
generated by element 1 − ζ13 and hence the normal basis of ideal π ⊂ ZK is
generated by TrQ(ζ13)/K(1 − ζ13) = 2 − ζ13 − ζ12

13 .
Since a = 2 is primitive root modulo p = 13, we have got

g = a
p−1
3 = 2

12
3 = 16, g̃ = a

p−1
6 = 2

12
6 = 4.

Element γ = 1 − 2 ζ3 + 2 ζ2
3 ∈ Q(ζ3) is represented by circulant matrix Aγ =

circ3(1,−2, 2) and has norm equal to 13 and sum of its coefficients 1, henceforth
it satisfies condition of [1].

It is easy to find that solutions of (4) are

1 − 2 g + 2 g2 = 1 − 2 · 16 + 2 · 256
= 481 ≡ 0 (mod 13),

1 + 2 g2 − 2 (g2)2 = 1 + 2 · 256 − 2 · 65536
= −130559 ≡ 0 (mod 13),

where the second equalities are obtained from element γ′ = 1 + 2 ζ3 − 2 ζ2
3 i.e.

conjugate of γ. From this we see that matrix circ3(1,−2, 2) transforms basis of
ideal Π to the basis of Π2 and circ3(1, 2,−2) transforms basis of Π2 to the basis
of Π3.

Using the methods described above one could obtain this five elements of
Q(ζ6) and henceforth transformating circulant matrices. They are written in
following tables, with indices such that αi resp. Ai transforms normal basis of
πi to the normal basis of ideal πi+1.

α1 = 1 − 1 ζ6 − 1 ζ2
6 + 1 ζ4

6 + 1 ζ5
6 A1 = circ6(1,−1,−1, 0, 1, 1)

α2 = 1 − 1 ζ6 + 1 ζ2
6 − 1 ζ4

6 + 1 ζ5
6 A2 = circ6(1,−1, 1, 0,−1, 1)

α3 = 3 − 2 ζ6 + 2 ζ2
6 − 2 ζ3

6 + 2 ζ4
6 − 2 ζ5

6 A3 = circ6(3,−2, 2,−2, 2,−2)

α4 = 1 + 1 ζ6 − 1 ζ2
6 + 1 ζ4

6 − 1 ζ5
6 A4 = circ6(1, 1,−1, 0, 1,−1)

α5 = 1 + 1 ζ6 + 1 ζ2
6 − 1 ζ4

6 − 1 ζ5
6 A5 = circ6(1, 1, 1, 0,−1,−1)

Table 1. Elements αi and transformation matrices

Thus we get following table of ideals together with generators of their normal
bases
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Ideal Normal basis generator

(π) 2 − ζ13 − ζ12
13

(π2) 2 − ζ13 + ζ2
13 − ζ3

13 + ζ4
13 − ζ6

13

−ζ12
13 + ζ11

13 − ζ10
13 + ζ9

13 − ζ7
13

(π3) 2 − ζ13 + 2 ζ2
13 − 2 ζ6

13

−ζ12
13 + 2 ζ11

13 − 2 ζ7
13

(π4) 2 − 3ζ13 + 4 ζ2
13 − 2 ζ3

13 − 2 ζ4
13 + 2 ζ5

13

−3 ζ12
13 + 4 ζ11

13 − 2 ζ10
13 − 2 ζ9

13 + 2 ζ8
13

(π5) 2 − 7ζ13 + 5 ζ2
13 − ζ3

13 + ζ4
13 − 2 ζ5

13 + 3 ζ6
13

−7 ζ12
13 + 5 ζ11

13 − ζ10
13 + ζ9

13 − 2 ζ8
13 + 3 ζ7

13

(π6) 2 − 11 ζ13 + 2 ζ2
13 + 2 ζ3

13 + 2 ζ4
13 + 2 ζ5

13 + 2 ζ6
13

−11 ζ12
13 + 2 ζ11

13 + 2 ζ10
13 + 2 ζ9

13 + 2 ζ8
13 + 2 ζ7

13
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