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Abstract: In this work, the concept of left-handed chiral metamaterials is analyzed by emphasizing their optical ability
on the rotation of the plane of polarization of a wave. The possibilities of a negative phase velocity, negative
and positive propagation constants, and basic electromagnetic properties of this novel medium are also
presented. After the characterization of left-handed chiral metamaterial, we provide a reflection and trans-
mission study for two planar boundaries of nonchiral - left-handed chiral metamaterial for normal angles of
incidence. Some numerical results are also provided to validate the formulation found in the analysis and
to show the role of the chirality in the propagation constants, phase velocities, reflection and transmission.
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1. Introduction

The phenomenon of chiral media began to attract atten-tion of the electromagnetics’ community with simple butilluminating microwave experiments of Lindman in 1920-1922 and Pickering in 1945, which were analogous tooptical experiments performed in the nineteenth century[1], [2]. Several theoretical and experimental works havebeen provided about chiral media and their applicationssince then [3–10]. On the other hand, the concept of left-handed metamaterial (MTM), which have a simultaneousnegative permittivity and permeability over a certain fre-quency band, started with the proposal of V. Veselago inthe 1960s when he theoretically investigated various elec-tromagnetic properties of left-handed MTM [11]. So far,left-handed MTMs have occupied important positions in
∗E-mail: sabah@gantep.edu.tr

science, technology and our daily life and the topic con-tinues to be of great interest and practical importancedue to a variety of potential applications [12–18]. Re-cently, the optical properties of left-handed MTMs haveattracted widespread attention of the research community.Since these novel media can offer revolutionary solutionsin a number of practical problems of great importance,the number of works which analyze their properties andpotential applications has been growing exponentially forseveral years. In this sense, the electromagnetic behaviorsof chiral metamaterial (CMTM) have been investigated bymany researchers in order to understand the fundamentalmechanisms of this artificial structure. With regard to that,the concept of a chiral nihility medium was introduced andan extraordinary wave, a backward wave, in this mediumwas presented by Tretyakov et. al. in 2003 [19]. Pendrydiscussed the effects of chirality in 2004 and he showedthat it offers an alternative to the present routes to neg-ative refraction. As a result of his work, he produced apractical design that is chiral, has many advantages, and
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exhibits novel properties [20]. Some of the most recentwork in this area includes the following:
• the possibilities to realize a negative refraction inchiral composites in dual-phase mixtures of chiraland dipole particles by Tretyakov et. al. [21];
• polarization changes of light diffracted on a planarchiral structure by Prosvirnin and Zheludev [22];
• refractive properties of a plane wave incident fromfree space to the uniaxially anisotropic chiral mediaby Cheng and Cui [23], and
• a novel procedure for predicting the effective consti-tutive parameters of three dimensional periodic ma-terials with chiral component phases by Ouchettoet al. [24].

Following the above, magnetoelectric materials whichcouple electric fields with magnetic fields for physical re-alization and potential synthesis of left-handed materi-als were presented by Qiu et al. [25]. Then, Qiu andZouhdi presented their studies on the possibility of real-izing negative refraction with gyrotropically chiral mediain 2007 [26]. After that, propagation of eigenwaves in achiral medium, a special interest in chiral nihility and theeffects of chirality on energy transmission are studied byQiu et al. in 2008 [27]. Shortly thereafter, the character-ization and analysis of left-handed chiral materials hasbeen studied by Sabah to observe their electromagneticproperties [28]. As a result of these works, the inves-tigation of negative phase velocity (NPV) and unconven-tional properties of chiral medium has achieved significantimportance [29–36] and it is found that NPV can occurin CMTM. This means that backward wave propagationand/or negative refraction can be realized using CMTM.In this paper, some electromagnetic properties of CMTMand the possibility of NPV in CMTM is analyzed andpresented. An analytical solution of wave vectors in chi-ral media for both positive phase velocity (PPV) and NPVis investigated. Then, reflection and transmission betweentwo different semi-infinite media (nonchiral - left-handedCMTM) are studied. Also, some numerical examples aregiven to support the results found theoretically and to il-lustrate the effect of chirality in the propagation constants,phase velocities, reflection and transmission.

2. Characterization of left-handed
chiral metamaterial
The electromagnetic field vectors related by chiral consti-tutive factors can be described in the following form [2]:

D = ε E − jξ B (1)
H = −jξ E + (1/µ) B (2)

where ε, µ, and ξ are real constants that represent per-mittivity, permeability, and chirality admittance, respec-tively. In this study, exp(jωt) is assumed to be time- de-pendent and it is suppressed. Note that the quantity ξindicates the degree of chirality and there is a bound forthis quantity given by |ξ | ≤ (ε/µ)1/2 [5]. Using theconstitutive relations given in eqs. (1) and (2), togetherwith Maxwell’s equations, the following source-free chiralHelmholtz equation is obtained:
∇2C + 2ωµ ξ(∇×C ) + ω2ε µ C = 0 (3)

where C = E , H , D, B.For any arbitrary polarized monochromatic plane wave,the solution to Eq. (3) can be expressed as a sum ofcircularly polarized waves of either left or right handed-ness. Therefore, left- and right-circularly polarized (LCPand RCP, respectively) waves interact with chiral media.These solutions yield two propagation constants βL and
βR given by

βL = −ωµ ξ +√ω2µε + (ωµξ)2 (4)
βR = ωµ ξ +√ω2µε + (ωµξ)2. (5)

Note that the subscript L and R refer to LCP and RCPplane waves with phase velocities vL = ω/βL and vR =
ω/βR , respectively. Here, the signs of ε, µ and ξ arevery important to state PPV and NPV. For example, if ε,
µ and ξ are all positive then RCP and LCP waves havePPV when√µ2ξ2 + εµ > µ ξ . If, however, the condition
µ ξ >

√
µ2ξ2 + εµ is satisfied, the LCP wave will haveNPV and backward wave propagation will occur. Thus,several conditions can be written to obtain LCP and RCPplane waves with PPV and NPV by arranging the signsand values of ε, µ and ξ [28–33]. In the case of left-handed CMTM, in which the permittivity and permeabilityare simultaneously negative, the propagation constants βLand βR have to be modified as [28–33].
βL = −ωµ ξ −√ω2 |µ| |ε|+ (ω |µ| ξ)2 (6)
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βR = ωµ ξ −
√
ω2 |µ| |ε|+ (ω |µ| ξ)2. (7)

The expressions of ε = |ε| exp(jπ) and µ = |µ| exp(jπ) areused in Eqs. (4) and (5) to obtain the modified propa-gation constants given above for left-handed CMTM. Un-der these permitted expressions of Eqs. (6) and (7), left-handed CMTM supports two backward waves and nega-tive refraction will occur. When ξ = 0, left-handed CMTMturns to be left-handed MTM, in which the propagationconstants βL and βR become identical, as studied in sev-eral works [11–18]. Note that Eqs. (6) and (7) state thatthere are two waves propagating with different negativephase velocity inside the left-handed CMTM. In addition,it is important to mention that the left-handed CMTMsnow occupy a new place in the family of optically activematerials which rotate the plane of the linearly polarizedincident wave since they have similar optical propertiesas in the conventional chiral materials.Now, the computations for the wave numbers and phasevelocities using the formulations given above are pre-sented numerically. The propagation constants βL and
βR , for the conventional chiral and left-handed CMTMmedia, are plotted as a function of frequency. In addi-tion, the phase velocities vL and vR are calculated for eachcase. For the conventional chiral medium, Eqs. (4) and(5) are used with ε = 9εo, µ = µo, and ξ = ±0.0067(Siemens). Note that the host medium for the conven-tional chiral medium is selected to be micaglass (titaniumdioxide) which has ε = 9εo, µ = µo and the chirality cho-sen from [29]. In turn, Eqs. (6) and (7) are used with ε= -9εo, µ = -µo, and ξ = ±0.0067 (Siemens) for left-handed CMTM. Fig. 1 shows the propagation constants
βL and βR versus frequency for the conventional chiral andleft-handed CMTM media. The solid lines correspond tothe wave numbers inside the left-handed CMTM mediumwhile the dotted lines correspond to the wave numbersinside the conventional chiral medium. From Fig. 1, thewave numbers are negative for the left-handed CMTMmedium and they are positive for the conventional chi-ral medium as expected. Comparing Fig. 1(a) with Fig.1(b), it can be seen that βL (βR ) turns to βR (βL) whenthe sign of the chirality parameter exchanges. It is alsonumerically observed (but not included here), that the left-handed CMTM becomes left-handed MTM as in [11–18]when the chirality parameter is zero. Also, the corre-sponding phase velocities for LCP and RCP plane wavesare given in Table 1. Negative phase velocity and the ef-fect of chirality on the phase velocities of LCP and RCPplane waves can easily be seen from Table 1. In addition,it can be said that there are two propagating LCP andRCP plane waves inside the left-handed CMTM mediumand they have negative and different phase velocities.In the second example, it is intended to show the response

Figure 1. Propagation constants βL and βR as a function of the fre-
quency for the conventional chiral and left-handed CMTM
media. Solid lines correspond to the CMTM medium
and the dotted lines correspond to the conventional chi-
ral medium.

of the propagation constants (βL / ω and βR / ω) when thechirality admittance changes. The variations of βL / ω and
βR / ω are presented in Fig. 2. The propagation constantfor the LCP wave shows increasing properties in the left-handed CMTM while it shows decreasing properties inthe chiral medium. The propagation constant for the RCPwave, however, shows opposite properties of the LCP wavein both, the left-handed CMTM and chiral media. Also,the propagation constants are negative in the left-handedCMTM and they are positive in the chiral medium as it isseen from Figs. 2(a) and 2(b).
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Table 1. Phase velocities for LCP and RCP plane waves for the left-
handed CMTM and chiral media.

ξ = 0.0067 S ξ = −0.0067 SCMTM chiral CMTM chiral
vL[m/s] -2.1492×1010 2.1492×1010 -4.6529×109 4.6529×109
vR [m/s] -4.6529×109 4.6529×109 -2.1492×1010 2.1492×1010

Figure 2. Propagation constants (βL / ω and βR / ω) versus the chi-
rality admittance for left-handed CMTM and conventional
chiral media.

3. Reflection and transmission
In this section, we will discuss the reflection and trans-mission coefficients for a monochromatic plane wave withnormal incidence on a semi infinite left-handed CMTM.In the analysis, a standard procedure will be followed toobtain the reflection and transmission coefficients. Firstof all, two planar boundaries of nonchiral - left-handed

CMTM media are considered by assuming the incidentwave is traveling from a nonchiral medium to a left-handedCMTM medium. The incident wave is also assumed tobe perpendicular (normal incidence) to the planar inter-face formed by two semi-infinite media (nonchiral and left-handed CMTM media). Then, the plane wave reflectionand transmission coefficients of a planar interface for nor-mal incidence will be formulated by imposing boundaryconditions at the interface. Therefore, the incident elec-tric field with the propagation constant βi (= ω√µiεi) canbe written as follows:
Ei = ax Eo exp(−jβi z) (8)

where Eo is the magnitude of the incident electric filed.The reflected electric field (E r) can be written by assumingthe RCP and LCP plane waves as:
Er = AR (ax + jay) exp(jβi z)+AL(ax−jay) exp(jβi z) (9)

where AR and AL are the magnitudes of the RCP andLCP plane waves of the reflected electric filed. In theleft-handed CMTM medium there must be two backwardwaves propagating toward the nonchiral medium. So thetransmitted electric field (E t) can be expressed as:
Et = CR (ax + jay) exp(jβR z) + CL(ax − jay) exp(jβL z)(10)where CR and CL are the magnitudes of the RCP andLCP plane waves of the transmitted electric filed; βL and
βR are the propagation constants inside the left-handedCMTM medium.To find the direction and magnitudes of reflected andtransmitted waves, the continuity of electric and magneticfields, both in phase and magnitude, must be applied. Bymeans of this convention, matching the tangential com-ponents of the fields across the nonchiral - left-handedCMTM interface, four unknowns, AR , AL, CR , and CL,can be found. Consequently, the relationships among thefields in two regions can easily be obtained. After somecalculation, it is found that

AR = AL = Eo2
(
ko + kc
ko − kc

) (11)
CR = CL = Eo

(
ko

ko − kc

) (12)
where kc = βR − ωµξ = βL + ωµξ =
−
√
ω2 |µ| |ε|+ (ω |µ| ξ)2. Note that the permeabili-ties of the nonchiral and left-handed CMTM media areassumed to be µi = −µc = µo in the calculations and
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following numerical examples. After that, if Eqs. (11) and(12) are substituted into the reflected and transmittedelectric fields, they turn to
Er = ax Eo

(
ko + kc
ko − kc

)exp(jβi z) (13)

Et = Eo
(

ko
ko − kc

) (ax + jay) exp(jβR z)
+ Eo

(
ko

ko − kc

) (ax − jay) exp(jβL z) (14)
Finally, from the above equations, the reflection and trans-mission coefficients can be written as:

ρ = (ko + kc
ko − kc

) (15)
τ = ( ko

ko − kc

)
. (16)

It can be concluded that at normal incidence the reflectedwave is polarized in the same direction as the incidentwave. In the left-handed CMTM medium, there are leftand right circularly polarized backward waves with equalamplitudes but traveling with different velocities.Furthermore, there is another method to check the correct-ness of the obtained results. The reflection and transmis-sion coefficients can be found for a monochromatic planewave with normal incidence traveling from a semi-infinitenonchiral medium to a semi-infinite conventional chiralmedium. Then, the results can be tailored for two planarboundaries of nonchiral - left-handed CMTM media byreplacing the appropriate propagation constants, permit-tivities, and permeabilities. The same results given in Eqs.(15) and (16) are achieved by using the above method.At present, the numerical validations of the reflection andtransmission coefficients are demonstrated using the for-mulation given above. The aim of this numerical study isto show the reflection and transmission characteristics ofthe left-handed CMTM. In all numerical computations, theconservation of power is satisfied. Note that the perme-abilities are arranged as µi = µo for free space, µc = −µofor left-handed CMTM, and µc = µo for the conventionalchiral medium in the numerical examples. In the followingexample, the behavior of the magnitude of reflection andtransmission coefficients as a function of relative permit-tivity is shown in Fig. 3. The first semi-infinite medium(nonchiral medium) is free space and the second medium isassumed to be the left-handed CMTM and/or conventionalchiral, in order. The left side of each figure shows the

results when the second semi-infinite medium is the left-handed CMTM and the right side shows when the conven-tional chiral medium is used as the second semi-infinitemedium. Fig. 3(a) displays the magnitude of reflectionand transmission coefficients when chirality admittance iszero. It means that the left-handed CMTM is the left-handed MTM and the chiral medium is the conventionaldielectric medium. The reflection and transmission coef-ficients show the ordinary increasing and decreasing be-havior when the relative permittivity changes. It shouldbe good to mention that there are two transmission coef-ficients (for RCP and LCP waves) inside the second semi-infinite medium and they overlap with each other due tothe normal angle of incidence. As it is seen from Fig. 3(a),the reflection coefficient is zero and the transmission coef-ficient is 0.5 when εc = −εo for left-handed CMTM or εc= εo for conventional chiral medium. Note that there aretwo waves propagating with equal amplitude in the secondsemi-infinite medium. If the chirality admittance is zero,there will be one wave. Thus, the total transmission coeffi-cient becomes 1.0 for εc = −εo in the left-handed CMTMand εc = εo in the conventional chiral medium when ξ =0. This is satisfied by the concept of a left-handed MTMand conventional dielectric media. From Fig. 3(b), |ρ|(|τ|) decreases (increases) when the relative permittivityof the left-handed CMTM becomes more negative. For theconventional chiral medium, |ρ| (|τ|) increases (decreases)when the relative permittivity of the left-handed CMTMbecomes more positive. Also, it is observed that the signof chirality admittance does not affect the behavior of |ρ|and |τ|. Mathematically, this can be seen from the equa-tion of kc given after Eq. (12) and its non-influence comesinto play due to the square of the chirality admittance.

Fig. 4 points out the magnitude of the reflection and trans-mission coefficients against the chirality admittance. Fig.4(a) shows the behavior of these coefficients when the rel-ative permittivity of the left-handed CMTM is set to -1.0.When ξ = 0, |ρ| = 0 and |τ| = 0.5 and there is one wave inthe left-handed CMTM. Therefore, the total transmissioncoefficient becomes 1.0 as it is mentioned in the previousexample. From Fig. 4, the general response of the reflec-tion and transmission coefficients can be concluded whenthe chirality admittance varies. The reflection coefficientdecreases till the chirality admittance is zero and afterthat it increases with increasing values of the chiralityadmittance. The transmission coefficient shows the op-posite response as seen in the reflection coefficient. Thechanges in the relative permittivity only affect the valuesof the reflection and transmission coefficients.
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Figure 3. Reflection and transmission coefficients versus the relative
permittivity.

4. Conclusion and discussion

In this study, left-handed chiral metamaterials are exam-ined with a consideration of their optical properties. Inparticular, it is shown that a negative phase velocity ispossible in these new media. In addition, some char-acteristic features of these media are pointed out andthe possibility of negative propagation constants is ex-plained. Then, the reflection and transmission betweenplanar boundaries of two semi-infinite nonchiral and left-handed CMTM are analyzed and discussed by assumingthe plane wave traveling at normal incidence. Some nu-merical results are also given for validation purposes toexamine the reflection and transmission characteristics ofthe studied medium. The effects of chirality and relativepermittivity on the reflection and transmission coefficientsand on the propagation constants are shown in the nu-

Figure 4. Reflection and transmission coefficients against the chi-
rality of left-handed CMTM.

merical results. It can be concluded that a constructionof the left-handed CMTM is achievable according to thetheoretical and numerical results obtained here. Manyresearch groups have been working on the possibility andfeasibility of the left-handed CMTM. Thus, these resultscan open a way to the design and manufacture of the left-handed CMTM and they can be used to fabricate and inte-grate them in various structures. Furthermore, case stud-ies for reflection and transmission at oblique incidence,wave propagation through a single slab of the left-handedCMTM, and multilayer left-handed CMTM are currentlybeing studied to observe the scattering characteristics ofthe mentioned novel medium. Moreover, a new set of in-novative components can be envisaged from these studies.
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