versii I\/\%’ihemoﬁco
ovaca

DOI: 10.2478/s12175-007-0059-7
Math. Slovaca 58 (2008), No. 1, 115-126

ON ONE TWOEPOCH LINEAR MODEL
WITH THE NUISANCE PARAMETERS
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ABSTRACT. The optimum linear estimators of the useful mean value param-
eters within a linear regression model with the stable and variable parameters
and with the nuisance parameters are derived including their characteristics of
accuracy. Some verification of theoretical results is presented.
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1. Motivation and notations

The theory of the linear regression models is one of the established statistical
disciplines and it may seem that nearly all has been investigated there. But this
is valid only for the simplest structures of the linear models. In practice we need
to solve more and more complicated problems and investigation of corresponding
structures of the models is at the beginning. The formulas are quite complicated
there, but easy programmable and it enables us to get the estimators of unknown
parameters in the linear models.

The estimation procedures in the certain multiepoch (and specially twoepoch)
linear regression models with the nuisance parameters and its application in
geodesy and microeconomics were described in [3, Chapter 9] and [2]. We now
propose to deal with another type of the models that occur in many fields, for
instance in microeconomics, medicine, geography and others.

In this paper we derive optimum estimators and their confidence intervals
of the useful mean value within a linear twoepoch model with the stable and
variable (nonstable) parameters. The data are also affected by influence which
can be involved to a linear model and thus our model includes the parameters
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called nuisance, which are estimable from results of the measurement. The
subject of an investigation are changes of the useful parameters in the single
epochs and their characteristics of accuracy.

Sometimes the dimension of the useful mean value parameter is essentially
smaller than that one of the nuisance parameter. In connection with this fact
the problem occurs how to determine the optimum estimators of the useful
parameters and their accuracy without evaluating in each epoch the large vector
of the nuisance parameters. At the same time, the total number of parameters
does not have to be necessarily in a hundred or in a thousand, the ratio of
numbers of the useful and nuisance parameters can be also the reason for our
work. In this case, the question why we should estimate parameters that we
do not need for the conclusion of an experiment is an interesting phenomenon
worth investigating.

Let us describe an example from medicine. A patient with mild lasting hyper-
tensis is hospitalized, two times in some longer time period, with an illness that
isn’t connected to the hypertensis but it is necessary to lower the blood pressure
during the treatment. Doctor’s assumption is that the trend of decrease of the
pressure after application of a medicine and the constant pressure (with some
periodic noise) in the time before both the hospitalizations are typical for the
patient. The doctor wants to know the efficiency of the medicine, i.e. how the
pressure decreases per hour after application of the medicine, including both
the hospitalizations. It is known that the pressure changes with 24-hour and
16-hour periods. Values of parameters of functions which describe these peri-
ods are variable. So if we suppose that the pressure, after application of the
medicine, lowers linearly with some periodic noise, we will investigate the linear
trend for both the hospitalizations together and the periods separately. Thus
the linear term parameter is the useful stable parameter (in expression of the
entire linear model modelling the situation), the absolute term parameter is the
nuisance stable parameter and the periods parameters are nonstable and nui-
sance also. It is necessary to stress that the linear term parameter changes its
value after interruption to serve the medicine from the negative to the positive
one and this parameter moves into zero value after some time period.

The result of the measurement at the i¢th time point in the first epoch could
be described as

Y1, = Btii + k£ + 111 cos Aty + 112 sin Aj1ti; + 113 cos Aoty + 014 sin Aiati; + €14,
i=1,...,n1, and
Yo, = Bta; + K+ m21 cos Aarta; + 122 Sin Ag1ta; + 12g €OS Aaata; + 124 SIn Aaata; + €24,

i =1,...,n9, in the second epoch Ai1, A12A21 and Aoy are known from peri-
odogram, see [7, p. 92] or are determined expertly). Here 8t;; + k describes the
linear trend and

116



ON ONE TWOEPOCH LINEAR MODEL WITH THE NUISANCE PARAMETERS
751 COS )\jltji + N2 sin )\jltji + 753 COS )\jgtji + Nja sin )\jgtji, j = 1, 2,

the period terms in the first and second epoch, respectively.

Let us consider the observation vector Y = (Y/,Y5)". The model described
above could be rewritten in the form

B
Y Xy S Z 0 K €
1 _ 1 1 1 n 1 7 (1)
Y2 XQ SQ 0 Z2 U €2
Up
where
Xl = (tlla"'7t1n1)/7 XQZ (t217"'7t2n2)/7
ni-times no-times
— —
Si=1,...,1) =1,,, Sa=01,...,1) =1,,,
cosAi1t11 sinAqity; cos Aiatip  sin Aiotig
Zl = . . . . ?
COS /\11t1n1 sin )\11t1n1 COS )\12t1n1 sin )\12t1n1
COS )\21t21 sin )\211521 COS )\227521 sin )\221521
22 . . . . ?
COS /\21t2n2 sin )\21t2n2 COS )\22t2n2 sin )\22t2n2
B=03, K=~k M =(m1.Mm2m3,m4), My = (121,722,723, 724)"-

The matrices X1, Xo, S1, So,Z1,Zs are known, the vector 3 is a vector of the
useful stable parameters, k is a vector of the nuisance stable parameters and n
is a vector of the nuisance variable parameters.

We can observe, that the ratio of numbers of the useful and nuisance param-
eters here is 1:9. So even in this basic situation (the trend can be complicated
and with more periods), the number of the nuisance parameters is 9x higher
than the number of the useful parameters. See an example at the end of the

paper.
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The following notation will be used throughout the paper:

Rn

u, A

A’ r(A)

A (A), Ker(A)
A-

A+

Pa

My=1I-Py4
I

Om,n

1

u

ugl - %)

Xr

xr(1—a)

If #(A) C .#(S),

the space of all n-dimensional real vectors;

the real column vector, the real matrix;

the transpose, the rank of the matrix A;

the range, the null space of the matrix A;

a generalized inverse of a matrix A (satisfying
AATA=A);

the Moore-Penrose generalized inverse of a matrix
A (satisfying AATA =A, ATAAT = AT,
(AAT)Y = AAT (ATA)Y = ATA);

the orthogonal projector onto .#(A) (in Euclidean
sense);

the orthogonal projector onto .#*(A) = Ker(A');
the k£ x k identity matrix;

the m x n null matrix;

=(1,...,1) €R¥

random variable with normalized normal distribution;
(1 — $)-quantile of normalized normal distribution;
random variable with chi squared distribution
with r degrees of freedom;

(1 — a)-quantile of chi squared distribution with r
degrees of freedom.

S positive semidefinite (p.s.d.), then the symbol P denotes

the projector projecting vectors in .#(S) onto .#(A) along .#(SA™). A general
representation of all such projectors P¥ is given by A(A’STA)"A’'S™ +B(I-SS7),

where B is arbitrary,

(see [5, (2.14)]). M3 =I1-P% .

LEMMA 1. Inverse of partitioned p.d. matrix

18 equal to

Qll Q12
Q21 Q22
Q31 Q32

Qu
= -C'B'Qu
~E~'D'Qu
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where

Qi =(A-BC'B'-DE'D’)"L.

Proof. See [2, Lemma 2]. O

2. Best linear unbiased estimators

Let us consider the linear model (1), called the twoepoch model with the stable
useful parameters and with the stable and nonstable nuisance parameters, where

e (Y!,Y}5) is an (n; + ng)-dimensional random observation vector after the
second epoch of measurement,

B € RF is a vector of the useful stable parameters, the same in both epochs,

e Kk € R? is a vector of the nuisance stable parameters, the same in both
epochs,

e n = (n},n,) € R* is a vector of the nuisance nonstable parameters in
first and second epoch of measurement,

e X, X5 are ny X k, ng X k design matrices belonging to the vector 3,
e S, S, are ny X s, ng X s design matrices belonging to the vector k,
e 7, is a n; X t; design matrix belonging to the vector n,,

e 7, is a ng X ty design matrix belonging to the vector n,.
We suppose that

1. VB € R* VK € R®,Vn, € R, Vn, € R¥2;
E(Y1) = XLB + SlK, + Z1’I’)1, E(Yg) = X2,6 + SQK, + ZQ"?Q;

) Y.\l (= o
. var Y, = 0o, )
3. the matrix X, is not a function of the vector (3',’,n})" for i = 1,2.
: 21 0 . X1 Sl Zl 0
If the matrix ( 0 3, ) is p.d. and r X, Sy 0 Zy
t1 + ta < n1 + ng, the model is said to be regular (see [3, p. 13]).

The described model arises by sequential realizations of the linear partial
regression models,

=k+s+

B
Y, = (Xl, Sl,Zl) K + &1, VaI‘(Yl) =3 (2)

m
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and

B8
Yo =(X2,82,Z2) | Kk | +e2, var(Ya)= X, (3)

Up)

representing the model of the measurement within the first and second epoch,
respectively.

THEOREM 1. The BLUE, i.e. the best linear unbiased estimator, of the param-
eters 3, k, n;, 1 = 1,2, in the single first and second epoch modeled by (2) and
(3), respectively, is

B = s MY o e
RO = (siEIME s TsE MY (v - XA,
70 = (@327 ZE Y - XB Y - 8iRY),

where

-1

B, My =% -8 Z(22'2) 7 Zis, i=1,2
The variance matriz of the useful vector parameter estimator B(Z) equals
—1

O Vgt

~ (7 -1
BORENG >RV 8 V S S

var(3

Proof. See [2, Theorem 3] with W; instead of S;, i = 1,2. The expression of
variance matrix can be obtained in a standard way. O

NOTATION 1. The model (1) can be rewritten as

Y—(W,Z)<ﬁ>+e, (4)

v — Y, W= X, Cz- S, Z; O 7
Y, X SQ 0 Z>
by 0
V-(K’), s—<€1> and 2—var(Y)—< ! ),
n €2 0 22

so we get the linear model with nuisance parameters.

where
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PROPOSITION 1. In the regular model (2) the BLUE of the parameter (3, v')’

18 glven as

~ = 1,51
v My

( B ) ( (WET'MZ W) 'W's~'M3 )Y )
- o ,
(Z’x7'2)"'Z2's "My,

Proof. See [4, Theorem 1]. O

THEOREM 2. In the regular model (1) the BLUEs of the parameters 3, k, 1y,

n, are given as
~ -1 -1 -1
B = [XiZT'My! X, +X55;'M? X, — (X{Z7'My,! S,
X2 M2 S S'ETIME X, 4 8,3 M X))
+X53; M2 S2)Qu(S137 My Xi+ 858, M2 Xo)]7 x
x [XIS7'MZ Y1+ X535 M2 Y, — (X2 'My! S,
X535 M2 S5)Qui (812 M, Yy + 8535 M2 Ya)),

Ro= QuiSISTIME Y+ 808 MY Y, — (813 IMD X
+5555, "M} X)B)

mo= (Zi37'Z) 72N (Y - X B - SiR),

Ny = (lezz_le)_lzézz_lﬁQ—XQE'—SQQ),

—1 -1
where Qi1 = (S{S7'M! S; +S4%; M2 S,) L.

Proof. With respect to Notation 1, it is convenient to use Proposition 1 to

prove the asserted theorem. In getting
»TIME =l oxlzze 'z s !
we have to invert
SIS +8,351S, S 'Z, SLE,'Z,

7Y 17 = 7Z/27'S, VAR A 0
7,358, 0 7,357,
using Lemma 1. Thus
L1 Qll Q12 Q13
(Z2'Z)7"= | Qu Qa2 Qs |,
Q31 Q32 Q33
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where
Qu = (S${Z7'M S + 843, MY Sy) ),
Qi = —-QuS\='Z(Z\27'Z)7Y,
Qiz = —QuSLE;'Z2(Z0%5"'Z:) 70,
Qn = —(Z\%'Z))7'Z12'81Qu,
Qe = (Z'37'Z) '+ (Z2)27'2,)7'2,27'8,Q1,8/ 217, x
X (Zh27120) 7,
Qs = (Z\X7'Z1) ' Z/57'S1QuiSH %S 2o (2535 ' Zy)
Qs = —(Z5%;'Zy) ' 2535 '8:Qun,
Qs = (Z5)%;'Z,)7'Z,3518,Q1,8, 2121 (Z/ 21 Z,) 7,
Qszs = (Z435'Z:) 1 4+ (24251 Z9) 125325 1S:Q1185 35 1 Zo x

x (24,251 Z5) 7L

. D D
Consequently 271M§ = ( 1 12 ) with

D21 Do
_ st _ =t _ »!
Dy = Z7'My' —X7'M; $1QuS|ET M,
ST ik PR
D, = -3 le S1Q115:%, M22 )
_ =t _ =t
Dy = —35;'M;2 $,QuSiZ M, ,
Dy, = %;'M,? —37'M;? $,Q118,%; M2

and the estimation of the useful parameter B is the result of an obvious and
simple calculations. To obtain the BLUEs of the nuisance parameters &, 1, 15
it is sufficient to show that

Qu Qi Qs S
ZS'Z)'Z2 ' = | Qu Qun Qus zizrt 0
Q31 Qsz2 Qss 0 Zy3; "
Ri1 Raio
= Ra1 Raox |,
Rs1 Raso
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where

Ry = Q1ls/12flM2517

R = QllsézglMggl’

Ry = (Z,57'2) (2037 - Z,57'8,Qu S 5 M),

Ry = —(Z§2f1Z1)71Z/1217151Q118/22271M251’

Ry = —(2,5;'2:)'255,'8,Qui S, "M

Riy = (2,%;'Z) (2,5, - 255,'9,Qu8, 8, 'M? ),
and

ME My vy —wws M W) WMy Y

_ Y, B X1 )§:: 3{1——}(1§
Y, X, Y, -Xo8 )

Remark 1. Regarding that 3, and X, are supposed to be positive definite, we
can write (see [3, p. 441, Lemma 10.1.35))

0

1
STIMy = B0 - ST'Z0(Z8712) T2 = (Mg, BM )T
-1
BIM2 = By - B51Z(2535 1 2,) 125 = (M, BMy,) T
respectively.

THEOREM 3. Let the vector (Y,Y5)" in the reqgular model (1) be normally dis-
tributed. Then the BLUE of the useful vector parameter 3 is normally distributed
vector ,@ ~ N (8, V&I‘(B)), where

var(8) = X/ E7M, X + X555 M2 Xo — (X(S7IM! S,
—1 -1 —1
+ X537 M2 S0)Qui(SISTIM! Xy + 8535 M2 Xo)] !
and Q11 is the matrixz from the proof of Theorem 2.

Proof. The assertion is a consequence of the fact that 3 is a linear transform
of the normally distributed random vector (Y7, Y5)". O
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LEMMA 2. The confidence intervals for the single useful parameters 3 =

(B1,...,0k) are
F—a(Bi) = <Z3\Z —u (1 — %) \/ €, Var(ﬁ)ei,@ +u (1 - %) e var(ﬁ)ei >,
i=1,...,k, i.e
(vj:lv"'ak)(P[ﬁiEﬂl—a(ﬂi)]zl_a)v
whereei:(0,...,O,i_1th,0,...,0)’forallz':1,...,k.

Proof. It is obvious. O

3. Numerical example

Let us introduce now an illustrative example of the theory presented above.
The efficiency of a drug against hypertensis on a patient during two hospital-
izations (I and II) is checked. The pressure is everyhour measured for 48 hours

(i.e. n; = ng = n = 48) after giving the medicine with results
Y, = (158, 160, 157, 154, 154, 152, 147, 137, 134, 122, 119, 118
119, 115, 123, 123, 133, 134, 135, 133, 139, 144, 142, 141
144, 141, 141, 142, 142, 141, 139, 136, 130, 123, 120, 120
122, 113, 108, 108, 110, 114, 117, 120, 119, 127, 130, 135)’
during I and
Y, = (153,158, 158, 153, 157, 148, 138, 132, 127, 122, 117, 119
124, 124, 121, 125, 129, 127, 139, 145, 141, 147, 139, 136
136, 129, 135, 134, 134, 136, 134, 135, 134, 129, 127, 129
118, 118, 111, 111, 109, 121, 122, 111, 120, 130, 131, 144)’

during the hospitalization II. It is expertly known that A\;; = o1 = g—z and Ao =
Aog = %. Let us remark, that these data were obtained from the simulations,

given by
Yi; = —4i4 140 4 9cos 25i + 12sin 2%i + 3 cos 377 + 4sin 2Ti + 4,
in the first epoch (I) and
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Ya; = —4i 4140 4 8cos 25i + 11sin 2%i + 4 cos 277 + 5sin 2% + e,

in the second epoch (II), i =1,...,n.

We suppose that the elements of the variance matrices 31, 35 of the random
vectors €1, eo fulfil the relations {31};; = R1(1 — j), {Z2}ij = Ra(i — j), 4,5 =
1,...,n, for the covariance functions R;(k) = 9e=* and Ry (k) = 16e~**, where
k=0,...,n— 1, respectively. In practice, the estimation of parameters o2 and

277 is not so easy (see [7] and [1]) and

~ of the covariance function R(t) = o
requires a little bit practice. In some cases, it is sufficient to use the variance
matrix 0?1 instead of X, {¥};; = R(i—j), i,j = 1,...,n. Here, for the simplicity
of verification of the results, we will suppose that the values of the functions Ry,
Rs> were known.

Then, using the model described in Section 1 and Theorem 2, the estimated
parameter B = —0.3302. This is the only useful parameter for us and expresses
that the pressure decreases, utilizing the information from the hospitalizations
I and II, approximately 0.33 mmHg per hour.

The other useful information is (1 — a)-confidence interval of 3 (Corollary
1). Tt tells us, in case of normality, that the probability of covering of the
parameter 3 equals 1 — «, so describes the accuracy of the estimation B Here,
var(f) = 0.0012 (Theorem 3) and choosing a = 0.1 and a = 0.05, we get the
0.90-confidence interval .# 90(5;) = (—0.3870, —0.2735) (u(0.95) = 1.64485)
and the 0.95-confidence interval % g5(5;) = (—0.3979, —0.2626) (u(0.975) =
1.95996), respectively (we suppose that the random vectors Y; and Yo are

normally distributed).
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