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Abstract: A comprehensive study is undertaken of angular distributions of electron knock-out from atomic targets
by fast electrons with a small transfer of momentum. The general expressions for the parameters of the
triple differential cross-section of impact ionization in the optical limit are derived. The calculated parame-
ters are compared with those of the angular distribution of electrons ejected from an atom in the process
of photoionization. In these processes, when the multipole transitions are involved, the one-to-one cor-
respondence between the photoionization and impact ionization parameters disappears. The nondipole
transitions lead to the backward/forward asymmetry of the angular distribution of ejected electrons that is
absent in the dipole approximation for ionization by both fast electrons and photons. Using the He atom
as an example, the character of the asymmetry for these two processes is qualitatively different and the
backward/forward asymmetry results in macroscopic directed motion of secondary electrons accompany-
ing the passing of a fast electron beam through gas or plasma. The general formulas for this drag current
are derived and applied to gaseous He.
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1. Introduction

Atomic ionization by fast electrons is of importance in avariety of areas, including physics. The study of inelastic
∗E-mail: arkbalt@mail.ru

collisions stems from the ever-increasing need of plasmaand radiation physics, astrophysics, atmospheric physics,
etc. [1–10]. For a number of cases, the energy and an-gular distributions of the ejected electrons are very im-portant to understand – for example, the track structurein radiation physics [2, 9]. The basic quantity that de-scribes the angular distribution of knock-out electrons andthe energy lost by the fast incident electron is the triple
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differential cross-section (TDCS), the differential in solidangle of the scattering fast particle, the solid angle of theionized secondary electron, and the energy lost by thescattered projectile. Integration of TDCS over the solidangle of the scattered particle yields the double differ-ential cross-section (DDCS), which gives the energy andangular distribution of ionized electrons. Integration ofthe DDCS over the solid angle of the ionized electronsgives the single differential cross-section (SDCS), the en-ergy distribution of secondary electrons. Each integrationeliminates many details of the impact ionization process.Therefore, the complete information about this process iscontained in the TDCS. For this reason its study is ofgreat interest.It is known that the main role in impact ionization isplayed by the processes with a small amount of fast elec-tron momentum transferred to target atoms. Therefore,among the numerous studies of the TDCS (both exper-imental and theoretical [11–19]), an important place isoccupied by investigations focusing specifically on study-ing of the TDCS in the optical limit (see, for example [20]and references therein), when the cross-section for a smallamount of transferred momentum q can be represented asa power series in momentum. In the limit q → 0 theTDCS is well described by the dipole approximation [21–23]. In this approach, the amplitudes for dipole transitionsof atomic electrons to the continuum define the angulardistribution of ejected electrons. Therefore, the angu-lar distribution of ejected electrons for small q is simi-lar to the differential cross-section for dipole photoion-ization of atoms, that is, both the angular distributionsare described by a linear combination of the Legendrepolynomials of zero and second orders. The difference isthat the argument of these polynomials in the electronscattering process is the cosine of the angle between themomentum transfer q and the momentum of the ejectedelectron k; in the case of photoionization, between thephoton polarization vector e and k. The coefficients of theLegendre polynomials – the parameters of the differentialcross-section – define the shape of the angular distribu-tion of ejected electrons. These parameters depend ondipole matrix elements and phase shifts of the continuumwave functions. Of interest is, first, to compare these pa-rameters for both processes in the dipole approximationand, second, to analyze whether there is a one-to-onecorrespondence between the parameters of both angulardistributions beyond the dipole approximation.The main corrections to the differential cross-sections forthese processes in the optical limit result from interfer-ence of the amplitudes for dipole and quadrupole tran-sitions of atomic electrons [24–28]. In the case of atomicionization these studies now constitute rapidly developing

investigations (see [31] and references therein). A compar-ative study of similar parameters in the differential cross-sections of impact ionization of atoms significantly extendsthe available ideas about the dynamics of both opticallyallowed and forbidden transitions of atomic electrons. Inaddition, the existence of E1-E2 nondipole contributionsto photoionization leads to backward/forward asymmetryin the angular distribution of ejected electrons. For thisreason the passing of ionizing radiation through a gastarget is accompanied by directed photoelectron motionknown as a drag current [24, 25, 30]. A similar effectshould be expected while passing a beam of fast chargedparticles through gas or plasma.In this context it is reasonable to study, in the opticallimit, the first non-dipole corrections in the TDCS and todiscuss the problem of electron dragging in gas under theaction of a fast electron beam, not only as a new physicalphenomenon but also as a possible method to investigateone of the nondipole terms in the differential cross-sectionof charged particle impact ionization. The present paperis devoted to an investigation of these problems.The plan of the paper is as follows. In Sec. 2, withinthe framework of the Plane Wave Born Approximation(PWBA), the general formulas for the parameters of an-gular distribution of knock-out electrons relative to thetransferred momentum are derived. These general formu-las are used in Sec. 3 to derive the TDCS parameters inthe optical limit. Further, by using the electron impactionization of the He atom as an example, a comparison ofthe angular distributions of ejected electrons calculated inthe dipole approximation is performed, taking into accountthe nondipole corrections; the backward/forward asymme-try of the angular distributions due to the nondipole tran-sitions in both processes is analyzed. In Sec. 4 the formu-las for the parameters of the electron angular distributionrelative to the incident projectile direction are obtained.They are used in Sec. 5 to derive the general formulasfor the drag current in atomic gases and to calculate thedrag current in gaseous helium. Sec. 6 gives the summaryconclusions. The Appendix of the paper is devoted to com-paring the general formulas for the dipole parameters forcharged particle impact- and photo-ionization of p- and
d-atomic subshells.
2. TDCS within the PWBA

We consider a fast electron with initial momentum p1 andkinetic energy T = p21/2 ionizing a stationary atomicnl0-state (atomic units are used throughout the paper).Further, let the momentum of the scattered fast electronbe p2, so that the momentum transferred to the atom is
1210
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q = p2 − p1. For this process the TDCS, the differentialin ejected electron energy ε [or, equivalently, energy lostby the impinging fast electron ε + I (where I is the ion-ization energy of the atomic electron)], and the differentialin both the ejected electron direction and in the scatteredfast-electron direction is given within PWBA by [21–23].
d3σ

dεdΩp2dΩk
= kp22π3q4p1

∣∣∣∣ ∫ Ψ∗f
∑
j
e−iq·rjΨ0dτ

∣∣∣∣2 (1)
Here dΩk and dΩp2 are the differential solid angles inthe directions of the ejected electron and the scatteredfast electron, respectively. If we express Ψ0 and Ψf asasymmetric products of single-particle functions, Eq. (1)reduces to

d3σ
dεdΩp2dΩk

= Nnl0kp22π3q4p1
∣∣∣∣〈k∣∣e−iq·r∣∣0〉∣∣∣∣2 (2)

where Nnl0 is the number of electrons in the initial nl0atomic subshell. The single-particle atomic wave function

for the initial and final atomic states have the followingforms
∣∣0〉 = Rnl0 (r)Yl0m0 (r);∣∣k〉 = Ψ−k (r) = 4π∑

λ,µ

iλe−iδλRkλ(r)Yλµ(k)Y ∗λµ(r) (3)

where Rnl0 and Rkλ(r) are the radial parts of the electronwave functions in the initial and final states. The wavefunction of the knocked-out electron |k〉 asymptotically isa plane wave exp(ik · r) propagating in the direction kplus incoming spherical waves; λ and k are the electronorbital moment and momentum, respectively; δλ(k) are theassociated phase shifts.For fixed values of the initial and final momenta of thefast electron, p1 and p2, the momentum transfer vector qis fixed in space. In this case the angular distribution ofejected electrons depends only on the angle between thevectors q and k and has the form [31, 32]

d3σ
dεdΩp2dΩk

= 2Nnl0kp2
π2q4p1 ×

∑
l,λ

∑
l′,λ′

∑
L

(2l+ 1)(2λ+ 1)(2l′ + 1)(2λ′ + 1)(−1)l0+L cos(∆lλ − ∆l′λ′ )Qλ
l0lQλ′

l0l′

×
 l0 l λ0 0 0

 l0 l′ λ′0 0 0
 λ λ′ L0 0 0

 l l′ L0 0 0
{ λ λ′ L

l′ l l0
}(2L+ 1)PL(cosυ) (4)

Here the PL(cosυ) are the Legendre polynomials; υ is theangle between the vectors k and q; ∆lλ = δλ −π(l+ λ)/2.The radial matrix elements in Eq. (4) are defined by theintegrals
Qλ
l0l(q) = ∫ Rnl0 (r)jl(qr)Rkλ(r)r2dr (5)

Here jl(qr) are the spherical Bessel functions [33].Integration of Eq. (4) over dΩk gives 4πδL0, which elimi-nates all terms in this equation except the term with L = 0.The differential cross-section relative to the vector q withthe fixed vector p2 and the differential in energy loss andscattering angle has the form

d2σ
dεdΩp2 = 8Nnl0kp2

πq4p1
∑
l,λ

(2l+ 1)(2λ+ 1) l0 l λ0 0 0
2 ∣∣Qλ

l0l
∣∣2 (6)

To compare the TDCS with the photoelectron angular dis-tribution, Eq. (4) is rewritten as d3δ
dεdΩp2dΩk

= 14π d2σ
dεdΩp2

∑
L=0 BLPL(cosυ) (7)
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The desired expression for the coefficients BL, defining ashape of the angular distribution of secondary electron momentum k relative to the vector q (that in this experi-ment is fixed in space), is the following fourfold sum

BL = 1
Sl00

∑
l,λ

∑
l′,λ′

(2l+ 1)(2λ+ 1)(2l′ + 1)(2λ′ + 1) cos(∆lλ − ∆l′λ′ )Qλ
l0l(q)Qλ′

l0l′ (q)
×
 l0 l λ0 0 0

 l0 l′ λ′0 0 0
 l l′ L0 0 0

 λ λ′ L0 0 0
{ λ λ′ L

l′ l l0
}(−1)l0+L(2L+ 1) (8)

where Sl00 in the denominator is the following double sum
Sl00 =∑

l,λ

(2l+ 1)(2λ+ 1)∣∣Qλ
l0l
∣∣2 l0 l λ0 0 0

2 (9)
Eqs. (7)–(9) describe in general the TDCS for atoms bycharged-particle impact ionization, taking into account allorders of the transferred momentum q.
3. Optical limit for TDCS
The TDCS dependence [Eq. (4)] on transferred momentumis totally concentrated in the matrix elements of Eq. (5).Let a be the radius of electron localization in the initialatomic state. Then the region in the vicinity of a near theatomic nucleus is the primary contributor to the matrix el-ements in Eq. (5). In this case a criterion of passing to theoptical limit q → 0 is satisfying the inequality qa � 1.In this limit the Bessel function in the matrix elements ofEq. (5) is represented as a decreasing series in powers of(qr) [33]. Keeping in this series the first principal terms,we obtain for q → 0 the following expressions for thematrix elements of Eq. (5)

Qλ
l00∣∣q→0 = −q

26
∫
Rnl0 (r)r2Rkλ(r)r2dr

= −q
26 〈kλ|r2|n, l0〉, for l = 0,

Qλ
l0l
∣∣
q→0 = ql(2l+ 1)!!

∫
Rnl0 (r)rlRkλ(r)r2dr

= ql(2l+ 1)!! 〈kλ|rl|n, l0〉, for l 6= 0. (10)
According to Eq. (10), for small transferred momenta, anorder-of-magnitude approximation for the matrix elementproducts in the sum in Eq. (8) is l + l′. The main contri-bution to the sum in Eq. (8) in the optical limit is made

by the terms with minimal power ∼ q2, that is, the dipolematrix elements with l = l′ = 1. The terms of the nextorder ∼ q3 are the products of the dipole and quadrupolematrix elements. The nondipole corrections to the atomicphotoionization cross-section are defined by the productsof the same matrix elements E1-E2. Having in mind afurther comparison of the coefficients BL with the parame-ters of the photoelectron angular distribution, we restrictthem to terms of order ∼ q3 in the fourfold sum in Eq. (8).These terms in the sum in Eq. (8) correspond to the orbitalmomenta l and l′ = 0, 1, and 2.The general formulas Eqs. (8) and (9) for arbitrary ini-tial atomic states are rather cumbersome. Therefore, werestrict ourselves here to consideration of the impact ion-ization parameters BL for the s-atomic states. The p- and
d- initial atomic states are considered in the Appendix.The fourfold sum in Eq. (8) for l0 = 0 is transformed tothe twofold one. Substituting L = 0, 1, 2, and 3 in it andkeeping the terms of order ∼ q3, we obtain for the firstfour parameters of the TDCS the following expressions

B0 = 1,
B1 = q5〈k, p|r|n, s〉 [5〈k, s|r2|n, s〉 cos(δ0 − δ1)

− 4〈k, d|r2|n, s〉 cos(δ1 − δ2)],
B2 = 2,
B3 = 65q〈k, d|r2|n, s〉

〈k, p|r|n, s〉 cos(δ1 − δ2). (11)
Comparing (11) with the formulas in [20], it should benoted that the transferred momentum in [20] is definedas a difference of the vectors p1 − p2. This vector differsby a sign from the vector q used in the present paper.Therefore, to compare the formulas, the expressions forthe parameters of the TDCS in [20] should be multipliedby (−1)L. Let us compare now the coefficients of Eq. (11)with the parameters defining the photoelectron angulardistribution.
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Figure 1. Non-dipole asymmetry parameters B1 and B3 as the func-
tions of k for fixed transferred momentum q.

In the dipole approximation, the differential cross-sectionfor photoionization by polarized photons is a linear combi-nation of the two Legendre polynomials of zero and secondorders [34]
dσ (ω)
dΩk

= σ (ω)4π [P0(cosυ) + βP2(cosυ)]. (12)
The angle υ here is the angle between the photon po-larization vector e and the photoelectron momentum vec-tor k; σ (ω) is the total photoionization cross-section. Forphotoionization of the atomic s-subshell, the coefficientsof P0(cos υ) and P2(cos υ) in the angular distribution inEq. (12) are equal to B0 = 1 and B2 = β = 2, respec-tively; they exactly coincide with Eq. (11). As shown in theAppendix, the dipole parameters of the TDCS in the opti-cal limit and the parameters of the photoionization differ-ential cross-section in Eq. (12) also coincide in the case ofcharged-particle impact ionization of the p- and d-atomicsubshells. Thus, in the dipole approximation there is one-to-one correspondence between the photoionization andimpact ionization parameters. This correspondence hasbeen used experimentally to create a “poor man’s syn-chrotron,” a technique that employs electron impact ion-ization to study photoionization [35].The situation with the terms of the next order in q is dif-ferent. For Eq. (11) it is evident that the parameters of the

angular distributions B1 and B3 cannot coincide with the
E1-E2 corrections in the photoelectron angular distribu-tion. The coincidence is impossible, for example, becausethe TDCS parameters Eq. (11) are defined also by theamplitude of the monopole transition of an electron froms-atomic state to s-continuum state. These electron tran-sitions are strictly forbidden by the selection rules in thecase of photoionization.The reason for the disappearance of the coincidence be-tween the parameters of the angular distributions is thatthe interaction with photons is defined by the mutual ori-entation of three vectors: photon polarization e, photonmomentum κ, and photoelectron momentum k. However,in the electron impact ionization the amplitude, Eq. (2), isa function of only two vectors, q and k. In other words,for electron impact ionization, within the framework of thePWBA, the momentum transfer q is an axis of symme-try for all multipoles, while in photoionization the photonpolarization e is only an axis of symmetry at the dipolelevel.In the process of atom ionization by nonpolarized radiationwe deal with one vector only – the vector of photon mo-mentum κ. The photoelectron angular distribution in thiscase has the form of a linear combination of the Legendrepolynomials of the cosine of the angle between the vec-tors κ and k [24, 25], that is, the differential cross-sectiondepends on the mutual disposition of two vectors, as forimpact ionization. However, in this case as well, becauseof the presence of a monopole amplitude, the parameters
BL do not coincide with the photoionization ones. Thisdiscrepancy is due principally to the different form of theoperators of photon and fast charged particle interactionwith atomic electrons.To illustrate the different roles of the nondipole transi-tions under electron impact ionization and photoioniza-tion, we consider the ionization of the He atom in theground 1s-state and compare the angular distribution re-sulting from Eq. (7) with that of the dipole approximation.In the latter case the exponent in the matrix element inEq. (2) is replaced by the first non-vanishing (in the opti-cal limit) term that is equal to (−iq · r). The He 1s-wavefunction is localized, that is, maximized at a radius of theorder of the Bohr radius. Therefore, we selected for calcu-lation the values q = 0.1, 0.2, and 0.3, which correspondto the optical limit in the TDCS. The atomic wave func-tions in the matrix elements of Eq. (5) were calculated inthe Hartree-Fock approximation with previously publishedcodes [36]. The calculated values of these parameters arepresented in Fig. 1. These parameters for calculated ener-gies corresponding to the knock-out electrons ε are neg-ative and reach the maximum absolute values for ε ∼ I1s,where I1s is the ionization potential of the 1s level of the
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He atom. Normalized to unity at an angle υ = 0, theTDCS in Eq. (7) for q = 0.1 and k = 1.5, that is, with themaximum values of the parameters B1 and B3, are givenin Fig. 2. In this figure the curves for the TDCS both inthe dipole approximation and taking into account the firstnondipole corrections in Eq. (11) are given in the coor-dinate system with the vector q as a polar axis. In spiteof the smallness of the transferred momentum the non-dipole corrections are very significant. They result fromsecondary electrons ejected with very high probability inthe direction opposite to the vector q = p2 − p1, that is,along the momentum vector of the primary fast electrons
p1.The normalized TDCSs for q = 0.1 and k = 10 are pre-sented in Fig. 3. For comparison the angular distribu-tions of photoelectrons emitted from the s-atomic states,which are calculated with nondipole corrections, are alsoincluded. For the calculation of this cross-section the pho-ton energy ω was set, as it must be, equal to the trans-ferred energy ∆E in the electron impact process. Forthe calculation of these angular distributions, we chose avery high value of the kinetic energy of the ejected elec-tron, on the atomic scale, so that a shift of the maximumin the photoelectron angular distribution could be seen inthe figure. This shift is defined by the ratio k/c where
c is the speed of light. Since the non-dipole parametersrapidly decrease with the growth in energy of the ejectedelectrons, the non-dipole asymmetry in the TDCS is notso pronounced compared to the case of charged particleimpact ionization when electrons are ejected with energy
ε ∼ I1s (Fig. 2). However, even for these energies it isstill quite visible.The vector q is an axis of cylindrical symmetry for theangular distributions of secondary electrons under impactionization within the PWBA. The curves in Figs. 2 and 3depict this angular distribution for a fixed azimuth angle
φ of electron ejection in the coordinate system with thecenter at the target-atom nucleus. For comparison withphotoionization, a polar axis of this system coincides withthe photon polarization vector e, and the photon wave vec-tor κ is along the x-axis, located in the plane of the fig-ure. In the dipole approximation the electron- and photon-generated angular distributions coincide (dashed line inboth cases), and they have the shape of two lobes sym-metrical with respect to both the polar axis q(e) and theaxis κ. When the nondipole transitions are included, theshape of each of these angular distributions changes, butin very different ways. In the case of electron impact ion-ization, the angular distribution symmetry relative to thepolar axis remains unchanged, but the lobe in the lowerhalf-plane becomes larger than the upper one. The ejectedelectrons are emitted symmetrically about q, but the cross-

Figure 2. Scaled TDCS as a function of angle between the vectors
q and k for electrons ejected from He, normalized to unity
in the forward direction for q = 0.1 and k = 1.5. The
dashed line is the result of the dipole approximation. The
incident fast electrons move in this figure from the upper
semi-plane to the lower one.

section for ejection in the direction of +q is smaller thanthe cross-section for electron emission in the −q direction.In contrast, for photoionization, the upper and lower lobesof the angular distribution are the same but their maximadeviate from the direction of the polarization vector e andshift either towards or away from the photon momentumvector κ.Thus, the non-dipole corrections, even for small trans-ferred momenta, distort the angular distribution of ejectedelectrons compared with the dipole picture (Figs. 2 and 3).If, in the processes of charged particle impact ionization

Figure 3. Normalized to unity in the forward direction, TDCS for elec-
trons ejected from He for q = 0.1 and k = 10. The dashed
line is the result of the dipole approximation. The red line
is the photoionization cross-section.
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and photoionization, not only the dipole transitions areinvolved but also nondipole ones, the character of theasymmetry of photoionization and charged particle impactionization spectra is essentially different (Fig. 3), and theone-to-one correspondence between the angular distribu-tion parameters disappears.
4. Double differential cross-section
To obtain the double differential cross-section (DDCS),that is, the energy and angular distribution of secondaryelectrons relative to the vector p1, the TDCS in Eq. (4)must be integrated over directions of the vector p2:

d2σ
dεdΩk

= ∫ d3σ
dεdΩp2dΩk

dΩp2 (13)

This integration can be performed by applying the ad-dition theorem for spherical harmonics [22]. Integrationover solid angle dΩp2 is transformed into integration overthe transferred momentum q [21–23] and, as a result, weobtain the following expression [31, 32] for the angulardistribution of ejected electrons relative to the incidentprojectile direction p1:

d2σ
dεdΩk

= 4Nnl0k
πp21

∑
l,λ

∑
l′,λ′

∑
L

(2l+ 1)(2λ+ 1)(2l′ + 1)(2λ′ + 1)(−1)l0+L cos(∆lλ − ∆l′λ′ )
×
∫ qmax

qmin
PL(cosυqp1 )Qλ

l0l(q)Qλ′
l0l′ (q)dqq3

×
 l0 l λ0 0 0

 l0 l′ λ′0 0 0
 λ λ′ L0 0 0

 l l′ L0 0 0
{ λ λ′ L

l l′ l0
}(2L+ 1)PL(cos Θ) (14)

Here Θ is the angle between the vectors p1 and k;cosυqp1 = −(2∆E + q2)/(2qp1) is the cosine of the anglebetween the vectors q and p1. Integration of the DDCSin Eq. (14) over dΩk gives 4πδL0, which eliminates allthe terms in this equation except the term with L = 0.The double differential cross-section for the scattering ofthe fast charged particle, differential in energy loss andscattering angle, has the form

d2σ
dεddΩk

= 14π dσdε∑
L=0 BLPL(cos Θ), (15)

where for the single differential cross-section (SDCS) wehave the following formula

dσ
dε = 16Nnl0k

p21
∑
l,λ

(2l+ 1)(2λ+ 1) l0 l λ0 0 0
2 ∫ qmax

qmin

∣∣Qλ
l0l(q)∣∣2 dqq3 . (16)

The parameters BL in the DDCS of Eq. (15) are defined, asbefore, by the formulas Eqs. (8) and (9), in which, however,the products of the matrix elements and their squares arereplaced by the following integrals Qλ
l0lQλ′

l0l′ →
∫ qmax

qmin
PL(cosυqp1 )Qλ

l0l(q)Qλ′
l0l′ (q)dqq3 ,

∣∣Qλ
l0l
∣∣2 → ∫ qmax

qmin

∣∣Qλ
l0l(q)∣∣2 dqq3 . (17)
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The integration limits in these integrals are defined bythe energy ∆E transferred during the collisions and havethe form
qmax = p1 + p2 = p1 +√p21 − 2∆E ,
qmin = p1 − p2 = p1 −

√
p21 − 2∆E . (18)

It is evident that the DDCS parameters have nothing to dowith either the dipole or E1-E2 parameters of photoion-ization, because the integrals of Eq. (16), representing aconvolution of the matrix elements and the Legendre poly-nomials, cannot be transformed into simple products of thematrix elements, as is the case for the parameters of thedifferential photoionization cross-section [24–28, 34, 36].In principle, information about the non-dipole parame-ters B1 (B1) and B3 (B3) can be obtained by measuringthe TDCS in Eq. (7) or DDCS in Eq. (15) at the angle
υ = Θ = υm [29]. For this so-called magic angle theLegendre polynomial P2(cosυm) = 0, and these differ-ential cross-sections become functions of the non-dipoleparameters of lower order in the transferred momentum.It is, however, possible, in principle, to measure one ofthe DDCS parameters, namely B1, in a new type of ex-periment – by studying microscopic currents accompany-ing transmission of a fast electron beam through gas orplasma media. We will consider this phenomenon in thenext section.
5. Drag current
The backward/forward asymmetry (Figs. 2 and 3) in thedifferential cross-section for atomic ionization by elec-tron impact can result in the directed motion of electronsthrough gas or plasma, that is, the electron impact ion-ization can result in macroscopic drag currents in thesemedia. These currents were discussed in connection withthe E1-E2 corrections in the photoelectron angular dis-tribution and lead to the backward/forward asymmetry inthe differential photoionization cross-section [24, 25, 30].These drag currents were first described for photoion-ization by Grinberg and Makovsky [38]. They analyzedthe role of the photon momentum in the photoioniza-tion of shallow impurity centers in semiconductors. Theyshowed that the quadrupole bound-free transitions resultin macroscopic drag currents in the direction of the photonmomentum. Other mechanisms of electron or hole drag-ging were considered in [39]. The drag effects in semicon-ductors were found and studied experimentally [40–42].Similar effects in atomic gases and plasmas were pre-dicted and described in [24, 25, 30, 43]. The experimental

study of drag-effects in gaseous media was hindered bythe absence of intense ultraviolet radiation sources capa-ble of ionizing the outer atomic shells in a single-photonprocess. Recently, however, the first experimental con-firmation of drag currents in atomic and molecular gaseswas reported [44]. The drag currents due to the passingof high-energy beams of heavy charged particles throughatomic gases were considered in [45].Following the methodology of [30], we can obtain formulasfor the drag current in an atomic gas target resulting fromthe ionization by a fast electron beam. We start withthe general formula for the drag current appearing underatomic photoionization [30]
j(ω) = −Wp

1
σel(k)

∫ dσp(k)
dΩk

cosυdΩk , (19)
where Wp is the photon flux density; σel(k) is thecross-section for elastic scattering of photoelectrons bygas atoms, which define their relaxation time in gas;
dσp(k)/dΩk is the differential cross-section of atomic pho-toionization; and υ is the angle between the momentumvectors of the photoelectron k and the photon κ.For the given case the photon flux density Wp in Eq. (19)must be replaced by the flux in the beam of the fast elec-trons W [cm−2s−1]. The density of the electric current cre-ated by these electrons is in the usual units j0 = −|e|W(e is the electron charge). Following standard procedure,we consider the directed motion of positive charges as con-stituting the current. Further, in the photoionization pro-cess all photoelectrons ejected in the gas have the sameenergy ε = ω − I . In the case of electron-impact ion-ization we deal with the energy spectrum of ejected elec-trons. Thus, the generalization of Eq. (19) for the caseof electron-impact-induced drag currents requires the re-placement of the photoionization cross-section with theDDCS from Eq. (15), along with the integration of theprojection of k onto the vector p1 and integration over thespectrum of ejected electrons. As a result, the drag current
j due to the passing of a beam of fast electrons throughan atomic gas is given by

j = j0
∫ d2σ
dεdΩ cos Θ

σel(ε)dΩdε.
Substituting into Eq. (5) the DDCS from Eq. (15), we ob-tain for the ratio of the electric currents the following ex-pression

j
j0 = 13

∫ dσ
dε

B1
σel(ε)dε. (20)

Thus, the directed macroscopic motion of electrons in gasor plasma, initiated by a beam of fast electrons, is definedby only the parameter B1 of the DDCS of Eq. (15). For
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further consideration of drag currents in gaseous He, weobtain the general expression for the drag current dueto electron-impact ionization of s-electrons of atomic gastarget.In the integrals of Eq. (17), defining a convolution of thematrix elements, the main contribution results from therange of transferred momenta q in the vicinity of the lowerlimit of integration q ∼ qmin ≈ ∆E/p1. Taking this intoaccount, we represent the nondipole parameter B1 by thefollowing expression
B1 = S1∆E5p1〈k, 1|r|n, 0〉 , (21)

where the function S1 has the form
S1(ε) = 4〈k, 1|r|n, 0〉〈k, 2|r2|n, 0〉 cos(δ2 − δ1) (22)

−5〈k, 1|r|n, 0〉〈k, 0|r2|n, 0〉 cos(δ1 − δ0).
Here we use the notation for matrix elements from Eq. (10).For integration of the SDCS of Eq. (16) over the momen-tum transfer q, we take into account that for small q theintegral over dq diverges logarithmically, while within therange of large q the integrand rapidly decreases, owingto the presence of an oscillating function in the matrixelements. Thus, the main role in the integral over dq isplayed by the range of small q. Therefore, we can restrictthe integration from a minimum value qmin ≈ ∆E/p1 tosome value β ∼ 1 [22]. As a result, we obtain the desiredexpression for the drag current in PWBA

j
j0 = 8Nn045T 3/2

∫ S1(ε)
σel(ε)√ε∆E lnβ p1∆Edε. (23)

As in the case of the drag current resulting from pho-toionization, the electron-impact-ionization-induced dragcurrent, Eq. (23), is a function of a combination of thematrix elements and the corresponding phases. The dif-ference is that in the photoionization case, the effect de-pends on the products of dipole and quadrupole matrixelements, while in the charged particle case, a combi-nation of dipole-monopole and dipole-quadrupole matrixelements Eq. (23) determines the effect. The calculatedresults for the ratio of the currents j(T )/j0 in gaseous he-lium as a function of kinetic energy T are presented inFig. 4. For the calculation, the experimental elastic scat-tering cross-sections σel(ε) [46] were used. The densityof the drag current rapidly decreases with the growth inenergy of the fast electrons T , which is connected withthe rapid decrease in the total cross-section for impact

Figure 4. Ratio of drag current to incident electron current j(T )/j0
in gaseous He as a function of kinetic energy T of fast
incident electrons

ionization of the atom. The ratio of currents for energiesunder consideration is ∼0.1%. Note that huge values ofthe drag currents are generated under natural conditions,namely in lightning strikes. It is known that the electricfield necessary to initiate such an electric discharge is
∼1 MV/m. To maintain the discharge, an electric field of
∼0.1–0.2 MV/m [47] is sufficient. In the first stage of theprocess, in the region where the electric field reaches itscritical value, the electron impact ionization starts with thefree electrons always available in the air. Owing to theelectric field, these electrons acquire significant speedsand undergo ionizing collisions with atmospheric atomsand molecules. Thus, the electron avalanches – stream-ers – are the conducting channels that, in combination,provide the onset of a bright thermo-ionized channel withhigh conductivity. The current in this channel ranges fromtens to hundreds of thousands of Amperes. The channellength of ground lightning is 1–10 km, and the diameteris several centimeters. Under these conditions the dragcurrent density can reach enormous values of thousandsof A/cm2.
6. Summary and conclusions
We have presented expressions for the TDCS for atomsdue to charged particle impact ionization in the opticallimit as a series in powers of the transferred momentum.It has been shown that the principal terms of this seriesare defined by the amplitudes of dipole and quadrupoleelectron transitions from the bound atomic state to thecontinuum. The explicit expressions for the first four pa-
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rameters of the angular distribution BL have been obtainedfor the s-, p- and d-atomic subshells. The calculated pa-rameters are compared with those of the angular distri-bution of electrons ejected from an atom in the photoion-ization process. It has been shown that in the PWBAthe one-to-one correspondence between the photoioniza-tion and charged particle impact ionization parameters re-mains valid only in the dipole approximation. This corre-spondence disappears when the transitions of other mul-tiplicity (in particular, quadrupole ones) are involved inthe process. Nondipole corrections to the angular distri-bution of ejected electrons, resulting from electron-impactionization, proved to be significant even for collisions withsmall momentum transfer to the target. The nondipolecontributions in the TDCS, as in the case of atomic pho-toionization, result in backward/forward asymmetry, butthe character of the asymmetry for these two processes isqualitatively different. Finally, it has been shown that thebackward/forward asymmetry in the DDCS leads to pref-erential motion (along the vector p1) of secondary elec-trons in gas targets bombarded by fast electron beams,that is, to the appearance of macroscopic drag currentsin gas media. The effect of this dragging under electronimpact ionization, under certain conditions, can result insignificant values of the drag current, which is important ina number of areas, including atmospheric physics, plasmaphysics, and space and astrophysics.Note that for higher photon energies for photoionization,and for higher energy transfer in the charged-particle im-

pact ionization case, still higher multipoles will becomeimportant. However, even if the same multipoles are im-portant in the two cases, these multipoles will manifestthemselves in different ways in the two cases, owing tothe different symmetries of the two processes. In addition,our conclusions would not be altered at all qualitatively bythe use of wave functions other than Hartree-Fock in thecalculations; nevertheless, they might be changed quanti-tatively somewhat, but it is not expected that the changeswould be very significant.
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Appendix A

1. Case of p-atomic states

Substituting in Eq. (9) l0 = 1, and after some angular mo-mentum algebra manipulation, we find for BL the followingexpressions:

B0 = 1,
B1 = 9q25[〈k, s|r|n, p〉2 + 2〈k, d|r|n, p〉2] [−5〈k, p|r2|n, p〉〈k, s|r|n, p〉 cos(δ1 − δ0)

+ 6〈k, p|r2|n, p〉〈k, d|r|n, p〉 cos(δ1 − δ2)− 4〈k, f |r2|n, p〉〈k, d|r|n, p〉 cos(δ3 − δ2)],
B2 = 2〈k, d|r|n, p〉[〈k, s|r|n, p〉2 + 2〈k, d|r|n, p〉2] [〈k, d|r|n, p〉 − 2〈k, s|r|n, p〉 cos(δ0 − δ2)],
B3 = 6q25[〈k, s|r|n, p〉2 + 2〈k, d|r|n, p〉2] [5〈k, f |r2|n, p〉〈k, s|r|n, p〉 cos(δ3 − δ0)

+ 6〈k, p|r2|n, p〉〈k, d|r|n, p〉 cos(δ1 − δ2)− 4〈k, f |r2|n, p〉〈k, d|r|n, p〉 cos(δ3 − δ2)]. (A1)
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2. Case of d-atomic states
For l0 = 2 the parameters BL are defined by the followingexpressions

B0 = 1,
B1 = 2q35[2〈k, p|r|n, d〉2 + 3〈k, f |r|n, d〉2] [−84〈k, d|r2|n, d〉〈k, p|r|n, d〉 cos(δ2 − δ1)

+ 111〈k, d|r2|n, d〉〈k, f |r|n, d〉 cos(δ2 − δ3) + 14〈k, s|r2|n, d〉〈k, p|r|n, d〉 cos(δ0 − δ1)
− 36〈k, g|r2n, d〉〈k, f |r|n, d〉 cos(δ4 − δ3)],

B2 = 25[2〈k, p|r|n, d〉2 + 2〈k, f |r|n, d〉2] [6〈k, f |r|n, d〉2 + 〈k, p|r|n, d〉2 − 18〈k, f |r|n, d〉〈k, p|r|n, d〉 cos(δ1 − δ3)],
B3 = 6q35[2〈k, p|r|n, d〉2 + 3〈k, f |r|n, d〉2] [12〈k, g|r2|n, d〉〈k, p|r|n, d〉 cos(δ4 − δ1)

− 2〈k, d|r2|n, d〉〈k, p|r|n, d〉 cos(δ2 − δ1)− 7〈k, s|r2|n, d〉〈k, f |r|n, d〉 cos(δ0 − δ3)+ 8〈k, d|r2|n, d〉〈k, f |r|n, d〉 cos(δ2 − δ3)− 6〈k, g|r2|n, d〉〈k, f |r|n, d〉 cos(δ4 − δ3)]. (A2)

The dipole asymmetry parameter in the differential cross-section for photoionization, given in Eq. (12) as β(ω) = B2,is defined by the following expression [34]

β(ω) = l0(l0 − 1)D2
l0−1 + (l0 + 1)(l0 + 2)D2

l0+1 − 6l0(l0 + 1)Dl0−1Dl0+1 cos(δl0−1 − δl0+1)(2l0 + 1)[l0D2
l0−1 + (l0 + 1)D2

l0+1] , (A3)

where the dipole matrix elements are defined by the inte-grals
Dl0±1 = ∫ Rnl0 (r)rRkl0±1(r)r2dr = 〈k, l0 ± 1|r|n, l0〉.(A4)Sequentially substituting in (A3) l0 = 0, 1, and 2, andtaking into account Eq. (10), we obtain for the parameter

β(ω) the formulas coinciding with those for the coefficients
B2. Thus, in the dipole approximation there is a one-to-one correspondence between the photoionization andcharged particle impact ionization parameters for atomicstates p-, d-, etc.
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