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Abstract:

We generalize previous works on the Dirac eigenvalues as dynamical variables of Euclidean gravity and

N =1 D = 4 supergravity to on-shell N = 2 D = 4 Euclidean supergravity. The covariant phase space of
the theory is defined as the space of the solutions of the equations of motion modulo the on-shell gauge
transformations. In this space we define the Poisson brackets and compute their value for the Dirac eigen-

values.
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1. Introduction

One of the most important and longstanding problems in
general relativity and its supersymmetric extensions is
finding a complete set of observables of these theories. In
particular, such objects should contain information about
the spacetime manifold and have vanishing Poisson brack-
ets with the constraints of general relativity. Therefore,
they might be useful for quantizing gravity and supergrav-
ity by employing the canonical methods [1]. Several years
ago, it was shown in the framework of noncommutative ge-
ometry that there is a relationship between the algebra
generated by the Dirac operator and the smooth functions
on a manifold and the geometry of the latter [2]. On the
other hand, it is known from the spectral geometry that the
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eigenvalues of certain differential operators contain infor-
mation about the geometry of the manifold on which they
are defined [3]. These observations were applied to gen-
eral relativity in [4] where it was proposed that the eigen-
values of the Weyl operator played the sought for role
in the Euclidean general relativity in the Ashtekar vari-
ables. However, there are two major problems in making
this idea work: the difficulty of calculating the spectrum of
the Weyl operator and the uniqueness of the gauge vari-
ations of the theory in terms of the Ashtekar variables.
Since the theory of the Dirac operator is better known,
it has been put forward in [5-7] that the eigenvalues of
the Dirac operator be considered as dynamical variables
of the gravitational field in Euclidean general relativity.
The theory is restricted to compact Euclidean manifolds
since the Dirac operator should be hermitean and elliptic.
Also, it is precisely in the Euclidean case that one can
make the connection with the noncommutative geometry.
In particular, the Hilbert-Einstein action of the general
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relativity can be written solely in terms of the eigenval-
ues of the Dirac operator as a Dixmier trace [5] (see for
noncommutative geometry, e.g. [2, 8] and for connection
with spaces with torsion [9-14]).

In a previous work, the above construction was extended
to the case in which, alongside the diffeomorphisms and
SO(4) rotations, local N =1 supersymmetry transforma-
tions have been taken into account [15]. The relations
resulting from the variation of the Dirac eigenvalues were
considered a priori as constraints on the geometry of the
Euclidean manifolds and some consequences of this hy-
pothesis were analyzed in [16-19] (see also the review in
[20]). In this article, we are going to consider the on-shell
N = 2 D = 4 Euclidean supergravity. The reasons for
which one would like to understand better the Euclidean
supergravity come mainly from the AdS/CFT correspon-
dence in string theory (see [21] and the references therein)
and the study of instantons in the field theories coupled
with gravity.

In the Euclidean theory, the complex Dirac spinor can be
written as two Majorana spinors defined by a new Ma-
jorana condition and the bosonic fields are real [22-24].
This allows us to write local supersymmetry transforma-
tions consistent with SO(4) as in [25] [for different ap-
proaches to the Euclidean supersymmetry see the review
in [23] and the references therein]. Our main aim is to
extend the formulation of the N = 1 D = 4 Euclidean
supergravity in which the dyamical variables are given by
the Dirac eigenvalues A,’s to the on-shell N =2 D =4
Euclidean supergravity. To this end, one has to make use
of the concept of the covariant phase space of supergrav-
ity. The key objects defined on it are the covariant Poisson
brackets. We define the Poisson brackets for the N = 2
D = 4 Euclidean supergravity and derive their expression
for the Dirac eigenvalues.

The plan of this paper is as follows. In Section 2 we
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discuss the on-shell N =2 D = 4 Euclidean supergravity
in terms of the Dirac eigenvalues. In Section 3 we define
the Poisson brackets in the covariant phase space defined
as the space of the solutions of the equations of motion
modulo the local gauge transformations. The Poisson
brackets of the Dirac eigenvalues are computed in the
Section 4. The last section is devoted to conclussions.
The units in this paper are such that 327G = 1.

2. Dirac eigenvalues as dynamical
variables of N = 2 D = 4 Euclidean
supergravity

Consider the N = 2 D = 4 Euclidean supergravity on
a compact spacetime manifold M without boundary. The
gravitational supermultiplet has the following field con-
tent: the real vielbein e}, the real vector field A, and the
gravitino ;7. The Euclidean spinors are obtained from the
complex Majorana spinor L/J[,”“ in the Minkowski spacetime
by performing the following Wick rotation [22, 23]

YM = oy, YM S ygto, o=e"V (1)

The matrix O defined above acts on the Dirac matrices
yM in the Minkowski spacetime and transforms them into
matrices in the Euclidean spacetime according to the rule

VMu N 071 VMUO~ (2)

The action of the N = 2 D = 4 Euclidean supergravity
takes the following form [25]

s = [d'%|-SR Yy T g + L eF? = 0 3
= X732 (e, w) — ™4y, p¢’a+19 —ae 3)
_ K+ b pv v o v 4[79 pv

zﬁ%%(e("'— +F )+y5(F +F )+K2ev )Lp] (4)
where
ix ~ 1 ~
FHv = FHV _ ﬁ (¢,Tuy5¢,v _ L/,Tvy5¢,“) . FP = iSWMFpu, (5)
K t t
wuab = wuub(e) - T (l!}a YSVud/b + '1[]0 YSYbl,ZJp - lﬂu y5yb(1[ju - (G — b)) ’ (6)

are the supercovariant field strength, its Hodge dual and
the spin connection, respectively. The phase space of the

(

theory is a (super)covariant notion and it is defined as the
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space of the solutions of the equations of motion (e, A, ¢)
modulo the gauge transformations. Thus, it is sufficient
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to consider only the on-shell supergravity transformations
[25]

1
66;10 = Evavepu + au‘sveva - Ebaepb + i (()[J‘Ty5yu€ - eTV5yu¢lp)
L

6A,u = {vavAy + a;/EVAv + aug + E (GTYSL,[];/ - LL’ZYSEE)

v v 1 a t v 1 -
64’/./ = E avlpu + aug va + ZE byab(/}u - Vue + ﬁ 14 G}NE - ﬁ g 2Vu6 + [gg ¢’U

v v 1 a L v 1 -
51,[1[ = 6‘,1,[/[ + 0,8yt — ZE bl,UZ-Yab + Vet + oG TGy’ + 7 g%eTy, —1g& t,l/[ . 7)

Here, the parameters of the general coordinate transfor-
mations, local SO(4) rotations, U(1) gauge transforma-
tions and N = 2 Euclidean supersymmetry transforma-
tions are denoted by &, &% T and ¢, e, respectively.
The observables are functions on the phase space. Let us
denote by F the space of smooth supergravity multiplets
(e, A, ) which are composed by smooth tetrads, smooth
connections on the U(1) bundle over M and smooth sec-
tions from the spin bundle £(M). The space of solutions
of the equations of motion of the Euclidean supergrav-
ity is denoted by S and the space of the gauge orbits of
the transformations (7) in F is denoted by O. Then the
covariant phase space is G.

As was noted in [5, 15] a set of classical observables of the
Euclidean gravity and N = 1 Euclidean supergravity on
compact manifolds is given by the eigenvalues {A,}'s of
the Dirac operator which define a discrete family of real-
valued functions on the space of vielbeins. The functions
An(e, A, ¢) are invariant under the gauge transformations
for each n. Let us now apply the same idea to the N =2
D = 4 Euclidean supergravity with the on-shell transfor-
mations given by the relations (7). The Dirac operator has
the following form

D=iy’e"V, (8)

and it is given by the sum between the Dirac operator in
the non-supersymmetric theory and two terms depending
on the potential A and the gravitiono ¢, respectively. The
gauge- and Lorentz-covariant derivatives of the N = 2
D = 4 Euclidean are obtained from the corresponding
covariant derivative of the N = 2 supergravity in the
Minkowski background by a Wick rotation [22, 23]

Vb, = (D, — igA,) ¢y, 9)

(

where the operator D, has the following action on the
vielbein and the gravitino fields

a _
D,e; =

Duﬂl’v =

(6,, - wa) eﬁ,

1
(au+ szbyub) .

If ones fixes the A and ¢ fields, the symbol of the Dirac
operator in the presence of supersymmetry is a local iso-
morphism

Lo : U — Hom(S(M), S(M)), S(M) = F(M)xE(M), (12)

where U € M is an open subset, ['(M) is the U(1) bundle
and (M) is the spin bundle over M, respectively [26]
Standard computations show that the Dirac operator is
an elliptic operator on M and since M is compact, the
operator D has a discrete spectrum of eigenvalues

Dxo = Aoxo, n=0,1,2,.... (13)

The spinor bundle (M) can be endowed with the follow-
ing scalar product by which it becomes an Hilbert space

Who) = [ d'x Vglx) " (x)x (). (14)

Here, * denotes the complex conjugation. The A,’s define
a discrete family of functions on F which is a consequence
of the dependence of D on (e, A, )

A 0 F— R, (e,A¢) = A (e A Y),
A 0 F—R=, (e,A ¢) — {A(e, A ¢)},
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where the second correspondence defines the infinite fam-
ily of dynamical variables.

The functions (15) and (16) define a set of variables of the
Euclidean supergravity. In principle, they could be found
by solving the spectral problem (13) on arbitrary back-
grounds which is a notoriously difficult problem. Never-
theless, one can obtain interesting information about the
eigenvalues A,’'s by investigating their variation with re-
spect to the variables (e, A, ). In this way, one can check
out explicitly the gauge invariance of the eigenvalues of
the Dirac operator and one can attempt to construct their
Poisson brackets. Note that the eigenvalues of the Dirac

operator should be invariant under the transformations (7)
since D is covariant by construction.

3. On-shell Poisson brackets of
N = 2 D = 4 Euclidean supergrav-
ity

Let us study now the Poisson brackets on the covariant

phase space of the on-shell Euclidean supergravity. A
vector field on S can be written as

|

0
Al (x) 54/’ (%)

where X/ (x), X¥(x) and X‘f(x) are solutions of the equations of motion of N =2 D = 4 supergravity. The vector field X
defines a vector field [X] on the covariant phase space G as the equivalence class of (17) modulo the linearized gauge
transformations. The symplectic two-form of the general relativity from [27] can be generalized to the supergravity by
defining the following two-form field

+ X0 (e A ) = (17)

X = /d4x (X;(x)(e,A, Y) 6ef(x) +X“(x)(e,A,¢1)6

QX,Y) = / d*o n, (x Vo Y2l + X, Vo Yy + XLV, Yiey| e, (18)
N
where N is a compact topological three-dimensional surface such that M = N x S', n, is its normal one-form and

FVy,G=FV,G—GV,F. (19)

Since the solutions of the Euclidean supergravity depends on the full supergravity multiplet, the covariant derivative
from (18) is the one that acts on the spinors (11). The components of Q are defined in each sector by the following
relations

0% (x,y) = [N B0 1,5(x, 0() Vo 8y, x(0))y ™", (20)

Q“"(X,g) = Id30 npé(x, o(x)) va 5(y,X(U))epU"V, (21)
N

QY (x.y) = INd3U n,0(x, o(x)) ﬁ_g Ay, x(0))e e, (22)

where N : ¢ — &(0). Like the symplectic two-form of gravity which can be recongnized in the first term of (18), Q is
degenerate in the gauge directions and has an inverse in the space of the orbits. Nevertheless, once the gauge fields
and a representative of the vector field [X] are fixed, then Q admits an inverse I'. The components of Q are defined by
the following relations

[y [ @zt yaiuaxe = [dzemasgsxe. )
/d4g/d4z Mo (%, Y)Q(y, 2)X,(2) = /d“z 0(x,2)0) X, (2), (24)
[ty [ @z mim oty axi@ = [ d' o 2ssxk, )
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where {X‘,Xp,le} denote an arbitrary solution of the supergravity equations of motion which satisfies the chosen
gauge. By using the relations (20), (21) and (22) in to (23), (24) and (25) one obtains a set of equations that defines the

components of the inverse 1 in the three sectors

/ d*o n, (rlg‘;(x,x(a)) vi X;(x(a))) ). e XJ(x),
N

/d3a n, (I_I‘,,,(X,X(U)) vi XV(X(U))) e = X, (x),
N

/ d*o n, (I'IL/V(X,X(U)) vi XK (x(a))) eke™” = X)(x).
N

The Poisson brackets of two functions £, G on the space S can be written as

oF oG oF oG
_ 4 4 ab
(F.6) = [t [ aly (”“”(X"”ées(x) ser(g) T Y50 BAL)
oF 0G
1
Tl 50 6¢£)‘

(26)

(27)

(28)

(29)

Note that the relations (26), (27) and (28) define the extension of the propagator of the linearized Einstein equations [6]

to the linearized N = 2 D = 4 Euclidean supergravity in the chosen gauge. The Poisson brackets from (29) depend on

the gauge, too. However, if F and G are gauge invariant functions then the Poisson brackets are gauge independent.

4. Poisson brackets of the Dirac eigenvalues

The local variation of the Dirac eigenvalues is given by the perturbation theory

0Ay = (Xn| 0D |xa) -

(30)

The terms containing the local variation of the eigenspinors x, cancel each other. The variation of the Dirac eigenvalues

under gauge transformations has the following form

: a [ a C a
0hy = i{xal V"0,V xa) + ;(anv eh 0w Ved [Xn) + g (Xal V7 €40A, [Xn)

H a v a v _a a 1 a a
= i{xn|V (E dve, + 0,8 V—{beﬁ—i— ik((ﬂ[yﬂ/ e—elysy Lpu)) Y xn )

i

4
“et | ZV9,A, + 0,&'A, + 0 et 1
+ g{xalv'e, [ $V0.A, +0,8A, + ug"'\/z(e Vs (/Juy5€) IXn)

<Xn | ve E'f; 5wzd Yed |Xn>

where the variation of the spin connection is given by the following relation

2
dwi® = dwp’(e) — % [(0esg™ + eou’™) ysyulh® + ¢ ysy, (Sevyp™ + e)oyT)]

k2
= 5 L(8eSyT + eloyT) vsy g, + T ysy 6uly

k2
+ 5 (00l vsv*y’ — glvsy? (dely” + eloy”)]
— (a o b).

(31
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If the explicit form of the gauge transformations from (7) [25] is employed, one obtains the following variation of the Dirac

eigenvalues

oA, =

dwi’(e)
k2
T [(é"a e) + 0,8 e — &Gl + = (',lfvysv e—€lysy l,bv)) (0 T ysyuh® + YT ysy, 7 6)
vvET &Gy,  g&y i\ b
t NG + NG —ig&y )evvw,,#f
Vvt igTGy, gdtyr vr)]
c N + 7 igsy

kZ
(Ef’a el + 0,85 — &ey + = (tﬁvvsy e—elysy tlfv)) P Tysy

1
(0,07 + 0wt = Ley v +

GTysy,er (E"a T+ 0V YT — ECdt/J"TVcd +

k?
T (Epap¢lvf + avgpl#vf _ Zécdl'[jv'f'ycd +

Vet N i&tGvry, N g&tyY
k 22 V2
k? “dy. V,e iy'G,e €
deurywb (5"3\/% + 0,8y + W eaty Zd% - /: VZ\/% - /?ztuﬁ
v,§t iTGhy, g8y, t a, b
k + 2\/2 + \/j - [g'fdjy VsV Lp

f¢uv5v U (Epﬂ eh +0,&eb — &hed + = (¢vy5y e—eysy' ) )

ged Vcdl./l _ VPe iy Gle gyPe .
>yt p P _ P
4¢1V5Ve(58¢ + 07, + k+2\/§ kz\/z-f—lgfl,[/
(a < b). (32)

- lgéll"d- ) ez Vs ybl,[ju

+ igcfl,l/u)

2
1
o (Ept?ptﬂ[ +0,87¢) — 756d¢,7:ycd +

The above relation vanishes identically due to the gauge invariace of the theory but it can be used to check the explicit

invariance of the Dirac eigenvalues. However, A,’s are not invariant under arbitrary variations of the supergravity

multiplet.

Consider the linearized arbitrary transformations of the fields (e, A, ¢s) with the real parameter v

e, = ej+voey, (33)
Ay = A, +V0A,, (34)
b =y + Vo, (39
The variation of the Dirac eigenvalues with respect to v can be computed from the following relation
dhile, A, ) / L [P AD) s, Sl Ay, Bhe A Y)
= A
v | e e 7 L A T
d
= nl 75— Dlxn)-
ol o] o) (36)
Using the following notations
0 0 0
T, = S, Ul = S, V= —5,, 37
na 662 n 6AH n 6411 ( )

Sy

j d*xy/Aet(g) 6 Dot — X, ) (38)

one obtains the equations that give the variation of the eigenvalues A,’s under the general linear variation of the

supergravity multiplet

dAy(e, A )
oy,

d(eAY) _ 5, dh(eA )

na’ =U,,
des 0A,

=V (39)
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The interpretation of the equations (39) is that they are the Jacobian matrix of the map (15). As in the case of general
relativity, the above results allow one to study the map (15) in the space of supermultiplets by studying the quantities
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defined in (37). In principle, the quantities given by the above set of relations can be computed for any given supergravity
background. With their help one can compute the Poisson brackets of the Dirac eigenvalues

Do h} = / d'x j d'y (T2,00N2 0, g) T () + VXM (x, ) UL ()

+ VYN (x, g) Vi () -

The relation (40) represents the gauge independent Pois-
son brackets of two eigenvalues of the Dirac operator in
terms of the objects computed in (39) and the propagator
of the linearized equations of the N =2 D = 4 on-shell
supergravity.

Like in the case of the gravity, one can express the sym-
plectic form in the covariant phase space G in terms of the
differentials of the Dirac eigenvalues

Q = Z an d)‘n A d)\mr (41)

n,m

where the coefficients Q,, should satisfy simultaneously
the following set of relations

> QuaTLNTrly) = Qbiix.y), (42)
> QuUi(xUsly) = 0"(x,y), (43)
Y Qu VPRV = Qllxy). (44)

m,n

The relations (42), (43) and (44) hold only if the maps (15)
and (16) are invertible on the phase space.

5. Conclussions

In this paper, we have shown that the Dirac eigenvalues
form a set of dynamical variables of the on-shell N = 2
D = 4 Euclidean supergravity and that the concepts of
covariant phase space and Poisson brackets can be ex-
tended to this system. In particular, the Poisson brackets
can be computed for the Dirac eigenvalues by calculating
the variation of A,’s under arbitrary transformations. The
result is given in the relation (40) and it is gauge invari-
ant. The coefficients of the symplectic form Q,, can be
expressed in terms of the coefficients on the phase space if
the maps (15) and (16) are invertible. The similar question
in general relativity was addressed in [19] and the answer
was that there is a certain indeterminacy in finding the

(40)

(

solutions of the equations that define the relation between
the coefficients of the symplectic form in the two represen-
tations. It would be interesting to see if the supersymme-
try and U(1) symmetry can lift this indeterminacy. As in
the case of the local N = 1 supersymmetry analysed in
previous papers, the on-shell transformations define a set
of maps from the space of smooth supermultiplets. These
maps lead to a set of equations involving geometrical ob-
jects associated with the spacetime manifold which are
interpreted as constraints on spacetime. When the maps
are identified with the Dirac eigenvalues, the equations
should vanish identically since A"'s are gauge invariant.
Nevertheless, the constraints are still left behind and they
relate the geometrical objects in spacetime. Another way
to study te relationship between the Dirac eigenvalues
and the geometry of the spacetime manifold is by using
arbitrary transformations. Then a constraint is generated
for any transformation for which 04,’s vanish

Ty, 0e, + UJoA, + V,f”ég[/", =0. (45)

However, it is not know, in general, whether such trans-
formations are compatible with the local supersymmetry.
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