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CARATHEODORY OUTER MEASURE ON IF-SETS

ALZBETA MICHALIKOVA

(Communicated by Pavel Kostyrko)

ABSTRACT. In this paper an outer measure on IF-sets is studied as a mapping
to the set of all compact subintervals of the unit interval. We characterize the
properties of the outer measure by the help of the properties of functions given
by the edges of the intervals. Then there are defined measurable elements and
there is proved that the family of measurable elements is a lattice. Finally the
outer measure induced by a measure is constructed.
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1. Introduction

We shall consider the set % = {(fa,94): fa,ga: Q2 — (0,1), fa+ga <1}
as a partially ordered set with the ordering

A= (fa,94) <B=(fB,98) <= fa < [fB, 94> 9B.

With respect to this ordering, .% is a lattice with the operations
(fa,94)V (fB,98) = (faV fB.94 N gB)

(fa,94) N(fB,98) = (fa N fB,9aV gB)
and the least element (0, 1) and the greatest element (1,0). In the paper [6] there
have been introduced the binary operations +, — on R x R by the formulas:
A+B = (fa,94) + (fB,98) = (fa+ fB, ga+ 95— 1)

A;B = (fAng) — (vagB) = (fA - fBa gAa — gB + 1)
It is not difficult to prove that (R x R,<,+) is a lattice ordered group and
F CA{(fa,94) 2 (0,1) < (fa,94) < (1,0)}.
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There are also defined Lukasiewicz operations on %
A@ B = (angA) 2] (vagB) = (fA S¥ f37 ga ®gB)

A®B=(fa,94) © (f,9B) = (fa® fB, 9a ® gB)
where

fa® fe=(fa+ fB)N], fa0fe=(fa+fs—1)VO.

In Section 2 we show that an outer measure A* on IF-sets can be expressed by
two fuzzy events and we show their properties. Using this expression there is
proved that the measurable elements form a lattice. In Section 3 the notion
of a (finitely additive) measure is introduced and the induced outer measure is
constructed. As a corollary a measure extension theorem is formulated. Similar
results have been achieved in [3] and [4].

2. Carathéodory outer measure

Remark 2.1. Since outer measure we consider is a function from .% to the set
Z of all compact subintervals of (0, 1), we recall that

{a,b) + (¢,d) = (a+ ¢,b+d)
and
(a,by < {c,d) <= a<c and b<d.

DEFINITION 2.2. Let .% be a set of IF-sets. By an outer measure we mean a
function \*: # — ¢ satisfying the following conditions:

L A*((0,1)) = (0,0) = {0};

2. A((1,0)) = (1,1) = {1}

3. if A®© B=(0,1), then \*(A® B) < A\*(A) + \*(B);

4. if A C B, then A\*(A) < A\*(B).
THEOREM 2.3. Let \*: .F — # be expressed as \*((f,9)) = (u*(f),1—v*(9)),
where p*, v* are defined on the set of all functions from Q to (0,1) with values

in the closed interval (0,1). Then \* is an outer measure if and only if p*,v*
satisfy the following properties:

1. 4*(0) = 0;

2. (1) =1;

3. if fa® fp =0, then p*(fa ® fB) < w*(fa) + 0 (fB);
4. if fa < fp, then pu*(fa) < p*(fB);

5. v*(0) =0;
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6. v*(1) =1;

7. ifga®gp =1, thenv*(ga © gg) > v*(g9a) + v*(g9B) — 1;

8. if ga < gB, then v*(ga) < v*(gB)-
Remark 2.4. Let A® B = (0,1); then fa © fg = (fa+ fe—1) V0 =0, ie.
fa+fe<land fa® fg=fa+ fpandalso gas ®gp=(9a+gp)AN1=1,1e.
ga+gp—1>0and ga ©gp =ga+gp — 1.

Therefore condition 3. can be written as:
fa+fe <1l = p(fa+fB) <p (fa)+u"(fB)

and condition 7.:
ga+gp—1>0 = v*(ga+gp —1) > v*(9a) +v"(g9B) — 1.

Proof.

=: Let A*((0,1)) = (0,0); then A*(0,1) = (1*(0),1 —v*(1)) = (0,0) there-
fore *(0) = 0 and v*(1) = 1.

Let A*((1,0)) = (1,1); then A\*(1,0) = (u*(1),1 — v*(0)) = (1, 1), therefore
u*(1) =1 and v*(0) =0

Let A©B=1(0,1) (ie. fa+fp<landgsa+gp—1>0)and \'(A¢ B) <
A*(A) + A*(B); then

N(fa+ [, ga+gB —1) <A (fa,94) + XN (fB.9B),

therefore

(W (fa+fB),1=v*(9ga+gs—1)) < (W' (fa),1—v"(ga)) + " (fB), 1 —v"(9B))
and
pw(fa+ fB) < (fa) + 1" (fB)
v'(ga+gp —1) >v*(g9a) +v*(gB) — L.
Let AC B = A\*(A) < \*(B).
Let fa < fp. Put A= (fa,1— fa), B=(fp,1— fB). Then A C B, hence
w(fa) < ' (fB)-

Similarly, if g4 < gp, define C = (1 —gp,98), D = (1 — ga,ga). Then again
C C D hence

v (9B) <v7(ga)-
<=: Let p*(0) = 0 and v*(1) = 1; then

A*((0,1)) = (u7(0),1 = v*(1)) = (0,0) = {0}.
Let p*(1) = 1 and v*(0) = 0; then
A((1,0)) = (u*(1),1 = v7(0)) = (1,1) = {1}
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Let p*(fa+ fB) < p*(fa) + w*(fB), fa+ fp < 1 and v*(9a + g — 1) 2
v*(ga) +v*(9p) — 1, ga + g — 1 > 0; then

N(A® B)=X(fa+ fB, ga+gB—1)
= (fa+ fB),1=v"(9a+ g —1))
< (W' (fa) + 1" (fB), 1 —v*(9a) + 1 —v"(gB))
= (W (fa), 1 =v"(ga)) + (1" (fB),1 —v*(gB)) = A" (A) + A\*(B)
and A® B = (0,1).
Let fa < fp = w*(fa) < p*(fp) and ga < gp = v*(94) < v*(9B);
then if fa < fp, ga > gp (i.e. A C B), then
AN(A) = (u*(fa), 1 —v*(g9a)) < (" (fB),1 —v"(gB)) = \*(B).
U

DEFINITION 2.5. Let \*: .% — _Z be an outer measure. An element A € .7 is
called measurable if

N(H) = N(HANA) + X (H=-(H A A)).
for each H € .#.

Remark 2.6. In the following operations, A and V take precedence over the

operations +, —; thus (H—H A A) denotes (H—(H A A)).

THEOREM 2.7. An element A = (fa,ga) is measurable if and only if for each
H = (fu,gm) there hold

W (fu) =p (fu N fa) + " (fu — fa A fa)
and

v(gg) =v*(gu vV ga) + v (9gg —gua V ga+1) — 1.

Proof.
=—: Let A,H € .%. Then

N(H) =X (fu,9u) = (p* (fu), 1 —v*(gn)).

And
N(HANA) +X(H-HAA)
=N(fa N fa,ga Vv ga) + X ((fu,918) — (fa A fa, 95V ga))
=N(fa AN fa,gaVga) + XN (fu—fa N fa,gg —guVga+1)
=" (fa N fa),1—v"(gu Vga))
+(u (fag — fa N fa), 1 —=v"(gg —gr V ga +1)).
Since

N(H) =X (HANA)+ N (H=-(H N\ A)),
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therefore
p(fu) = p*(fu A fa) + " (fu — fu A fa)
and
vi(gu) = v (g V ga) + v (gn —gu V ga+1) -1
<= Let
w(fu) =" (fu N fa) + 0" (fa = fa A fa),
v'(ga) =v (gu vV ga) + v (9gg —gu V ga +1) — 1,
A (frg9) = W (f),1—=v"(g))
Then

N(H) =X (fa,91) = (0 (fr), 1 —v"(gm))
=W (fuNfa)+ " (fa— fa A fa),1— V" (gr V ga)
+v* gy —ga Vga+1)—1))
=W (fua N fa) + " (fu — fa N fa),1=v*(gu V ga)
+1—=v"(gr — gV ga+1))
= (fa A fa),1—v* (g V ga))
+{p* (fa — fa N fa), 1 —v*(gg —gr V ga+1))
=XN(faNfa,ga VvV ga) + XN (fa — fa N fa,ga —gu V ga)
— AT(H A A)+ N (H(H A A)),
]

Remark 2.8. If equation u*(fi) = p*(fa A fa)+u*(fa — fa A fa) holds, then
function f4 is called 1-measurable function.

If equation v*(gg) = v*(9u V ga) + v* (g — gu V ga + 1) — 1 holds, then
function g4 is called 2-measurable function.

THEOREM 2.9. The measurable elements of F form a lattice.

Proof.
(i) We show that if A, B are measurable elements, then A A B is also a
measurable element. We recall that

ANB = (fa,94) N(fB,98) = (fa A fB,9a V gB).
We need to show that
w(fu) = (fu NfaNfe)+u(fu — fu N faAfB)

and
v (gu) =v*(gg vV gaNVgp) + v (gy —gu NV ga Vg +1) — 1.
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Because p* is subadditive it is sufficient to show an inequality
w(fm) Z w* (fa N fa) + 1" (Fa = fu A fa)-
Let fa, fp be the 1-measurable functions. Then for any fg
w (fu) =pw (fu N fa)+ 1" (fa — fa A fa)
and
W faNfa)=uw (fauNfanfe)+u*(fuNfa—FfuNfaNnfB).
Then
W (fr) =1 (fu A fa N fe) + 1" (fu A fa— fu A fa N fe) + w0 (fu — fu A fa)
> (faNfaNfB)+u (fuNfa—fuNfaNfe+ fu—fua N fa)
= (fu Nfanfe)+p"(fa—fuNfanfB).

It proves that f4 A fp is the 1-measurable function.
We know that holds the inequality

vi(9c +9p —1) 2 v (9c) +v*(9p) — 1.
Let gc =9y VgaVgpand gp =gy —gg V ga VvV gs + 1.
Then gy =gc +gp — 1 and
v(gr) = v ((gu vV 9aV gB)+ (9u —9u V9a Vg +1) — 1)
>v*(gg VgaVgp)+v(9gg —gaVgaVgs +1)—1
and therefore it is suffice to show that
vi(gu) <vi(gu VgaVygs) + v (gn —guVgaVgs+1) — 1.
Let g4, g be the 2-measurable functions. Then for any gg
vi(ga) = v (gu vV ga) + v (9 —gu vV ga+1) —1
and
vi(9a vV ga) =v*(gu VgaVygp) +v(9gu Vga—gaVgaVgs+1)— L
Then
v (gr) = v (gu V g4V g) + v (gu V ga —gu V ga VvV gs +1) — 1
+v(gg —gaVga+1)—1
<v'(guVgaVgs) +v(9agV ga—gaVgaVgs+1
+9m — gV ga)—1
=v*(ggVgaVygs)+v(gg —gaVgaVgs+1)—1.

It proves that g4 V gp is the 2-measurable function. And hence A A B is the
measurable element.
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(i) We show that if A, B are measurable elements, then AV B is also a
measurable element. We recall that

AV B =(fa,94)V (fB,98) = (faV [B.94 N\ gB).
We need to show that
W (fu) =uw (fu N(faV [B) + 10 (fu — fu AN(faV [B))
and
vi(gr) =v"(9n V (9a NgB)) + v (9n — g V (9a N gB) +1) — 1.
Since fg — fu AN fa= fuV fa— fa, we have
w(fe = fu Nfa) = (fu V fa— fa).
Therefore if f4 is the 1-measurable function, then for any fg
w(fu) =W (fu N fa) = w*(fu vV fa) — 0" (fa)

or
p(fu N fa) = (fu) + 0" (fa) =" (fo V fa).

Let fa, fB, fa N fB be the 1-measurable functions; then
1w (fa A fan fe) = ((fuNfa)N(fu N fB))
=w (fu N fa) +u(fu N fB) — 1 (fu AN(faV fB))

and also

*

W (fa —fuNfaA fB)
=p*((fu — fu Nfa)V (fu — fu A fB))
=p (fu — fu N fa) +p"(fu — fu A fB)
— 1" ((fu — fu N fa) N(fu — fu A fB))
=p (fu = fuNfa)+ " (fu — fuNfe) — 1 (fu — fu AN (faV fB)).
Therefore
W (fa AN(faV fB)) + 1" (fa — fu AN(faV fB))
= (fu N fa) + 1 (fa — fa N fa) + 0 (fu AN f) + 1" (fa — fu A fB)
— 1 (fuNfanf) = (fu—fuNfanfB)
=p" (fu) + 1 (fu) — 0 (fu) = 1" (fr).
It proves that f4 V fp is the 1-measurable function.
Since gy — gy AN ga = g V ga — ga, we have
V(9 —gu Nga) =v* (g V ga — ga)-

Therefore if g4 is the 2-measurable function, then for any gy

vi(gur) — v (g Nga) = v (g V ga) — v*(ga)
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or
vi(gu V ga) = v (gm) + v (9a) — V" (gu A ga).
Let g4, gB, g4 V g be the 2-measurable functions; then
v (g V 9aV gs) =v"((9u V 94) vV (9u V 9B))
=v"(gu V ga) + v (9u V gB) — v (9u V (94 A gB))
and also
v (gn —9u vV gaVgp +1)
=v"((gr —gu V ga+ 1) A (g —gu V g5 + 1))
=v'(gn —gu vV ga+1)+v*(gn —gu V g +1) —v"(gu — gu V (94 A gB)+1).
Therefore
v (9u V (9a AN gB)) + v (9u —gu V (9a Ngp) +1) — 1
=v"(gu vV ga) + v (gg —guVga+1) -1
+v*(ga VgB) + v (9p —gu Vg +1) —1
— v (9rVgaVgp) —v(gu —gn VgaVgp+1)+1
=v(g9n) +v"(9u) —v*(9u) = v*(g9n).

It proves that g4 V gp is the 2-measurable function and all measurable elements
of & form a lattice. d

3. Induced outer measure

DEeFINITION 3.1. Let Hy be a set of real functions f: Q — (0, 1) satisfying the
following conditions:

1. if fa, fB € Ho, then faV fp € Hy;
2. if fa, fB € Ho, then fa A fp € Ho;
3. if f4 > fB, then fa — fp € Hy.
We shall consider the set .Zo = {(f,g): f,g€ Ho; f+g<1}.

DEFINITION 3.2. Let % be a subset of .# closed under operations ®, ®. A mea-
sure on % is a mapping A: %, — _# satisfying the following conditions:

L )‘((fv ) = (u(f), 1= v(9));
A((0,1)) = (0,0), A((1,0)) = (1,1);
3. if (fa,94) © (fB,9B) = (0,1), then
AM(fa,94)) +M(fB,98)) = M(fa,94) © (fB,9B))-
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THEOREM 3.3. Let A((f,9)) = (u(f),1 —v(g)) and u,v be the mappings from
Hy to (0,1). Then there are satisfied the following conditions:

u(0) =0, (1) = 1;
2. v(0)=0, v(1)=1;

3. if fa® fg =0, then u(fa) + pu(fp) = p(fa® fp);

4. if ga® g =1, thenv(ga) + v(9s) = v(ga © gB) + 1.

—

Proof. Since
A(f,9)) = (u(f), 1 —v(g))
and
)‘((07 1)) = <070>7 )‘((170)) = <17 1>7

then automatically

and
v(0) =0, v(l)=1.
At the beginning of the paper we said that

(fa,94) © (fB,98) = (fa® fB, 94 © gB)
and
(fa,94) © (fB,98) = (fa® fB, 94 ® gB).
Let (fa,94) © (fB,98) = (0,1) (i.e. fa® fp=0and ga ® gp =1). Then
AM(fa,94)) + M(fB,9B)) = M(fa,94) ® (fB.9B))
= M(fa ® fB, 9a © gB))
= (u(fa @ [B),1—v(9a © gB))

and also

A((fa,94)) + M(fB,98)) = (u(fa),1 —v(ga)) + (u(fB), 1 — v(gB))
= (u(fa) + u(fp),1 —v(ga) + 1 = v(gp))
Therefore
u(fa) +p(fe) = n(fa @ fb)

and
v(ga) +v(gs) =1+v(94 © gB).
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PROPOSITION 3.1. Let A,B,C € %y, A= B & C; then \(A) = A\(B) + A\(C).

Proof. Since

A= (fa,94)=(fB+ fc,9B+9c—1)=BaC,

we have
B+ fc <1, g +9c—1>0.
Therefore
BoC=(fp® fc,98 ®9gc)= ((fB +fc—1)V0,(98+gc) A1) =(0,1).
We obtain
AB)+AC)=ABoC)+ABa&C)=A(0,1)) + A(A) = A(A).

O
ProprOSITION 3.2. [f A< B@® C, then A(A) < A(B) + A\(C).
Proof Let A< B®C = A® ((B® C)=A); then Proposition 3.1 implies:
A(B) +AC) = AA) + A(Ba C)=A) > \(A).
O

THEOREM 3.4. Let u, v be finite additive submeasures on Hy. Define

N((f,9) = (W (f), 1 =v*(9)),

where

pi(f) = N{wh): f<h; heH},
V*(g):\/{l/(k): g>k; k€ Hy}.

Then \* is an outer measure.

Proof. We show, that \* satisfied conditions of Theorem 2.3.

L p(0) = A{p(h): 0<h; heHy} < pu(0)=0;

2. Evidently p*(1) < p(1) = 1.

If 1 <h, then 1 = p(1) < h. Therefore 1 < p*(1).

3. Let ha,hp € Hy, fa<ha, [B<hp, fa+f <1, ha+hp<1.

Then

fa+fB<ha+hg
and
w(fa+ fB) < pu(ha+hp) = p(ha) + pu(hp).

Now we fix for a moment h 4. Since the preceding inequality holds for any hp,
we obtain:

W (fa+ fB) — u(ha) < p(hp),
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hence
p(fa+ fp) — p(ha) < p*(fB)-
Similarly the relation
p(fa+f8) =1 (fB) < p(ha)
for any ha > fa implies
w(fa+fB) = (fB) < p*(fa).
Therefore
p(fa+fe) < p (fa) + 1" (fB)
4. Let ha,hp € Hy, fa < fB, fa < ha, fB < hp. Then it holds that
{wha): fa<ha} D>{uhp): fs <hs}.
We can see that p*(fa) is the infimum of the larger set, so it is also a lower

bound of the smaller set. Therefore p*(fa) < p*(fp)-
The conditions of submeasure v* can be proved by the similar way. O

THEOREM 3.5. Let A be the set of all measurable elements with respect to A*.
Then )\*|J/1 is an additive measure and Fo C M .

Proof.
e Firstly we show that ,u*| .« 1s a measure.
1. We show that (0,1) € .#.
Let fg € Hy and fa = 0; then
1 (0) =0,
w(0) +p* (fu) = 1w (fu),
1 (frr AO) + 1 (fr — fu AO) = p* (fu).
The last equality implies that f4 = 0 is 1-measurable function.
Let gy € Hp and g4 = 1; then
vi(l)=1
v (1) +v*(gn) —1=v"(9n)
vi(gaV 1)+ v (gg —gaV1+1)—1=v"(g9u).
Therefore g4 = 1 is 2-measurable function and (0,1) € .Z.
2. We show that (1,0) € ..
Let fg € Hy, fa = 1; then
pw(fa AL+ p(fa = fa A1) = (fr).
Let gg € Hp, ga = 0; then
v(ggV0)+ v (gg —ga VO+1)—1=v"(gn).
Therefore (1,0) € 4.
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3. Let fa, fB be 1-measurable functions, fa+ fp < 1. Then p*(fa®© fg) =0
and

w(fa® fp) =w (fa+ fB)
Since f4 is 1-measurable function,
p(fa+ fB) = ((Fa+ fB) AN fa) + 0 ((Fa+ fB) = (fa+ fB) A fa)
=1 (fa) + 1" (fB).

Let ga, gp be 2-measurable functions g4 + gg — 1 < 1. Then v*(ga @ gp) =1
and

v (94 © gB) =v*(9a + 9B — 1).
Since g4 is 2-measurable function,
v'(ga+gp —1)

=v"((9ga+9—1)Vga) +v*((9ga+gp—1)—(9a+9gp—1)Vga+1)—1

=v*(ga) +v"(98) — L.
e Secondly we show that %y C .#.

An induced outer measure was defined as:

N((fa, fB)) = (1" (fa),1 = v*(fB)),

where
pi(ha) = N\{1(ga) : ha < ga; ga € Hy},

v*(hp) = \/{V(QB) : hp >gp; gB € Ho}.
Let F = (fa, fB) € %0, we need to show that

p(ha) = p*(ha A fa) + p*(ha = ha A fa)
and

I/*(hB) = I/*(hB V fB) + I/*(hB —hpV fp+ 1) -1
for each fa, fg € Hp.
Since p* is subadditive, there holds for any fa4 € Hy:

p(ha) < p(ha A fa) +p*(ha —ha A fa).

Let fa € Hy, ga > ha, € >0 and
w*(ha)+¢e>u(ga).

Measure p is additive, i.e. for each f4,g4 € Hy it holds that

1(ga) = p(ga A fa) + p(ga — ga A fa).
Then
p(ha) +e = plga A fa) + pu(ga — ga A fa).
Since ga > ha, ga A fa > ha A fa and p(ga A fa) > p*(ha A fa).
We will use the following notation: (g4 — fa)™ =0V (ga — fa)-
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Let ga > ha and (ha — fa)™ =0, then (ga — fa)T > (ha — fa)*.
Let (ha — fa)t = ha(z) — fa(z) > 0; then
(94 — fa)" = ga(z) = fa(x) > ha(z) = fa(z) = (ha — fa)™.
Therefore

(ga — fa)t > (ha— fa)©

and then
0V (ga—fa) 20V (ha— fa),
(ga —ga) V (ga — fa) = (ha —ha) V (ha — fa),
ga—(ga N fa) > ha—(haN fa).
Therefore
pwlga —ga N fa) > p*(ha —ha A fa).
Hence

p*(ha) +e > p*(ha A fa) + p"(ha —ha A fa)
for each € > 0 and
p(ha) = p*(ha A fa) + p*(ha = ha A fa)

for each fa € Hp.
The conditions of submeasure v* can be proved by the similar way. O

THEOREM 3.6. Let \ be a measure on Fy. T hen )\*‘go is a measure and
Mz, = A

Proof. Let f € Hy, f < h, then p(f) < p(h) and

p(f) < N{w(h): f<h, heH}=u(f).

Put h = f; then p*(f) < u(f). Therefore if f € Hy, then p*(f) = p(f). The
equation v*(g) = v(g) can be prove by the similar way.

Therefore for each (f, g) € %y it holds that

N((f,9) = (W (f), 1 = v*(9)) = (u(f), 1 = v(g)) = M(f, 9))-
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