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RATE OF APPROXIMATION
FOR THE BEZIER VARIANT
OF BALAZS KANTOROVICH OPERATORS

Viay Gurpta* — X. M. ZENG**

(Communicated by Michal Zajac)

ABSTRACT. In the present paper we study the Bézier variant of the well known
Balazs-Kantorovich operators Ly o (f,x), & > 1. We establish the rate of conver-
gence for functions of bounded variation. For particular value o = 1, our main
theorem completes a result due to Agratini [Math. Notes (Miskolc) 2 (2001),
3-10].
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1. Introduction

For a real valued function f defined on the interval [0,00), Balazs [2] in-
troduced the Bernstein type rational functions, which are defined by

n k
Rothi) = st (5r) o where pus)= () i rad O
and ay, b, are suitably chosen positive numbers independent of x. The weighted
estimates and uniform convergence for the special case a,, = n®~!, b, = nf,
0 < 8 < 2/3 were investigated in [3]. Actually the operators defined by (1) are
just Bernstein type rational functions, but the approximation properties of these
operators are different from the usual Bernstein polynomials.

Zeng and Piriou [12] were the first who introduce and study the Bézier
variant of the Bernstein operators. After this the rates of convergence for the
several integral type operators were obtained by Gupta and collaborators (see
e.g. [4]-]10] etc). Actually Bézier curves play an important role in Computer
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Aided Geometric Design, this along with the different approximation properties
of Balazs operators from usual Bernstein polynomials motivated us to study
further in this direction.

Recently Agratini [1] defined the Kantorovich variant of the Balazs oper-
ators as

fv _nanzpnk /.f nENa 113'20, <2>
nk

where I, ,, = [k/nay, (k+1)/nay], and >0, 0 < k < n.

The Bézier variant of these Balazs-Kantorovich operators can be defined as:

Loalf,2) —nanZQ@ /f neN, 220, (3)

where Qfla,l(;z:) = Jpp(@) = I (@), a > 1, and Jyk(x) = ) paj(z) is the
i=k
basis function.

Throughout the paper let

Wn,a(xv t) = Nan Z Q(a)( )Xn,k(t)’

k=0

where x,  is the characteristic function of the interval [k/na,, (k+1)/na,] with
respect to I = [0, 00). Thus with this definition it is obvious that

0

Agratini [1] obtained some approximation properties and the rate of con-
vergence for the operators L,, but [1] does not explicitly contains the sign term
which is important part in the proof of the rate of convergence. In the present
paper we estimate the rate of convergence for the Bézier variant of Balazs-
Kantorovich operators. For special value our main theorem provides the com-
plete estimate on the rate of convergence for the ordinary Balazs-Kantorovich
operators.
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2. Auxiliary results

LEMMA 1. For z € (0,00), we have
1+a,x

k() < —(—.
p k( ) v2ena,x

Proof. Following [11], the optimum bound for Bernstein basis function is given
by

( . )tk(l — )k < 7\/2611151(ﬂ

Substituting ¢t = =22 in the above inequality, we get

It+anz
n (anz)* o Ltan
k') (14 apx)™ = 2enanz’

LEMMA 2. For z € (0,00), we have

1 14 (anz)? + 0.5(1 + anz)?]
2. il )_5‘§ 1+ ant)[1+ yranz]

k>napz/(atan)

Proof. Following [12, Lemma 2|, for ¢ € [0, 1] we have

no\ Lk ek 1] 0.8(2t2 —2t4+1)+1/2
Z<k>t(l_t> _§‘< L+ /nt(l—t)

Substituting ¢t = 1iaxx in the above inequality, we get the required result. O

k>nt

LEMMA 3. ([1]) Fore;(t) =t',i=0,1,2,..., and for all z > 0, we have

T 1

n(€o0, ) , n(e1,x) 1+a,z + 2na,, (4)
and
n—1 z? 22 1
I . 5
e ) = S i e v ane) a2 O
1 nalzt — a2’ — a2 + o
L - 27 = + = 1 Y
n((e1 —zeg)”, @) 3n2a2 na, (1 + a,z)?
1+ na,x + n2atz? -
< " = O((nan) ™) (6)

242
n4a;
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Proof. Equations (4) and (5) were obtained in [1]. By a direct computation
from (4) and (5), we obtain

3.4 _ 2.3 2
I 5 1 na,r* — a;r° — a,x° +x
n((er —weg), ) =55+ 3
3n2a? nan (1 + anx)
1 napet +a 1+ nape +n’aat
~ n2a2 nan, n2a?

From the page 349 of the paper or the reference [3], we learn that

an:nﬂfl, -1<pg-1<-1/3.
Thus
1+ na,z +napz? 1
n?a2 = O((nan)™").
Lemma 3 is proved. O

LEMMA 4. Let x € (0,00), then for sufficiently large n, we have

Y 2 4, 4
() 6710/ x y :an,a z, t dt < a (1+nan$+;l a,T >’ 0<y<uz,
0

(z—y)? n?aj
and
(11) ﬁna Z, Z = an,a z, t dt < (Z_ax)Q (1+nann$2;:;l2af”z4>, r <z <o0.
Proof. We first prove (i). By (6), there holds
y
/Wn,a@c t)d /Ww = 1)5 )) dt <z —y) *Ln((t - 2)* 7)
o 1+ napw + natz?
< . 0<y<a,
—<x—y>2< na? Sre
where we have applied Lemma 3. The proof of (ii) is similar. O
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3. Rate of convergence

THEOREM. Let f be a function of bounded variation on every finite subinterval of
[0,00) and let V2(g.) be the total variation of g, on [a,b]. If « > 1, x € (0, 00),
r > 1 be given and f(t) = O(t"), t — oo, then for n sufficiently large

2(X

Loalf) = g f(a) = (1= 3¢ ) 1a-)

1+ (a,x)? +0.5(apx 4+ 1)?
< oo (a CC) (a x ) |f($+) . f(x—)| (7)
(14 anz)[1 4 /0, an7 |
1+ napz +na2z? + n2at 2\ <= . zta/vi —r
2 ( n2a2 2 ) Z Vacjw//\/E (Qm) T O((nan) )’
n k=1
where

ft) = fla=), 0<t<u,
92(t) =<0, t=ux,
ft) = f(z+), z=<t<oo.

Proof. Making use of identity for all n, we have

flat) — fla—)

5a sign, (t)

) = e flos) + (1 50 ) o) 4 0a(0) +

#8,0) [160) = g stor) - (1- 5% ) S0

where
2¢ -1, t>a,
. l, z=t,
sign, (t) =< 0, t=x, and §,(t) =
-1, t<uw, '

It follows that

Lua(f) = ga (o) = (1= 3¢ ) £e-)

LCEES

< |Ln,a(gfm X n,a(Signm (t)a .73) (8)

# |10 = gefon) = (1= 5 ) 1) Enalonse)
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For these operators it is obvious that L, (d;,2) = 0. We first estimate
Ly, «(sign,(t), z). Choosing k' such that = € [k’ /nay, (k' + 1)/na,], then

k' —1 (o) x z
Lua(sizn, 0,2) = 3 (0@ + | ) [y
k=0

Jodt
I, 4 k' [nany
(K'+1)/nan,
Qi (@) .
| ar / 1)dt + Z QL) (x)
s p k=k'+1
n,k’
« (K'+1) /nan
Qs L | Q@) .
Z 2°Q!*) - 204t — 1.
k=k'+1 If pa
n,k’

QL) @) | K man (@)
?k at / 2¢dt <2°Q, ;. (z), we conclude

xT
Ikt

Note that 0 <

S 29Q, (a) \ +29Q ), (2)

k=k/+1
= 277 o1 (2) = 1]+ 2°QU00 (a).
Applying the inequality [a® — b%| < aa — b| for 0 < a, b <1 and o > 1 yields

> g

k>nanz/(14an,x)

|Ln,a (sign,(t), )| <

\QO‘J,?yk,H(x) —1] < a2”

1
Jnyk/+1(x) — 5‘ S a2®

Therefore by Lemma 1 and Lemma 2, we get

1+ (ap2)? 4+ 0.5(1 + apz)?] N 1+ apz
(14 apx)[l + /na,z) V2enanx

Next we estimate L,, o (g, x) as follows:
n (X( xZ x)
= /gm(t)Wn’a(:v, t)dt
0

z—z//n  ztx//N %
A A T
0 a—a/vE ata/vm

Lo sign, (0),2) < a2 | | o

(10)
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We start with E,. For t € [z — z/y/n,z + z/y/n ], we have

TTT/\/N ln T+
90 < VIV (g.) < = S VI (90)

z—z/\/n — z—x/Vk
and thus
[Bol < VIR (g0) < = D VIRV (g). (11)

Next we estimate E. Setting y =  — 2/y/n and integrating by parts, we have
y

B, = /gm(t) di(Bn,a (2, 1)) = 92 (y) B0 (2, y) —/ﬁn,a(:c,t) d¢(92(2))-
0 0
Since |9 (y)| < V/}(g2), we conclude

IB1] <V (0) ol ) + / B, 8) de(= V7 (g2):
0

Also y = z — x//n < x, therefore by Lemma 4, we have for n sufficiently large

a 1+ napx + n2atz?
IEl‘ S (ZE — y)z < n2a2 & Vyx(gx)
n

y
1+ napz + n?atz? 1 .
0

n2a? x —t)

Integrating by parts the last integral, we obtain
y

1+nanx+n2aﬁx4 9w Vi*(g,)dt
|E1§a< ><:z: 2V0(gz)+2/7t(g) )
0

n2a? (x—1t)3

Replacing the variable y in the last integral by x — x/+/n, we get

z—z/yn n
1

[ veee—na= o Ve, s a
0
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Hence

2a (14 napz +naizt\ &
b1l < 25 (et Ve o). (12
n2a? P

Finally we estimate Fs5, defining
R gz (t) if 0 <t <2z,
gac(t) = ( .
92 (2z) if 22 <t < o0.

We split E3 as follows:
E3 = E31 + Esg,

where

By = / Wi o, () dt and  Esy — /Wn (@ 8)ga (1) — gu(22)] dt
ztz/Vn
with y =z + 2/y/n the first integral can be written in the form

R
E3 :REH-Ioo{gx (W [1=Bn,a(@,y)]+52(R)[Bn,a(z, R)_l]‘*'/{l_ﬁn,a(xv t)] dt s (t>}
y
By Lemma 4, we conclude for n sufficiently large
1+ napx +nat
‘E31‘ <« ( 32 ) .
V() [
. x gﬂf t ~
1 -
RHHJIrloo{(y—ac)2 2+/ t—x)? Va(g ))}
Y
1 2 4 4 Vy( ) 2 1
+ na,r +n = Gz ¢
(P ) G+ a0
Y
Using a similar method as above, we get
2z
1 - Vid9a) o C
5 &(Vi(g0)) <272V (g0) — VIt ig,),
y/(t—x)2 ' (y—x) ;
which implies the estimate
2a L+ na,z +n?ats?\ <« uin
B < 2 (FERL TR S e ). )

k=1
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Lastly we estimate E35. By assumption there exists an integer » > 1 such that
f(t) = O(t?"), t — oco. Thus for certain constant M > 0 depending only on f,
x, T, we have

oo
o0
|Esz| < Mina, Y QW) (x) / X (D)2 dt
k=0 2z
00 o0
< Mina,o an’k(x) /Xn’k(t)t% dt.
k=0 2z
By Lemma 3, we have
|Eso| < a2"M - L, ((t — 2)*",2) = O((na,)™"), n — oo. (14)
Finally collecting the estimates of (8)—(14), we get (7). This completes the proof
of the theorem. (]
REFERENCES
[1] AGRATINI, O.: An approzimation process of Kantorovich type, Math. Notes Miskolac 2

[9]
(10]

(11]

(2001), 3-10.

BALAZS, K.: Approzimation by Bernstein type rational functions, Acta Math. Acad.
Sci. Hungar. 26 (1975), 123-134.

BALAZS, C.—SZABADOS, J.: Approximation by Bernstein type rational functions II,
Acta Math. Acad. Sci. Hungar. 40 (1982), 331-337.

GUPTA, V.: Rate of convergence of Durrmeyer type Baskakov-Bezier operators for locally
bounded functions, Turkish J. Math. 28 (2004), 271-280.

GUPTA, V.: Rate of convergence by the Bezier variant of Phillips operators for bounded
variation functions, Taiwanese J. Math. 8 (2004), 183-190.

GUPTA, V.. The Bezier variant of Kantorovitch operators, Comput. Math. Appl. 47
(2004), 227-232.

GUPTA, V.: Degree of approzimation to function of bounded variation by Bézier variant

of MKZ operators, J. Math. Anal. Appl. 289 (2004), 292-300.

GUPTA, V.—ABEL, U.: Rate of convergence of bounded variation functions by a Bézier-
Durrmeyer variant of the Baskakov operators, Int. J. Math. Math. Sci. 2004 (2004),
459-468.

GUPTA, V.—.MAHESHWARI, P.: Bezier variant of a new Durrmeyer type operators,
Riv. Mat. Univ. Parma 7 (2003), 9-21.

GUPTA, V..—VASISHTHA, V..—GUPTA, M. K.: An estimate on the rate of convergence
of Bezier type summation-integral operators, Kyungpook Math. J. 43 (2003), 345-354.

ZENG, X. M.: Bounds for Bernstein basis functions and Meyer-Konig and Zeller basis
functions, J. Math. Anal. Appl. 219 (1998), 364-376.

357



VIJAY GUPTA — X. M. ZENG

[12] ZENG, X. M.—PIRIOU, A.: On the rate of convergence of two Bernstein-Bezier type
operators for functions of bounded variation, J. Approx. Theory 95 (1998), 369-387.

Received 24. 6. 2005 *School of Applied Sciences

Revised 9. 8. 2005 Netaji Subhas Institute of Technology
Sector 8 Dwarka
New Delhi 110075
INDIA

E-mail: vijaygupta2001@hotmail.com
** Department of Mathematics
Xiamen University

Xiamen, 361005
P. R. CHINA

E-mail: xmzeng@jingxian.xmu.edu.cn

358





