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ABSTRACT. In the paper isometries in pseudo MV-algebras are investigated. It
is shown that for every isometry f in a pseudo MV-algebra A = (A, ®, —,~,0,1)
there exists an internal direct decomposition A = B% x CY of A with C° commuta-
tive such that f(0) = 100 and f(z) =20 @ (1o O (xco) ™) =zgo B (lgo —xco0)
for each z € A.

On the other hand, if A = P% x QU is an internal direct decomposition of a
pseudo MV-algebra A = (A, @, ~,~,0,1) with Q° commutative, then the map-
ping g: A — A defined by g(z) = zpo ® (1go — zgo) is an isometry in A and
g(O) = 1Q0.
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Isometries in abelian lattice ordered groups were introduced and investigated
by Swamy in [27]. Jakubik [7], [8] studied isometries in non-abelian lattice
ordered groups and proved that for every isometry ¢ in a lattice ordered group
G there exists a uniquely determined direct decomposition G = A x B of G
with B abelian such that g(z) = 24 — 25 + ¢g(0) for each z € G. Further, he
showed that if G = A x B is a direct decomposition of a lattice ordered group
G with B abelian and b is an element of G, then the mapping g defined by
g(x) = x4 — xp + b is an isometry in G and b = ¢g(0). Isometries in some types
of partially ordered groups have been investigated in [14], [15], [16], [23].

The notion of an MV-algebra was introduced by Chang [1] as an algebraic
model of infinite valued logic. In [22] Mundici showed that any MV-algebra
is an interval of an abelian lattice ordered group with a strong unit. Isometries
in MV-algebras were dealt with by Jakubik [11], [12].
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Georgescu and Torgulescu [4] introduced pseudo MV-algebras as a
non-commutative generalization of MV-algebras. Dvurecenskij [2] proved
that any pseudo MV-algebra is an interval of a lattice ordered group with a
strong unit. A completely different proof of this important result was given by
Dvurec¢enskij and Vetterlein in [3]. Non-commutative MV-algebras
were also introduced independently by Rachunek [26]. His notion of a non-
commutative MV-algebra is equivalent to the notion of a pseudo MV-algebra.
Further, Rachtinek showed that non-commutative MV-algebras and hence
also pseudo MV-algebras are a special kind of bounded DRI-monoids.

DRI-monoids were studied in [17], [19], [20], [21], [24], [25], [29] and isometries
in commutative DR1l-monoids (called DRIl-semigroups) have been investigated in
[13], [18], [28].

We recall the definition and some basic properties of a pseudo MV-algebra
from [4].

A pseudo MV-algebra is an algebra A = (A,®,~,~,0,1) of type (2,1,1,0,0)
with an additional binary operation ® defined by y ®x = (z~ @y~ )™ such that
following axioms hold for all x,y,z € A:

1~ =0,1" = 0;

In [4] instead of ® the symbol - is used.)

Any pseudo MV-algebra A can be ordered by the relation < defined by = <y
iff t~ @y = 1. Then (4, <) is a distributive lattice with the least element 0 and
the greatest element 1. For the join = V y and the meet = A y of two elements x
and y the following statements are valid:
zVy=zd® (@~ 0y),zAy=z0 (x~ y).

Let (G, +,V,A) be a lattice ordered group, u a positive element of G and A
the interval [0, u] of G. Then (A4, ®, ~,~,0,u) where

~

r@y=(x4+y Au, - =u—2, a2°=-x+u

is a pseudo MV-algebra which will be denoted by I'(G,u). Moreover, z ®y =
(x—u+y)VO0.
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Dvurec¢enskij [2] defined a partial binary operation + on a pseudo MV-al-
gebra A = (A,®,7,~,0,1) by putting z+y = 2@y iff £ < y~. Having used this
partial operation + he proved that for each pseudo MV-algebra A there exists a
lattice ordered group G with a strong unit u such that A = T'(G, u). The partial
operation + on A coincides with the operation + as defined in G. Further, the
partial order < on A is that induced from the partial order in G.

The direct product of pseudo MV-algebras is defined in the usual way,
see e.g. [5].

The internal direct decomposition of an MV-algebra was defined and studied
by Jakubik in [9]. Analogously, we can define the two-factor internal direct
decomposition of a pseudo MV-algebra.

Let
A= (Aa@a_7N7051)7 B = (Ba @37_B7NB7OB713)3 C= (07@07_07NC700710)

be pseudo MV-algebras.

An isomorphism ¢ of A onto the direct product B x C is called a direct de-
composition of A.

For x € A we denote by x5 (x¢) the component of = in B (C, respectively)
with respect to the isomorphism .

We denote B = {r € A: 2c =0¢},C° ={xr € A: x5 =0p}. Then B°
and C° are subsets of A containing 0. Since ¢ is an isomorphism, for z,y € B°
we have (z @ y)c = Oc. Thus z @y € B°. Analogously, z &t € C° for each
z,t € C°. Hence the sets B and CV are closed under the operation &®.

In a natural way, we introduce the following operations ~5°, ~5° 150 on the
set BY. Let b € BY and let d € A be such that dg = (b~)p and dc = 0¢. Then
d € B and we put b~ 5% = d. Analogously, for ¢ € B we put ¢~5° = e, where
e is an element of A such that eg = (¢™)p, ec = O¢. Clearly, e € B°. Further,
1po is an element of A such that (1go)p = 1p, (1g0)c = Oc.

Similarly we define the operations ~c¢®, ~c®. 150 on C°.

Then BY = (B° @, 5°,78°,0,1p0) and C° = (C°,®, 0, ~c0 0,1¢c0) are
pseudo MV-algebras.

In general, B® and C° need not be subalgebras of A.

Now, we define a mapping p?: B — B°. For t € B there exists an element
z € Asuch that zp =t and 2¢ = Oc¢. Thus z € B and we put pZ(¢) = z. Then
P is an isomorphism of B onto B°. Analogously defined mapping ¢ of C' into

(" is an isomorphism of C onto C°.
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Then the mapping ¢° of A into B® x C? given by ¢°(z) = (¢ (z5), ¢ (xc))
is an isomorphism of A onto BY x C°. This isomorphism ¢° is called an internal
direct decomposition of A and we write A = BY x C° in this case. B° and C°
are called internal direct factors of A.

For x € A we denote by 2o (z¢o) the component of x in B® (C?, respectively)
with the respect to the isomorphism ¢°. Hence zpo = P (2p), 0o = ¢ (z0),
90(1:30) = (IB,OC)v 90(1:00) = (OszC)'

IfzeBandyec CY thenax ®y =1y Dz

For each x € A, x = xgo ®xco and if £ = 1 Dxo where 21 € B% and x4 € OO,
then z1 = xgo and x5 = zco.

Further, if 2,y € A, then x < y iff 50 < ypo and zco < yco. B and C°
are convex subsets of A. For each z,y € A, (x Ay)po = xpo Aypgo, (x Ay)co =
xco Ayco, (£ Vy)ge =xpo Vypo, (xVy)co =xco Vyco.

Throughout the paper A = (A, ®,~,~,0,1) will be a pseudo MV-algebra.
Further, we suppose that (G,+,V,A) is a lattice ordered group with a strong
unit u such that A = I'(G, u) (it is clear that w = 1). Then the above mentioned
operations V and A on A coincide with the lattice operations in G (reduced to
the interval [0, u]) and for all x,y € A we have:

~

r@y=(x+y) Au, z°=u—=z, z°=-z+u.

Further, if z,y € A and x <y, then y — z,—xz + y € A.
We shall apply these assertions without special references.
For basic properties of lattice ordered groups, see e.g. [6].

LEMMA 1. Letz, y € A, x <vy. Then the following statements are valid.

() y-—v)dz=y 20 (-z+y)=y.

(ii) Let PY = {z € A: zdzx =y}, QY ={t€ A: z&t =y}. Then
yoOax~ =y —ux is the least element of PY and ™~ ©y = —x +y is the least
element of QY.

(iil) Ify—x=1, theny=1, x =0.
(iv) If e +y=1, theny=1, z =0.

Proof Let z,y € Aand x <y.

(i) Clearly, (y —x)@®z = [(y—z)+ 2] A1 =y A1l =y. Analogously,
r@(—x+y) =y.

(ii) Since (y @7 )Pr=yVe=yand 2 ® (2~ O y) = Vy =y, we obtain
yOr~ € PYand 2z~ Oy € QY. Let z,t € A, zdx =y, xdt =y. By [4,
Proposition 1.12(d)], z > y®z~, t > 2~ ®y. Therefore yOz~ = (y—1+1—2)VO0
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=y — z is the least element of PY and 2~ O0y=(—z+1-14+y)V0=—-x+y
is the least element of QY.

(iif)y fy—xz=y©a~ =1, theny=yVe=(yOz )®xz =10z =1 whence
z” =1 and so xz = 0.

(iv) Let —z+y=2"0y=1 Theny=zVy=az® (2~ 0y)=zd1=1
This yields 2~ = 1. Hence z = 0. (]

Georgescu and Torgulescu [4] defined the distance function
d: Ax A— A for a pseudo MV-algebra A by d(z,y) = (z @y )& (y@x7).

Further, it was shown that this distance function has the following properties
[4, Proposition 1.35].

Po) d(z,y) = (z 0y )V(yoz7),

(

(P1) d(z,y) =0iff z =y,

(P2) d(a:,O) =,

(P3) d(z,1) =27,

(P4) d(z,y) = d(y, z),

(P5) d(z,2) < d(z,y) @ d(y,z) ®d(z,y),
(Pe) d(z,2) <d(y,z) @ d(z,y) @ d(y,2).

Jakubik [11] defined an autometrization of an MV-algebra D with the under-
lying set D as a mapping p: D x D — D such that p(z,y) = (zVy) — (x Ay)
for each x,y € D.

The following lemma shows that Ja k ub{k’s autometrization p(z,y) coicides
with the distance function d(z,y) of Georgescu and Iorgulescu in any
pseudo MV-algebra.

LEMMA 2. Foreach z,y € A, (xVy)—(zAy)=(z0y ) (yOx).

Proof. Let z,y € A. In view of Lemma 1, (Py) and [4, Propositions 1.23, 1.16,
1.7(7)] we have (x Vy) — (zAy)=(xVy) O (zAy)" =(@Vy O (" Vy )=
(zo@ Vy ))Vo@ Vy ) =(202")V(@oy )V(yor ) V(yoy )=
OVzoy ) )Vyoz )Vi=(ze0y )Vyozr )=(xz0y )e oz ). O

We can use Jakubik’s definition of an isometry in an MV-algebra from [11]
also for a pseudo MV-algebra A.

A bijection f: A— A is said to be an isometry in A if the relation d(f(z), f(y))
= d(x,y) identically holds.

An isometry f is called 2-periodic if f(f(z)) = « for each z € A.

We shall write f2(x) instead of f(f(z)).

111



MILAN JASEM
LEMMA 3. Letxz, y€ A, x <vy. Then d(z,y) =y — x.
Proof. The proof is obvious. O

Throughout the rest of the paper let f be an isometry in A.
LEMMA 4. Let x € A. Then

(i) f2(a) = 2.
(ii) f(z) = (f(0)Vz)—(f(0)Az).
Proof.

(i) First we prove that f2(0) = 0. Since f is a bijection, there exists z € A
such that f(z) = 0. In view of (P3) and (P4) we get z = d(z,0) = d(f(z), f(0)) =
d(0, £(0)) = £(0). From this we obtain f2(0) = f(z) = 0.

Let € A. According to (P3), x = d(x,0) = d(f?(x), f2(0)) = d(f?*(x),0) =
f2(=).

(ii) Let z € A. From (i) and (P2) it follows that f(z) = d(f(x),0))
d(f*(x), £(0)) = d(z, £(0)) = (f(0) V z) = (£(0) A ).

From Lemma 4 it follows that any isometry in a pseudo MV-algebra is
2-periodic and uniquely determined by the element f(0). Lemma 4(i) gener-
alizes assertion () from [12].

ol

Further, from Lemma 4 we immediately obtain the following corollary.
COROLLARY 1. f(1) =1— f(0).

LEMMA 5.

() FO)Vf(1) =1, fF(O)Af(1) =0.
(ii) For each xz € A, z A f(1) = (x Vv £(0)) — £(0).
(iii) For each xz € A, f(x) = (x A f(1))+ f(0) — (x A £(0)).

Proof.

(i) By (P2) and (Py), 1 = d(0,1) = d(f(0), f(1)) = (f(0)VF(1))=(F(0)Af(1)).
Then Lemma 1(iii) yields f(0)v1=1, f(0)A1=0.

(ii) Let z € A. By (i), (xAf()AF(0) =z A(f(1)Af(0)) =2A0=0. Then
(i) and [2, Proposition 2.1(X)] yield (z A f(1)) + f(0) = (x A f(1)) V f(0) = (zV
FONAFQ)VF(0)) = 2V f(0))Al =2V f(0). Hence zAf(1) = (xV f(0))— f(0).

(iii) Let © € A. In view of (ii) and Lemma 4 we have f(z) = (z V f(0)) —
F0) + f(0) = (z A f(0)) = (= A F(1)) + £(0) = (= A £(0)). O
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Since the lattice (A, <) is distributive, from Lemma 5 we obtain the following
corollary.

COROLLARY 2. f(1) is the uniquely determined complement of f(0) in the lattice
(4, 2).

LEMMA 6. Let x € A.

(i) If x < f(0), then f(x) = f(0) — x, f(

(i) If f(0) <=, then f(z) =z — f(0), f(z) ® f(0)
(iii) If f(x) < f(0), then x = f(0) = f(z), x & f(x) = f(0).
(iv) If £(0) < f(x), then x = f(x) = f(0), f(z) =z ® f(0).
Proof.

(i) Let « € A, < f(0). By (P2), Lemmas 3 and 4, f(0) — 2 = d(z, f(0)) =
d(f(x), f2(0)) = d(f(x),0) = f(x). Then clearly, f(0) = f(x) + = = f(z) & =.

Proofs of (ii), (iii) and (iv) are analogous. O

x)®x = f(0).

x.

—

)

LetB:{xeA x < f(1 }C {CCEA $<f()}

LEMMA 7. Letx € Bandy € C. ThenxANy=0,z+y=xdDy=xzVy=
yobr=y+wx.

Proof. Let x € B, y € C. Then from Lemma 5 we get 0 = f(1) A f(0) >
xAy>0. Hence x Ay = 0. Then [4, Proposition 1.26(ii)] implies =z ® y =
xVy=y®x. According to [2, Proposition 2.1(X)] , 2 +y=zVy=y+z. O

LEMMA 8. For each x € B, f(z) =z + f(0) =2z & f(0).

Proof. Let x € B. By Lemmas 3, 4 and Corollary 1, 1 — (z + f(0)) =
(1= £(0)) —z = f(1) —x = d(z, f(1)) = d(f(z), f2(1)) = d(f(2),1) = :
This yields f(z) =z + f(0) =z & f(0). O
LEMMA 9. Let x € A. Then z € C iff f(x) < £(0).

Proof. Let x € C. According to Lemma 6(i), f(z) = f(0) —z < f(0).
Let 2 € A, f(x) < f(0). By Lemma 6(iii), z = f(0) — f(z) < f(0). Hence
zeC. O

In [10] Jakubik showed that if e is an element of a pseudo MV-algebra
A which has a complement ¢’ in the lattice (A, <), then there exists a direct
decomposition of A. Since the lattice (A, <) is distributive, e’ is uniquely deter-
mined.
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From Lemma 5 it follows that f(0) is a complement of f(1) in the lattice
(A, <). Hence we have e = f(1), ¢’ = f(0) in our case.

LEMMA 10. The sets B and C are closed with respect to the operation &.

Proof. From [10, Lemma 3.6] it follows that the set B is closed under the
operation @. Similarly we can show that C' is closed. O

LEMMA 11. For each x € C, f(x) = f(0) —z, 4+ f(0) = f(0) +z, z® f(0) =
f(0)® .

Proof. Let z € C. Hence z < f(0). By Lemma 9, f(z) < f(0). Then from
Lemma 6(i) and (iii) it follows that f(z) = f(0) —x, z = f(0) — f(z). Thus
we get x = f(0) + z — f(0) and hence z + f(0) = f(0) + z. Then clearly
z® f(0) = f(0)® x. O

LEMMA 12.
(i) Foreachz € C,z+1=1+uz.
(ii) Ifz,y € C, thenx Dy =y D x.

Proof.

(i) Let z € C. By Lemmas 7, 11 and Corollary 1, x +1 — f(0) =z + f(1) =
f)+2=1—-f(0)+z=1+z— f(0). This 1mphes:z:+1 =1+

(ii) Let z,y € C. Since z ®y >y, f(0) —y > f(0) — (z ® y), in view of
Lemmas 3, 10 and 11 we have (z @ y) —y = d(x @ y,y) = d(f(z D y), f(y)) =
A(f(0) — (2® ), £(0)—y) = F(0)—y— [f(0) — (+®Y)] = —y+ (2 Dy). From this
and (i) we get 2@y = y+ (zdy) —y = y+[(x+y)Al]—y = (y+2)A(y+1—y) =
(y+z) N1=yd . O
LEMMA 13.

(i) (Cf. [10, Lemmas 3.3 and 3.4]) For each element x € A there exist uniquely
determined elements x1 € B and x5 € C such that x = x1 ® x2. Moreover,
x1 =z A f(1) and x5 = z A f(0).

(ii) Letx € B,y C. Then flx@y) =2 ® (f(0) —y) =@ (f(0) Oy ).

Proof.

(ii) Let z€ B,y e C. By (i), = (@ y)h1=(xDy) A f(l), y = (D y)2
(x®y) A f(0). Then Lemmas 1, 5, 7, 9 and 11 yield f(z ®y) = (x@y) (1)
FO0)=((z@y) A f0) =2+ (f(0)—y) =2 (f(0) —y) =2 (f(0) O y).

D+\\
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THEOREM 1. For each x € A, f(z) = [f(0) — (z A f(0))] V (f(1) A z).

Proof Let x € A. Then 21 = f(1) Az € B, 22 = f(0) Az € C. From
Lemmas 9 and 11 it follows that f(0) — 2o € C. Then Lemmas 5 and 7 yield

fx) = 21+ (f(0) —22) = 21V (f(0) = x2) = [£(0) = (f(O) Az)] vV (f(1) Az). D

In [12] it was shown that the assumption of 2-periodicity of isometry in [11,
Proposition 4.4] can be omitted. Theorem 1 with Corollary 2 generalize [11,
Proposition 4.4] without the assumption of 2-periodicity of isometry.

We define the unary operations ~¢, ~¢ on B by putting 7 = f(1) — z,
x™e = —x + f(1) for each z € B.

Analogously we define the unary operations ~¢’, ~¢' on C. For each x € C
we put z7¢ = f(0) —x, 2~ = —x + f(0).

From Lemma 1 it follows that these operations are defined as in [10, p. 135]
(X1 =B, X2 = C in our case).

THEOREM 2. B = (B,®, ¢,~<,0, f(1)) is a pseudo MV-algebra,
C=(C,®, <, 0, f(0)) is a commutative pseudo MV-algebra.

Proof. By [10, Corollary 4.2], B is a pseudo MV-algebra. Analogously it can
be shown that C is also a pseudo MV-algebra. The commutativity of C follows
from Lemma 12. O

THEOREM 3. If for each x € A we put p(z) = (x A f(1),2 A f(0)), then ¢ is an
isomorphism of A onto the direct product B x C.

Proof. It follows from [10, Proposition 4.3]. O

Hence ¢ is a direct decomposition of A. In view of the definition of an internal
direct decomposition we conclude that ¢ is also an internal direct decomposition
of A. (Clearly, B = B, C° = C.) Hence, zgo = x5 = z A f(1), 100 = 20 =
z A f(0), z = xp ® x¢ for each z € A.

THEOREM 4. Let A= (A,®,7,7,0,1) be a pseudo MV-algebra and [ an isom-
etry in A. Let B and C be as in Theorem 2. Then A= B x C, 1¢ = f(0) and
f@) =2 & (f(0) —2c) =25 & (f(0) © (zc)7) for each x € A.

Proof. It follows from Theorems 3 and Lemma 13. O
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THEOREM 5. Let A= (A,®,,™,0,1) be a pseudo MV-algebra, ¢: A — P x Q
a direct decomposition of A with Q commutative and <,00: A — PO x 9% an
internal direct decomposition of A. Let P° (Q°) be the underlying set of P°
(Q°, respectively). Then

(i) Q° is a commutative pseudo MV-algebra,

(ii) for every x € P° and y € Q°, x + vy is defined in A,

(ili) for each x,y € A, d(x,y) = d(xpo,ypo) ® d(xgo,yqo),
)

(iv) if we put g(x) = xpo ® (1lgo — xqo) for each x € A, then g is an isometry
in A and f(0) = Lgo.

Proof.

(i) It is obvious.

(i) Let 2 € P° and y € Q°. Since # Ay = 0, from [2, Proposition 2.1(X)] it
follows that x + y is defined in A.

(iii) Let z,y € A. Then d(z,y) = (xVy)—(xAy) = (xpoVypo)+(zgo Vygo) —
[(zpo Aypo)+(xgo Aygo)] = (zpoVypo)—(xpo Aypo)+(zgo Vyge) = (Tqo Ayqo) =
d(ﬂjpﬂ7yp0) S5 d(:Z}Q(J, yQo).

(iv) Let z,y € A. Then d(g(x), g(y)) = d(xpo®(1go—xqo), ypo®(1go — ygo))
= d($p07yp0)@d(1Q0 —ZQo, 1Q0—yQo) = d(ajpo7yp0)@[((1Qo —.%‘Qo)\/(lQo —yQo))
— ((IQU - :L’Qo) A (1Q0 - yQo))] = d(xpo,ypo) ® [(1@0 — (:ZJQU A yQo)) — (lQﬂ -
(IQO \/yQO))] = d(:ljpmypo) ) [(:Z:Qo V yQo) — (Qon A yQo)] = d(ajpo,ypo) D
d(zgo,yqgo) = d(z,y). Therefore g is an isometry. Clearly, g(0) = 1go. O

Theorems 4 and 5 show that there exists a one-to-one correspondence between
isometries in A and internal direct decompositions of A with commutative second
factor and that isometries in pseudo MV-algebras can be described similarly as
isometries in lattice ordered groups.

Unlike isometries in pseudo MV-algebras, those in lattice ordered groups need
not be 2-periodic. An isometry g in a lattice ordered group is 2-periodic iff

9(9(0)) = 0.
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