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Abstract:

In this paper, using the exponential function transformation approach along with an approximation for the

centrifugal potential, the radial Klein-Gordon equation with the vector and scalar Hulthén potential is trans-
formed to a hypergeometric differential equation. The approximate analytical solutions of [-waves scattering
states are presented. The normalized wave functions expressed in terms of hypergeometric functions of
scattering states on the “k/2x scale” and the calculation formula of phase shifts are given. The physical
meaning of the approximate analytical solution is discussed.
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1. Introduction

The Hulthén potential [1] is one of the important short-
range potentials in physics. The potential is given by

V() Zez 1

Vi = Tel—1 " T elo—1'

M

where V; is a constant and ry is the range of the potentials.
If the potential is used for atoms, then Vy = Z/ry (with
h =c=e=1), where Z is identified as the atomic num-
ber. This potential has been applied to a number of areas
such as nuclear and particle physics [2], atomic physics
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[3, 4], molecular physics [5-7], and chemical physics [8],
etc. The Hulthén potential behaves like the Coulomb po-
tential near the origin (r — 0), but in the asymptotic
region (r > 1) the Hulthén potential decreases exponen-
tially, so its capacity for bound states is smaller than the
Coulomb potential. However, for large values of ry, the
Hulthén potential becomes the Coulomb potential given by

Vi V4
V(r) = 0 ——. Unfortunately, the Hulthén

_ —
el —1 >t r
potential can be solved analytically only for the states

with zero angular momentum [1]. For the case [ # 0, the
Hulthén potential cannot be exactly solved. In the non-
relativistic case, for nonzero angular momentum, several
techniques were used to obtain approximate solutions, a
number of methods have been used to find the bound-
state energy eigenvalues numerically [9, 10] and quasi-
analytically, such as the variational [9, 11], perturbation
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[12], shifted 1/N expansion [13, 14], SUSYQM [15, 16], and
AIM [17] methods. In the relativistic case, Dominguez-
Adame [18], Chetouani et al. [19], and Talukdar et al.
[20] have given the exact solutions for bound state and
the scattering state of s-wave Klein-Gordon equation with
vector and scalar Hulthén potentials, respectively. The ex-
act solution for bound state of s-wave Dirac equation with
vector and scalar Hulthén potentials has also been dis-
cussed [21-23]. Very recently, Chen et al. [24] and Soylu
et al. [25] have presented approximate analytical solu-
tions of bound states for the Klein-Gordon equation and
the Dirac equation with vector and scalar Hulthén poten-
tials for nonzero angular momentum, respectively. Haouat
et al. [26] have discussed approximate analytical solutions
of bound states and scattering states for the Klein-Gordon
equation and the Dirac equation only with vector Hulthén
potentials for the case [ #+ 0.

The purpose of the current work is to study relativistic
characteristics of scattering states for the Hulthén poten-
tial in the case [ # 0. In the strong coupling case, the
relativistic effects of a moving particle in a potential field
should be discussed. In Section 2, we will give the ap-
proximate analytical solution of scattering states of [-wave

|

Klein-Gordon equation with vector and scalar Hulthén po-
tentials on the assumption that an effective approximation
1 e’

27 (e —1)2
the case of any [-states. In Section 3, we will discuss the

of is used for the centrifugal term in

physical meaning of the approximate analytical solution.

2. The approximate analytical solu-
tions of scattering states

In spherical coordinates, the Klein-Gordon equation with
scalar potential S(r) and vector potential V/(r) is written
as(h=c=e=1)

{=V + M+ S(NP}W(r, 0,9) = [E = V()P¥(r,6,9)
()

Letting W(r, 0, ¢) = @Y,m(e, @), the radial equation is
represented as

d? [(L+1
d—r;’ + {[Ez — M? = 2IMS(r) + EV(r)] + [V(r) — S*(r)] — %} u(r) =0. (3)
Now we consider vector and scalar Hulthén potentials which are written as
_ Yo _ So
V(I’) - _ef/l’o_’l' S(I’) - _er/ro_'l’ (4)
respectively. Substituting Eq. (4) into Eq. (3), the result is
d*u(r) . B v2rg [(L+1)
A fes B v MU -0, g
where
k= (E2—MY)'2, B =(Q2EVy+2MS)2ro, v =(SE— V&)"ro. (6)

For the scattering states, E > M, k > 0. The boundary conditions for Eq. (3) are

r—0, u(r) - r'*;

The term L_Z”
’

r— oo, u(r) — 2sin(kr — w1/2 + ¢), (7)

in Eq. (3) is known as the centrifugal term. When [ = 0 ( s-wave ), Eq. (5) can be exactly solved [18—

20], but for the case [ # 0, Eq. (5) cannot be exactly solved. Therefore, we must use an approximation for the centrifugal

term similar to the bound states [15-17, 24]. In this approximation,

So, Eq. (5) can be written as

er/ro

— & ————— is used for the centrifugal term.
r2 ré(e’/fo —1)? g

2 ([ +1)e* -
pe R i } u(x) =0, ®

(e =17
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where x = r/ro. If we rewrite equation (8) by using a new variable of the form z =1—e™ (r €[0,00), z €[0,1]), we
obtain

)

dz2  1—7 dz T2

d’u(z) 1 du(2) k?r? B? v2 (L+1) _
{(1 —2)2 20—2) 2 20— z)} ufz) =0.

Considering the boundary conditions of the scattering states, we take the wave function with the form
u(z) = 21 (1 = 2)7*0f(2), (10)

where

(=S -] = g [Vas - e -], )

Substituting Eq. (10) into Eq. (9), we can obtain the following second-order differential equation

z(1 - 2) FBHVE— (U + 12 +2ikno(l +V)f(z) =0,  (12)

P df(z
T 1) - @1 43— 20k 02

which is called the hypergeometric differential equation [27, 28]. Thus, analytical solution as z = 0(r — 0)is the
hypergeometric function

f(z) =2F1(a, b; ¢;2) (13)

The parameters are

a=U+1+/B+v2—k¥rd —ikry, b=U+1—/B2+Vv2—Kk2rd —ikry, c=21+2. (14)

Here the hypergeometric function 2f4(a, b; c¢;Zz) is a special case of the generalized hypergeometric function

o)

o a o Bg) = (@)@ (@)
PFq(O’1,(12, ' Qp; Bhﬁzr qur Z) ;k!(&)k(ﬁz)k'”(ﬁq)kz

(15)

where the Pochhammer symbol is defined by (x)=I"(x + k) /I"(x). Thus, the radial wave function of scattering states is
u(r) = Ni(1 = e ) e'¥ ", Fi(a, b; ¢; 1 — e ) (16)

We now study asymptotic form of the above expression for large r, and calculate the normalization constant Ni; of the
radial wave functions and phase shifts. From Eq. (14), we have

c—a—b=2ikrg=(a+b—c) (17)

c—a=1+1—/B2+v2— Kk} +ikrg=b" (18)

c—b=U+1+/B2+v2— K} +ikry=a" (19)
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By using the transformation formulas for hypergeometric functions [27, 28]

[(c)[(¢c—a—Db)

[(c—a)l(c—Db)

) (a+b—c)
[(a) ['(b)

2Fi(a, b; ¢;2) = 2Fi(a,b;ja+b—c+1;,1—2)

+(1—=z)? 2Filc—a,c—b;c—a—-b+1;,1-2) (20)

and paying attention to ,F1(a, b; ¢; 0) =1, we have
()l (c—a—0b)

[(c—a)l(c—b)
()l (a+b—c)

2Fifa, b; ;1 —e7) = JFi(a,b;a+b—c+1; e~y

+ (e~ rroye-a=b JFilc—a,c—bc—a—b+1; e ")

[(a)T'(b)
Mc—a—b) ikr Mc—a—»b) \~
H_o’or(c)[r(c—a)r(c—b)” (r(c—a)r(c—b)) ] @)
Letting
lMc—a—b) | T(c—a—0>b)
M(c—a)l(c—b) ’r(c—u b)' (22)
then
Mc—a—b) \" | T(c—a—Db)
(r(c—a)r(c—b)) B 'r(c—a b)‘ (23)
where 0 is a real number. Eq. (21) then becomes
JFila, by el — efr/ro) — (c) r(:(_c ;)ar(_c i)b) ‘ e ikr [ei(kr+6) + efi(kr+6)] (24)
Substituting Eq. (24) into Eq. (16) leads to
[(c—a—b
u(r) —> 2Nkl (e) % cos(kr + 0)
[(c—a—b) .
Comparing Egs. (7) with (25), we have the phase shifts as
o,=n(l+1)/2+argl(c—a—b)—argl(c—a)—argl(c—b) (26)

= n(l+1)/2 + arg [ (2ikro) —arg (' + 1 — /B2 + v2 — k23 + ikrg) —argl (' + 1+ /B2 + v2 — k2r2 + ikro)

and the normalization constant on the “k/2s scale” as

1
r(c)

(' +1—=+/B+ v? — Krg + ikro)T (I' + 14+ ~/B? + v> — k’r§ + ikro)

N =
kt F(2ikro)

M(c — a)[(c — b) 1
Mc—a— b) ‘ r2r+2)

(27)

Where " and k, B, v are given in formulas (11) and (6), respectively. The corresponding normalized wave functions of
scattering states as

(1) = 1 C(+1—~/B2+v2— k2rg + ikrg)T (' + 1 + /B2 + v2 — k218 + ikry)
= Tary ) T(2ikro)

X oF (U +1 4 /B2+v2 — k21 — ikrg, U +1 =/ B2+ v2 — k213 — ikro; 21 4 2;1 — e™"/10). (28)

(1 _ e—r/r0)1/+1 eikr
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- ]
3. Discussion

After approximately solving the scattering states of [-wave Klein-Gordon equation with vector and scalar Hulthén
potentials, we have several remarks.

(1) When [ =0, both the centrifugal term and the approximation centrifugal term are zero. Egs. (26) and (28) reduce
to the exact phase shifts formula and the normalized wave functions on the “k/2m scale” for the scattering states
of s-wave Klein-Gordon equation with Hulthén potential, respectively.

(2) When ry > 1, the Hulthén potential becomes the Coulomb potential, i. e.

Yo _&, S(r) = S0 ey (29)

_ N -
erln —1 g1 r el —1 e r

V(r) =
Therefore, Vo = Z,/ro, So = Zs/ro, and Eq. (6) and (11) becomes respectively,

k= (M —E)'2,  B=+/21(EZy + MZ), v=+/(Z2-2Z72), (30)

1':%[\/4(zg—zg)+(zz+1)2—1]. (31)

From Eq. (14), (30), and (31), we can obtain

lim a = lim (1’ F14/B+ V2 — k2 — ikro) =1 +1—i(EZ, +MZ)Ik, (32)
ro>1 ro>1

and
lim b= lim (l’ +1—+/B2 +v2— k% — ikro) = lim (—i2k rg) — 0. (33)
ro>1 ro>1 ro>1
And using the relation of hypergeometric function with confluent hypergeometric function [27, 28],
blim 2F1(a, b; c; z/b) = 1Fi(a; c; 2) (34)
we can rewrite the radial wave function (28) as

u(r) = Ace(kr) ™ e B (U + 1 — i(EZ, + MZ) [k ; 21 + 2; —=2ikr). (35)

The above expression is the same as the radial wave function for the scattering states of Klein-Gordon equation
with vector and scalar Coulomb potential [29], where the normalization constant is

21V |T(U + 1 = i(EZ, + MZ,)[K)| em(EZ+MZs)2k

Aer = rEr+2) '

(36)

and corresponding phase shifts are represented as

5 =argM(l' +1—i(EZ, + MZ)/k) + n(l — [')2. (37)
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(3) In the case that the scalar potential is equal to the vector potential, So = V;, I’ = [, then Egs. (26) and (28)
reduce respectively to

or=n(l+1)/2+argl(2ikrg) —argl({+1— \/ZVO(E + M)rg — k212 + ikro)

—argl(l+1 +\/2v0(E+M)r§—k2r§+z/<r0), (38)

wi) = 1|1 = V2Vo(E + M2 = K212 + ikro)T (L + 1 + /2Vo(E + M)rZ — k2 + ikro) (1 — eyt gie
@20+ 1)! F(2ikno)
xoF(l+1+ \/sz(E + M)r2 — k22 — ikrg, [ + 1 — \/ZVO(E + M)r2 — k22 — ikrg; 20+ 2;1 — e~"1"0). (39)

(4) Finally, we discuss the non-relativistic limit of the phase shifts and the radial wave functions. When S(r) = V/(r),
Eq. (2) reduces to a Schrodinger-like equation for the potential 2V/(r). In other words, the non-relativistic limit
of scattering states is the Schrédinger equation for the potential —2Vy/[exp(r/ro) — 1]. By using methods of Ref.
[30], we have the non-relativistic representation of the phase shifts and the normalized radial wave functions of
scattering states on the “k/2sr scale” for the potential —2Vy/[exp(r/ro) — 1] as (where h = c=e =1)

or=n(l+1)/2+argl (2ikro) —argl ({ + 1+ ikro — 4/\/IV0r§ — kzrg) —argl(l+1+ikro+ \/4/\/IV0r§ — kzrg), (40)

") = 1 T(L4+1—=/AMVord — k218 + ikro)T (L +1 4+ /AMVyrd — k28 + ikro)
= 2r C(2ikro)

X 2F (L4 14+ /dMVord — k2rg — ikrg, L+ 1 —/AMVord — k2r% — ikrg; 2L+ 2,1 — "), (41)

where k = 2ME,,,, M and E,,, are rest mass and non-relativistic energy, respectively.

(1 _ efr/rg)lJr‘I eikr

In the weak coupling condition, E = M+E,,,, E4M=M+E,pu+M = 2M, k = (E2=M*)V2 =\ /(E + M)(E — M) =
V2ME,,,. Thence Egs. (38) and (39) reduce to the non-relativistic phase shifts expression (40) and the normalized radial
wave functions expression (41) on the “k/2m scale”, respectively.

(

4. Conclusions Hulthén potentials. In the case of ry > 1, the result

reduces to an exact solution of scattering states of Klein-
In this paper, the approximate analytical solution of any Gordon equation with vector and scalar Coulomb poten-
[ - waves scattering states for the Klein-Gordon equa- tials. Furthermore, we discussed non-relativistic limit of
tion with vector and scalar Hulthén potential is presented. the phase shifts and the radial wave functions.

Using an exponential function transformation, the radial
Klein-Gordon equation is transformed into a hypergeo-

metric differential equation on the assumption that an ef- ACknOWIEdgementS

1 er/ro
fective approximation of — ~ ————— is used for the
r rg(erln —1)?

centrifugal term in the case of any [- states. The normal-
ized wave functions expressed in terms of hypergeomet-
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the calculation formula of phase shifts are given. When
[ = 0, the result is an exact solution of scattering states
of s-wave Klein-Gordon equation with vector and scalar
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